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ÏðåäèñëîâèåÏðåäèñëîâèåÏðåäèñëîâèåÏðåäèñëîâèåÏðåäèñëîâèå —————
öööööåëè è çàäà÷è íàñòîÿùåé êíèãèåëè è çàäà÷è íàñòîÿùåé êíèãèåëè è çàäà÷è íàñòîÿùåé êíèãèåëè è çàäà÷è íàñòîÿùåé êíèãèåëè è çàäà÷è íàñòîÿùåé êíèãè

Äîðîãîé ÷èòàòåëü!
Íàñòîÿùàÿ êíèãà íàïèñàíà â ïåðâóþ î÷åðåäü äëÿ ó÷èòå-

ëåé 7-ãî è 8-ãî êëàññîâ, íî íå òîëüêî äëÿ íèõ îäíèõ. Îíà àäðå-
ñîâàíà è ó÷èòåëÿì ìàòåìàòèêè ñòàðøèõ êëàññîâ. Åå ìîãóò
ïðî÷åñòü ó÷åíèêè è ðîäèòåëè. Àâòîð äâàäöàòü ïÿòü ëåò
ïðåïîäàâàë ìàòåìàòèêó â ñòàðøèõ êëàññàõ âàëüäîðôñêîé
øêîëû Áàçåëÿ è îäíàæäû ðàáîòàë â êà÷åñòâå êëàññíîãî ó÷è-
òåëÿ 8-ãî êëàññà. Îí çíàêîì ñ ïðîáëåìàòèêîé ïåðåõîäà ê ñòàð-
øåé øêîëå è ñ òåì ôàêòîì, ÷òî êëàññíûé ó÷èòåëü â âûøåíàç-
âàííûõ êëàññàõ ñòàëêèâàåòñÿ ñ î÷åíü ñåðüåçíûìè çàäà÷à-
ìè — ðàçóìååòñÿ, íå òîëüêî â ìàòåìàòèêå, — íî çäåñü, ìîæåò
áûòü, ýòè çàäà÷è îñîáåííî òðóäíû.

Ïîýòîìó ñ íåêîòîðîãî âðåìåíè ÿ âìåíèë ñåáå â îáÿçàí-
íîñòü ðåãóëÿðíî êîíñóëüòèðîâàòü êëàññíûõ ó÷èòåëåé. Ñ âåñ-
íû 1986 ãîäà ÿ ñèñòåìàòè÷åñêè ïðîðàáàòûâàþ ñ êëàññíûìè
ó÷èòåëÿìè ìàòåðèàë 7-ãî è 8-ãî êëàññîâ; ìû âñòðå÷àåìñÿ ðàç
â íåäåëþ (íàøè âñòðå÷è âíåñåíû â ðàñïèñàíèå), òàê ÷òî ïî-
äîáíûå êîíñóëüòàöèè ñòàëè ðåãóëÿðíûìè. Ïîäîáíûå çàíÿòèÿ
áûëè áû, áåçóñëîâíî, ïîëåçíû âî âñåõ øêîëàõ, ïîñêîëüêó
áîëüøèíñòâî êëàññíûõ ó÷èòåëåé ÷óâñòâóþò ñâîþ íåñîñòîÿ-
òåëüíîñòü ïåðåä ëèöîì îáøèðíîãî ìàòåðèàëà.

Êðîìå òîãî, ñóùåñòâóþò ìîëîäûå øêîëû, â êîòîðûõ ó÷è-
òåëÿ ñòàðøèõ êëàññîâ ñàìè èìåþò åùå î÷åíü íåçíà÷èòåëü-
íûé îïûò. Ïîýòîìó ÿ è ðåøèëñÿ íàïèñàòü ýòó êíèãó. ß ïåðå-
äàþ åå äëÿ ñîâìåñòíîé ðàáîòû êëàññíûì ó÷èòåëÿì è ó÷èòå-
ëÿì ìàòåìàòèêè.

ß âñþäó ñòàðàëñÿ ñäåëàòü ìàòåðèàë ïî âîçìîæíîñòè ìàê-
ñèìàëüíî äîñòóïíûì, íå ñêóïèëñÿ íà ïðèìåðû. Îäíàêî â êíèãå
âñòðå÷àþòñÿ ãëàâû, êîòîðûå êëàññíîìó ó÷èòåëþ ëó÷øå
ïðîðàáîòàòü â äèàëîãå ñ ïðåäìåòíèêîì. Ïîäðîáíîãî ðàçãîâî-
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ðà òðåáóþò è òèïû çàäà÷, íå ðàçîáðàííûå â íàñòîÿùåé ðàáî-
òå. Âîîáùå, àâòîð ðàññ÷èòûâàë íà ïîñòåïåííîå, íåòîðîïëèâîå
ïîãðóæåíèå â êíèãó. Â íåé íå ïðîñòî ïðîðàáàòûâàåòñÿ ìàòåðè-
àë, áåçóñëîâíî ïðèíàäëåæàùèé ê ó÷åáíîìó ïëàíó 7-ãî è 8-ãî
êëàññîâ — ýòîò ìàòåðèàë, êðîìå òîãî, äàí è â áîëåå øèðîêîé
ïåðñïåêòèâå. Íè÷òî òàê íå ïðîòèâîðå÷èò äóõó âàëüäîðôñêîé
ïåäàãîãèêè, êàê óñòàíîâëåíèå æåñòêèõ ïðîãðàììíûõ ðàìîê,
ïðåäïèñûâàþùèõ, êàêèå çàäà÷è äîëæíû áûòü êîãäà
ðàññìîòðåíû è ÷òî çà ÷åì äîëæíî ïîñëåäîâàòü. Ðàçóìååòñÿ,
â âàëüäîðôñêîé øêîëå ñòðåìÿòñÿ ê îâëàäåíèþ îñíîâîïîëàãà-
þùèì ìàòåðèàëîì; îäíàêî ñâåðõ ýòîãî äëÿ êàæäîãî ó÷åíèêà (è
äëÿ êàæäîãî ó÷èòåëÿ) äîëæíà ñóùåñòâîâàòü âîçìîæíîñòü
ïðîäâèíóòüñÿ íàñòîëüêî, íàñêîëüêî ýòî ñîîòâåòñòâóåò åãî ñïî-
ñîáíîñòÿì. Êëàññíûé ó÷èòåëü, îñâàèâàÿ íàñòîÿùóþ êíèãó,
ìîæåò ïðîéòè îïðåäåëåííûé ïóòü îáó÷åíèÿ ìàòåìàòèêå. Ýòî
ïîçâîëèò åìó òàê ïðåäñòàâëÿòü êëàññó íîâûé ìàòåðèàë, ÷òî-
áû ýòî âäîõíîâëÿëî ó÷åíèêîâ. Êîãäà ó÷åíèêè çàìå÷àþò, ÷òî
êëàññíûé ó÷èòåëü çíàåò íå òîëüêî òî, ÷òî â äàííûé ìîìåíò
ðàññêàçûâàåò, íî è íå÷òî áîëüøåå, åãî àâòîðèòåò â êëàññå çäî-
ðîâûì îáðàçîì óêðåïëÿåòñÿ. Äëÿ ýòîãî íåîáõîäèìà ñîâìåñò-
íàÿ ðàáîòà êëàññíîãî ó÷èòåëÿ è ïðåäìåòíèêà. Åñëè îíà ïðîèñ-
õîäèò, òîãäà è ïðåäìåòíèê, â ñâîþ î÷åðåäü, îñâåäîìëåí â òîì,
íàñêîëüêî ïðîäâèíóëñÿ êëàññ è êàê îí áóäåò ðàáîòàòü, êîãäà
ïåðåéäåò ê íåìó. Êëàññíûé ó÷èòåëü è ó÷èòåëü-ñïåöèàëèñò
íàéäóò â ýòîé êíèãå òó êðàñíóþ íèòü, êîòîðàÿ ñîåäèíÿåò
ñðåäíþþ è ñòàðøóþ øêîëû. Ñðåäíÿÿ øêîëà íå ìîæåò îïèðàòü-
ñÿ òîëüêî íà ìëàäøóþ øêîëó, îíà äîëæíà îðèåíòèðîâàòüñÿ íà
ñòàðøèå êëàññû. Òîëüêî òàêèì îáðàçîì âàëüäîðôñêàÿ
ïåäàãîãèêà ìîæåò ñîñòîÿòüñÿ.

Ðóäîëüô Øòåéíåð ìå÷òàë î òîì, ÷òîáû ó÷åáíûé ìàòåðè-
àë íèêîãäà íå èçó÷àëñÿ ðàç è íàâñåãäà. Ðàññìîòðåíèå äîëæíî
èçìåíÿòüñÿ îò êëàññà ê êëàññó — êàê ðàñòóò è èçìåíÿþòñÿ
ñàìè ó÷åíèêè.

Ïîýòîìó â êíèãå ìîæíî âñòðåòèòü ðàññìîòðåíèÿ, íàïîìè-
íàþùèå ïî ñâîåìó ñòèëþ ðàáîòó â ñòàðøåé øêîëå — íî òîëüêî
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íàïîìèíàþùèå. Îïðåäåëåíèÿ íå äîâîäÿòñÿ äî ïîñëåäíåé
ñòåïåíè ñòðîãîñòè, ïîðîé ïîäà÷à ìàòåðèàëà òîëüêî
ïîäãîòàâëèâàåò ïåðåæèâàíèå ó÷åíèêîâ. Ó÷åáíûé ïëàí Ðó-
äîëüôà Øòåéíåðà — ýòî ïðîèçâåäåíèå èñêóññòâà, âîçíèêøåå
èç ãëóáîêîãî ïðîçðåíèÿ â ñóùåñòâî ðåáåíêà è ïîäðîñòêà. È
åñëè Øòåéíåð ðåêîìåíäóåò òîò èëè èíîé ìàòåðèàë â òîì èëè
èíîì âîçðàñòå, òî ïîñòîëüêó, ïîñêîëüêó äàííûé ìàòåðèàë â
ñîñòîÿíèè ðàçáóäèòü â ðåáåíêå ñèëû, êîòîðûå ñàìè ñòðåìÿòñÿ
ê ðàñêðûòèþ â ýòîì âîçðàñòå — â íàøåì ïðèìåðå ýòî òîò âèä
ìûøëåíèÿ, êîòîðûé ñòðóêòóðèðóåò è îáîáùàåò îáùèå àðèô-
ìåòè÷åñêèå ïðàâèëà, òî åñòü ìûøëåíèå àëãåáðàè÷åñêîå.
Óïóñòèâ ïîäõîäÿùèé ìîìåíò, ìû íå ïðîñòî îñòàâèì ðåáåíêà
áåç íåîáõîäèìûõ çíàíèé — îí ìîæåò îêàçàòüñÿ âîîáùå íå â
ñîñòîÿíèè íàâåðñòàòü óïóùåííîå â áóäóùåì. Óïóùåííîå â
îïðåäåëåííîì âîçðàñòå íåâîçìîæíî ïðîñòî àâòîìàòè÷åñêè
íàâåðñòàòü — âåäü ìåíÿåòñÿ âñÿ äóøåâíàÿ êîíôèãóðàöèÿ.

Âñêîðå äîëæíà ïîÿâèòüñÿ àíàëîãè÷íàÿ ðàáîòà ïî ãåîìåò-
ðèè äëÿ 7—8-ãî êëàññîâ. Ïðåäûäóùèå çàìå÷àíèÿ ñïðàâåäëè-
âû, ðàçóìååòñÿ, è äëÿ íåå.

Â íàñòîÿùåé ðàáîòå ïðîñëåæèâàåòñÿ ïîñòåïåííûé ïåðå-
õîä îò ÷èñëîâûõ âû÷èñëåíèé ê áóêâåííûì. Äàæå êîãäà ó÷åíè-
êè ðàáîòàþò ñ áóêâåííûìè âûðàæåíèÿìè, îíè äîëæíû
âíóòðåííå ÷óâñòâîâàòü, ÷òî ñ÷èòàþò. Ýòî ÷óâñòâî ìîæåò âîç-
íèêíóòü, åñëè àëãåáðàè÷åñêèå âûðàæåíèÿ ïîñòîÿííî âîçíè-
êàþò â êîíòåêñòå îáùåíèÿ, ðàáîòû ñ îäíîðîäíûìè àðèôìå-
òè÷åñêèìè (÷èñëîâûìè) âûðàæåíèÿìè. Ïðèìåð: â ñâÿçè ñ
âû÷èñëåíèåì ïðîöåíòîâ ââîäèòñÿ îáùàÿ ôîðìóëà äëÿ âû-
÷èñëåíèÿ ïðîöåíòîâ.

Ãëàâû, ïðåèìóùåñòâåííî ïîñâÿùåííûå âûðàáîòêå è çàê-
ðåïëåíèþ ðóòèííûõ íàâûêîâ, ïåðåìåæàþòñÿ ñ ãëàâàìè, óãëóá-
ëÿþùèìè ïîíèìàíèå ïðåäìåòà. Òàê, ïåðåìåæàÿ óïðàæíåíèå
è ïîíèìàíèå, ìû ïîãðóæàåìñÿ â îáëàñòü ïîëîæèòåëüíûõ è
îòðèöàòåëüíûõ ÷èñåë, ñòðåìÿñü êàê ê óâåðåííîñòè, òàê è ê
êà÷åñòâåííîìó, óãëóáëåííîìó ïîíèìàíèþ.

Òàêæå è óðàâíåíèÿ ðàññìàòðèâàþòñÿ òàêèì îáðàçîì, ÷òî-
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áû â ó÷åíèêàõ óêîðåíèëîñü ÷óâñòâî: êîãäà ìû ðåøàåì óðàâ-
íåíèÿ, ìû ñ÷èòàåì. Èìåííî èñõîäÿ èç ïåðåæèâàíèÿ ñ÷åòà ìû
âåäåì èõ ê òåõíèêå ïðåîáðàçîâàíèÿ óðàâíåíèé. Âíóòðåííèé
ñ÷åò ïîçâîëÿåò èì ïîñòîÿííî ïåðåæèâàòü ðàâíîâåñèå ïðàâîé
è ëåâîé ÷àñòåé. È ïîñòåïåííî â äóøàõ ó÷åíèêîâ ñàì ñîáîé
âîçíèêàåò îáðàç âåñîâ.

Â ãëàâàõ 8 è 9 ïîäðîáíî ðàçîáðàíû ìíîãèå ïðîñòûå óðàâ-
íåíèÿ. Êàæäîå íîâîå óðàâíåíèå îçíà÷àåò íåáîëüøîé øàã
âïåðåä ïî îòíîøåíèþ ê ïðåäûäóùåìó. Óðàâíåíèÿ ÿâëÿþò äëÿ
7- è 8-êëàññíèêîâ íå÷òî íîâîå. Åñëè îíè ïîéìóò îñíîâíûå
ìåòîäû ðåøåíèÿ íà ïðîñòûõ ïðèìåðàõ, òî ñëîæíûå óðàâíåíèÿ
ñòàðøèõ êëàññîâ íå ñîñòàâÿò äëÿ íèõ íèêàêèõ ïðîáëåì.

Äëÿ ìíîãèõ ó÷åíèêîâ òðóäíîñòü ïðåäñòàâëÿþò ïðèêëàäíûå
çàäà÷è; äëÿ íèõ íåïðîñòî ïåðåâåñòè âû÷èñëèòåëüíûå
ïðîáëåìû íà ÿçûê óðàâíåíèé. Â ïîñëåäíèõ ãëàâàõ ÿ ïîïûòàë-
ñÿ ïðîäåìîíñòðèðîâàòü ïðèìåðû çàäà÷, ðåøåíèå êîòîðûõ
âåäåò ê ñîñòàâëåíèþ èñêîìûõ óðàâíåíèé. Çàòåì ïðèâîäÿòñÿ
óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû.

Âûøåóêàçàííûå ïðîáëåìû ÿ ðàññìàòðèâàþ íå êàê ðàç è
íàâñåãäà ðåøåííûå. Ýòî òîëüêî íà÷àëî, òðåáóþùåå ïðîäîë-
æåíèÿ. Ïðåæäå âñåãî èçìåíåíèÿ äîëæíû áóäóò ïðåòåðïåòü
ñáîðíèêè çàäà÷. Ïîæàëóéñòà, ñîîáùèòå ìíå î ñâîåì îïûòå
ðàáîòû ñ ýòîé êíèãîé: â êàêèõ óëó÷øåíèÿõ îíà, ïî-âàøåìó,
íóæäàåòñÿ.

Ðàáîòàÿ ñ êíèãîé, âû óáåäèòåñü, ÷òî ó÷åíèêè, ïðèîáðåòÿ
íåêîòîðûé îïûò, ñ ëåãêîñòüþ íà÷íóò ñïðàâëÿòüñÿ ñ çàäàíèÿ-
ìè, ïîíà÷àëó êàçàâøèìèñÿ âàì òðóäíûìè (ñêàæåì, ñîêðàùå-
íèå àëãåáðàè÷åñêèõ äðîáåé èëè àëãåáðàè÷åñêîå äåëåíèå
ñóììû íà ñóììó). Áîëåå òîãî, îíè ïî÷óâñòâóþò âêóñ ê òàêîãî
ðîäà çàäàíèÿì. Î÷åíü âàæíî, ÷òîáû ó÷åíèêè ìîãëè ðàñòè
âìåñòå ñ ðîñòîì ñëîæíîñòè çàäàíèé, ó÷èëèñü áû íà ýòîì ìà-
òåðèàëå ïðåîäîëåíèþ ïðåïÿòñòâèé.

ß ïåðåäàþ ýòó êíèãó â ðóêè êëàññíûõ ó÷èòåëåé â íàäåæäå,
÷òî îíà ïîñëóæèò èì õîðîøèì ââåäåíèåì â ìàòåìàòèêó,
ïîçâîëèò óãëóáèòü ñâîè çíàíèÿ â ýòîì ïðåäìåòå, îáëåã÷èò
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ðåøåíèå ñåðüåçíûõ çàäà÷ è äàñò ïîâîä äëÿ óêðåïëåíèÿ ñî-
âìåñòíîé ðàáîòû ó÷èòåëåé ñðåäíåãî è ñòàðøåãî çâåíüåâ.

Â çàêëþ÷åíèå ÿ õîòåë áû ïîáëàãîäàðèòü âñåõ òåõ, êòî âíåñ
ñâîé âêëàä â ïîÿâëåíèå ýòîé êíèãè.

Îñåíü 1991 ãîäà
Àðíîëüä Áåðíõàðäò
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1. 1. 1. 1. 1. Îò àðèôìåòèêè ê àëãåáðåÎò àðèôìåòèêè ê àëãåáðåÎò àðèôìåòèêè ê àëãåáðåÎò àðèôìåòèêè ê àëãåáðåÎò àðèôìåòèêè ê àëãåáðå —————
ðàñêðûòèå ñêîáîêðàñêðûòèå ñêîáîêðàñêðûòèå ñêîáîêðàñêðûòèå ñêîáîêðàñêðûòèå ñêîáîê

Ìíîãîëåòíèé îïûò ïîêàçàë ïëîäîòâîðíîñòü ââåäåíèÿ
àëãåáðàè÷åñêèõ âûðàæåíèé â ñâÿçè ñ àðèôìåòèêîé — äàæå ñ
óñòíûì ñ÷åòîì. Óäà÷íûé ïîâîä — óñòíîå óìíîæåíèå äâóçíà÷-
íûõ ÷èñåë. Óìíîæèì 7 íà 23. Ñàìî ñîáîé ðàçóìåþùèìñÿ
îáðàçîì ìû ðàçëîæèì 23 íà 20 + 3 è óìíîæèì ñëàãàåìûå ïî
îòäåëüíîñòè:

7 · 23 = 7 · (20 + 3) = 7 · 20 + 7 · 3 = 140 + 21 = 161

Åñëè îäèí èç ñîìíîæèòåëåé ÿâëÿåòñÿ îäíîçíà÷íûì ÷èñ-
ëîì. Äðóãîé ìîæåò áûòü äâóõ- è áîëåå çíà÷íûì; ÷èñëà ïîëó-
÷àòñÿ íå ñëèøêîì áîëüøèìè:

3 · 235 = 3 · (200 + 30 + 5) = 3 · 200 + 3 · 30 + 3 · 5 =
 = 600 + 90 + 15 = 705

Åñëè îáà ñîìíîæèòåëÿ äâóçíà÷íûå, òîãäà ñëåäóåò ðàçëî-
æèòü íà ñëàãàåìûå è òîò è äðóãîé:

15 · 27 = (10 + 5) · (20 + 7) = 10 · 20 + 10 · 7 + 5 · 20 + 5 · 7 =
  = 200 + 70 + 100 + 35 = 405

×åì áîëüøå ñîìíîæèòåëè, òåì áîëüøèå ïðåèìóùåñòâà
äàåò ðàçëîæåíèå:

32 · 43 = (30 + 2) · (40 + 3) = 30 · 40 + 30 · 3 + 2 · 40 + 2 · 3 =
  = 1200 + 90 + 80 + 6 = 1376

Â êëàññå ìîæíî ðåøàòü ñëåäóþùèå ïðèìåðû:

34 · 52 = (30 + 4) · (50 + 2) = 30 · 50 + 30 · 2 + 4 · 50 + 4 · 2 =
  = 1500 + 60 + 200 + 8 = 1768

Ïîñëå ðÿäà óïðàæíåíèé ïðîìåæóòî÷íûå ðåçóëüòàòû ìîæíî
çàïèñûâàòü ñðàçó ïîñëå ñêîáîê:
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43 · 35 = (40 + 3) · (30 + 5) = 1200 + 200 + 90 + 15 = 1505

Ñðàâíèì ñ óìíîæåíèåì â ñòîëáèê:

43 · 35
     105
   140
    1505

Ðåçóëüòàò, çàïèñàííûé â ïåðâîé ñòðîêå, íå ÷òî èíîå, êàê
ñóììà 90 + 15, 140 (ïî ñóòè 1400 èç-çà ñäâèãà íà îäèí ðàçðÿä
âëåâî) — ñóììà 1200 + 200.

Çäåñü âîçíèêàåò âîïðîñ: ëåâîå ÷èñëî óìíîæàòü íà ïðàâîå
èëè ïðàâîå íà ëåâîå? Íà ðåçóëüòàò ýòî íå âëèÿåò, äëÿ ðàçâèòèÿ
íàâûêîâ õîðîøî, ÷òîáû ó÷åíèêè ìîãëè ñäåëàòü è òî è äðóãîå:

43 · 35
     215
   129
   1505

215 — ýòî ñóììà 200 + 15 è 1290 = 1200 + 90.
Íî äëÿ áîëåå ãëóáîêîãî, îñíîâàííîãî íà îùóùåíèè ïîíè-

ìàíèÿ ëó÷øåå óìíîæàòü ïðàâîå ÷èñëî ñ ïîìîùüþ ëåâîãî,
ïîñêîëüêó ëåâîå ÷èñëî ÿâíî àêòèâíî, à ïðàâîå — ïàññèâíî.
×òî òàêîå òðèæäû ïÿòü? 3 çäåñü îïðåäåëÿåò, ÷òî íóæíî ñäå-
ëàòü ñ 5: íóæíî òðèæäû ýòó ïÿòåðêó ñëîæèòü:

3 · 5 = 5 + 5 + 5

3 èãðàåò çäåñü àêòèâíóþ ðîëü, 5 — ïàññèâíóþ. Ðàçëè÷èå
âûñòóïàåò è â íàçâàíèÿõ îïåðàíòîâ: 3 íàçûâàåòñÿ ìíîæèòå-
ëåì, 5 — ìíîæèìûì. Ñóôôèêñ “-òåëü” âñòðå÷àåòñÿ âî ìíîãèõ
ñëîâàõ, èìåþùèõ àêòèâíûé îòòåíîê. Åñëè ìû íå ñòðåìèìñÿ
ïîä÷åðêíóòü ýòî ðàçëè÷èå ðîëåé, ìû íàçûâàåì îáà ÷èñëà
ñîìíîæèòåëÿìè.

Ðàçóìååòñÿ, íàñ íèêòî íå çàñòàâëÿåò ðàñêëàäûâàòü îáà
ñîìíîæèòåëÿ íà äåñÿòêè è åäèíèöû; ïðîñòî äàííîå ðàçëîæå-
íèå î÷åíü óæ ñîãëàñóåòñÿ ñ íàøåé äåñÿòè÷íîé ñèñòåìîé
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ñ÷èñëåíèÿ:
15 · 13 = (10 + 5) · (10 + 3) = 100 + 30 + 50 + 15 = 195

Íî ñ òåì æå óñïåõîì ìîæíî ñ÷èòàòü è ïî-äðóãîìó:
15 · 13 = (9 + 6) · (8 + 5) = 72 + 45 + 48 + 30
Ïîñêîëüêó 2 è 8 äîïîëíÿþò äðóã äðóãà äî äåñÿòêà, ïðîùå

âñåãî ñêëàäûâàòü ïðîìåæóòî÷íûå ðåçóëüòàòû â ñëåäóþùåé
ïîñëåäîâàòåëüíîñòè: 72 + 48 + 30 + 45 = 195

èëè: 15 · 13 = (7 + 8) · (9 + 4) = 63 + 28 + 72 + 32 =
       = 63 + 100 + 32 = 195

Ñêîëüêî âîçìîæíûõ ðàçëîæåíèé ñóùåñòâóåò â äàííîì
ïðèìåðå? (42, 7 äëÿ ïåðâîãî ñîìíîæèòåëÿ è 6 äëÿ âòîðîãî.)
Êàæäûé ðàç áóäóò ïîÿâëÿòüñÿ 4 íîâûõ ñëàãàåìûõ; íî êàæäûé
ðàç îíè áóäóò âìåñòå äàâàòü 195. Óäèâèòåëüíî! Ðàçóìååòñÿ,
òàêèå óïðàæíåíèÿ ìîæíî äàâàòü è íå äîæèäàÿñü 7-ãî êëàññà.
Îíè ðàçâèâàþò ïîäâèæíîñòü â ñ÷åòå, ïðè ýòîì íà ïðàêòèêå
èñïîëüçóåòñÿ òî, ÷òî Ðóäîëüô Øòåéíåð ñòàâèë âî ãëàâó
âñÿêîãî îáó÷åíèÿ àðèôìåòèêå: ðàçëîæåíèå ÷èñåë íà
ñëàãàåìûå;

íàïðèìåð, 12 = 5 + 7 12 = 4 + 8 12 = 3 + 9 è ò.ä.
Íî òåïåðü ïåðåõîä îò ÷èñëîâîãî ê àëãåáðàè÷åñêîìó ñ÷åòó.

Ñíîâà ðàçëîæèì ÷èñëà íà äåñÿòêè è åäèíèöû, çàôèêñèðóåì
åäèíèöû è áóäåì ïîñëåäîâàòåëüíî óâåëè÷èâàòü äåñÿòêè â
îáîèõ ñîìíîæèòåëÿõ:

12 · 13 = (10 + 2) · (10 + 3) =100 +30 + 20 + 6 = 156
22 · 23 = (20 + 2) · (20 + 3) =400 +60 + 40 + 6 = 506
32 · 33 = (30 + 2) · (30 + 3) =900 +90 + 60 + 6 =1056
42 · 43 = (40 + 2) · (40 + 3) =1600 +120 +80 +6 =1806
52 · 53 = (50 + 2) · (50 + 3) =2500 +150 +100 +6 =2756

Îñòàíîâèìñÿ íà ìèíóòêó è ïîñìîòðèì, ÷òî ïîëó÷èëîñü:
ïåðâàÿ êîëîíêà ïðîìåæóòî÷íûõ ïðîèçâåäåíèé äàåò ïîëíûå
êâàäðàòû: 100, 400, 900... âòîðàÿ êîëîíêà — ðÿä íà òðèäöàòü:
30, 60, 90... òðåòüÿ êîëîíêà — ðÿä íà äâàäöàòü: 20, 40, 60... â
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÷åòâåðòîé âñåãäà îäíî è òî æå ÷èñëî — 6. Ïîéäåì äàëüøå:

62 · 63 = (60 + 2) · (60 + 3) =3600 +180 +120 +6 =3906
72 · 73 = (70 + 2) · (70 + 3) =4900 +210 +140 +6 =5256
82 · 83 = (80 + 2) · (80 + 3) =6400 +240 +160 +6 =6806
92 · 93 = (90 + 2) · (90 + 3) =8100 +270 +180 +6 =8556

(Òàáë. 1.1)

Âî âñåõ ýòèõ ïðèìåðàõ åñòü íå÷òî îáùåå; íåëüçÿ ëè ýòî
îáùåå ïîêàçàòü âû÷èñëèòåëüíûìè ñðåäñòâàìè? Ñâåñòè âñå
ïðèìåðû ê îäíîìó? Ïåðâûì ÷èñëîì â ñêîáêàõ ìîæåò ñòîÿòü
ëþáîé äåñÿòîê; ìû íå ïèøåì íèêàêîãî îïðåäåëåííîãî ÷èñëà,
ìû ïèøåì ñèìâîë (âûáåðåì a), êîòîðûé ìîæåò îáîçíà÷àòü
ëþáîå âîçìîæíîå ÷èñëî äåñÿòêîâ. Åùå ðàç: a òîëüêî âíåøíå
áóêâà, ïî ñìûñëó ýòî ÷èñëî äåñÿòêîâ, ñèìâîë ÷èñëà.

Ìîæíî ëè îïåðèðîâàòü ñ ýòèì ñèìâîëîì? Ïîïðîáóåì:
ïðèìåð, îáúåäèíÿþùèé âñå ïðåäûäóùèå, âûãëÿäèò òàê:

(a + 2) · (a + 3) = a2 + 3a + 2a + 6

Â êà÷åñòâå ïåðâîãî ïðîìåæóòî÷íîãî ðåçóëüòàòà âîçíèêà-
åò êâàäðàò a, çàòåì ÷èñëî èç òàáëèöû óìíîæåíèÿ íà 30 (a âåäü
ïðåäñòàâëÿåò äåñÿòêè), çàòåì ÷èñëî èç òàáëèöû óìíîæåíèÿ
íà 20 è íàêîíåö 6. Ìîæíî ëè ñâåñòè ïðîìåæóòî÷íûå
ðåçóëüòàòû âîåäèíî? Íàñòîëüêî îêîí÷àòåëüíî, êàê â ÷èñëî-
âûõ ïðèìåðàõ, ýòî íåâîçìîæíî. Íî 3a + 2a — ýòî ðàçâå íå
5a? Êîíå÷íî, âåäü 3a + 2a îçíà÷àåò íå ÷òî èíîå, êàê (a + a + a)
+ (a + a), à ýòî è åñòü 5a. Èòàê, “îêîí÷àòåëüíûé” ðåçóëüòàò
âûãëÿäèò ñëåäóþùèì îáðàçîì:

(a + 2) · (a + 3) = a2 + 5a + 6

Â âû÷èñëèòåëüíîé ïðàêòèêå a åñòåñòâåííî ðàññìàòðèâàòü
êàê ÷èñëî äåñÿòêîâ. Íî íåëüçÿ ëè âûáèðàòü äëÿ a äðóãèå
çíà÷åíèÿ? Îñòàåòñÿ ëè â ñèëå îáùàÿ ôîðìóëà? Ïîäñòàâèì
âìåñòî a êàêîå-íèáóäü öåëîå ÷èñëî, íàïðèìåð 7:

(a + 2) · (a + 3) ïðåâðàùàåòñÿ â (7 + 2) · (7 + 3) = 9 · 10 = 90
a2 + 5a + 6 ïðåâðàùàåòñÿ äëÿ a = 7 â 49 + 35 + 6 = 90
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Ñèñòåìàòè÷åñêè ïðîâåðèì ïðàâèëüíîñòü ôîðìóëû, ïîä-
ñòàâëÿÿ âìåñòî a ïîäðÿä íàòóðàëüíûå ÷èñëà 1, 2, 3...:

a (a + 2) · (a + 3)  a2 + 5a + 6
1 (1 + 2) · (1 + 3) = 3 · 4 = 12  1 + 5 + 6 = 12
2 (2 + 2) · (2 + 3) = 4 · 5 = 20  4 + 10 + 6 = 20
3 (3 + 2) · (3 + 3) = 5 · 6 = 30  9 + 15 + 6 = 30
4 (4 + 2) · (4 + 3) = 6 · 7 = 42 16 + 20 + 6 = 42
5 (5 + 2) · (5 + 3) = 7 · 8 = 56 25 + 25 + 6 = 56
6 (6 + 2) · (6 + 3) = 8 · 9 = 72 36 + 30 + 6 = 72
7 (7 + 2) · (7 + 3) = 9 · 10 = 90 49 + 35 + 6 = 90
8 (8 + 2) · (8 + 3) = 10 · 11 = 110 64 + 40 + 6 = 110
9 (9 + 2) · (9 + 3) = 11 · 12 = 132 81 + 45 + 6 = 132

(Òàáë. 1.2)

Ñîâåðøåííî ðàçíûå âû÷èñëåíèÿ, íî ïðè ýòîì âñåãäà îäè-
íàêîâûå ðåçóëüòàòû! Ñëåâà ìû óìíîæàåì äâà ÷èñëà, ñïðàâà
ìû ñêëàäûâàåì òðè ÷èñëà — è âñå æå ðåçóëüòàò òîò æå.
Ïðàâäà, ìû óìíîæàåì è ñêëàäûâàåì íå ïðîèçâîëüíûå ÷èñ-
ëà, à ñîâåðøåííî îïðåäåëåííûå. Ìû óìíîæàåì ÷èñëà òèïà (a
+ 2) · (a + 3), è ðåçóëüòàò ýòîãî ïðîèçâåäåíèÿ âñåãäà ðàâåí ñóììå
a2 + 5a + 6. Ñóòü àëãåáðàè÷åñêîé ôîðìóëû (a + 2) · (a + 3) = a2

+ 5a + 6 ñîñòîèò â òîì, ÷òî îíà ïðèðàâíèâàåò îïðåäåëåííîå
ìóëüòèïëèêàòèâíîå ñîåäèíåíèå äâóõ ñóìì ê îïðåäåëåííî-
ìó (âíåøíå ñîâåðøåííî íåïîõîæåìó) àääèòèâíîìó
ñîåäèíåíèþ. Â êîíöå êîíöîâ àëãåáðà ïðîÿñíÿåò èäåíòè÷íîñòü
ðàçëè÷íûõ ñîåäèíåíèé ÷èñåë. Â òàáëèöå 1.2 ìû ïîäñòàâëÿëè
íà ìåñòî a ÷èñëà 1, 2, 3... è ïîëó÷àëè ïîñëåäîâàòåëüíîñòü
ðåçóëüòàòîâ 12, 20, 30, 42... ßâëÿåòñÿ ëè ýòîò ðÿä ñëó÷àéíûì,
èëè â åãî îñíîâå ëåæèò íåêàÿ çàêîíîìåðíîñòü? Íåêîòîðûå
ó÷åíèêè áûñòðî çàìå÷àþò: ìåæäó 12 è 20 ïðèðàùåíèå 8, ìåæäó
20 è 30 ïðèðàùåíèå 10, çàòåì 12 è ò.ä. À äàëüøå? Äîïîëíèì
íàøó òàáëèöó åùå îäíîé êîëîíêîé, â êîòîðîé ïðîñòàâèì
ïðèðàùåíèå îò ñòðîêè ê ñòðîêå:

a Ðåçóëüòàò Ïðèðàùåíèå
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1  12  8
2  20 10
3  30 12
4  42 14
5  56 16
6  72 18
7  90 20
8 110 22
9 132

Ïðèðàùåíèå áóäåò âñå âðåìÿ óâåëè÷èâàòüñÿ íà 2. Ìîæíî
ëè ïðåäñêàçàòü ïîñëåäóþùèå ðåçóëüòàòû, ïðîñòî óâåëè÷èâàÿ
ïðèðàùåíèå íà 2, òî åñòü ñïåðâà çàïîëíèòü ïîñëåäíþþ
êîëîíêó?
a                 (a + 2) · (a + 3)     a2 + 5a + 6  Ïðèðàùåíèå

22
9 (9+2) · (9+3) = 11 · 12 = 132 81 + 45 + 6 = 132

24
10 (10+2) · (10+3) = 12 · 13 = 156 100 + 50 + 6 = 156

26
11  182

28
12  210

30
13  240
Çàïîëíèòå âíóòðåííèå êîëîíêè! (Ñèëüíûå ó÷åíèêè ñàìè ïðèõîäÿò ê
òîìó, ÷òîáû âû÷èñëèòü â òàáëèöå 1.1 ïðèðàùåíèÿ!).

Òàáëèöó 1.2 ìîæíî ðàññìàòðèâàòü êàê îäíó áîëüøóþ
÷èñëîâóþ âçàèìîñâÿçü; íè îäíî ÷èñëî íå âûïàäàåò èç êîí-
òåêñòà. Ïåðåæèâàíèå “òî, ÷òî íàäî” ðîæäàåò â ó÷åíèêàõ îïðå-
äåëåííîå ÷óâñòâî ïðàâèëüíîñòè ñ÷åòà. Ìû äîëæíû ñòðåìèòü-
ñÿ ê òîìó, ÷òîáû êàê ìîæíî ÷àùå â ó÷åíèêàõ âîçíèêàëî ýòî
÷óâñòâî ñàìîóâåðåííîñòè.

Ïîñëå ïðåâîãî ââåäåíèÿ òåõíèêè ðàñêðûòèÿ ñêîáîê, ìîæ-
íî ïðîðåøàòü ðÿä ïðèìåðîâ:

(a + 4) · (a + 7) = a2 + 7a + 4a + 28 = a2 + 11a + 28
(a + 3) · (a + 8) = a2 + 8a + 3a + 24 = a2 + 11a + 24
(a + 2) · (a + 5) = a2 + 5a + 2a + 10 = a2 + 7a + 10
(2a + 5) · (3a + 6) = 6a2 + 12a + 15a + 30 = 6a2 + 27a + 30
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(3a + 4) · (5a + 8) = 15a2 + 24a + 20a + 32 = 15a2 + 44a + 32
(8a + 3) · (9a + 7) = 72a2 + 56a + 27a + 21 = 72a2 + 83a + 21

Äëÿ ÷àñòè ïðèìåðîâ ñëåäóåò âû÷èñëèòü òàáëèöû çíà÷å-
íèé (òèïà òàáëèöû 1.2).

Êàê ãðóïïèðóåòñÿ ðàñêðûòèå ñêîáîê, åñëè â ñêîáêàõ ñòîÿò
ñîâåðøåííî ðàçëè÷íûå ÷èñëà? Ïðèìåðû òàêîãî ðîäà ìû óæå
îáñ÷èòûâàëè:

32 · 63 = (30 + 2) · (60 + 3) = 1800 + 90 + 120 + 6 = 2016

Âñå àëãåáðàè÷åñêèå ïðèìåðû òàêîãî ðîäà ìîæíî îáîáùèòü
â ôîðìóëå:

(a + b) · (c + d) = ac + ad + bc + bd

Ïðàâèëî ôîðìóëèðóåòñÿ òàê: ÷òîáû ïåðåìíîæèòü äâå
ñêîáêè (ñóììû), íóæíî ïåðåìíîæèòü êàæäîå ñëàãàåìîå ïåð-
âîé ñêîáêè ñ êàæäûì ñëàãàåìûì âòîðîé ñêîáêè (è çàòåì ñëî-
æèòü ðåçóëüòàòû).

×òîáû ïðèâåñòè ïðàâèëî â ìàêñèìàëüíî êîìïàêòíîé
ôîðìóëå, ñëåäóåò îïóñòèòü çàêëþ÷åííûå â ñêîáêè ñëîâà,
ïîñêîëüêó îíè ïî÷òè òðèâèàëüíû. Ïîäîáíî ðàñòåíèþ, êîòî-
ðîå â òå÷åíèå ëåòà âûðàñòàåò, ðîæäàÿ ñòåáåëü, ëèñò è öâå-
òîê, à çàòåì îñåíüþ ñíîâà êîíöåíòðèðóåòñÿ â ñåìåíè, â òå÷å-
íèå ïîäîáíîé ýïîõè ìîæåò “ðàñöâåñòè” è ðàñêðûòèå ñêîáîê
÷òîáû çàòåì ñêîíöåíòðèðîâàòüñÿ â òàêîì ïðàâèëå.

×òî åùå ïîâñòðå÷àëîñü íàì íà íàøåì ïóòè? Ñëîæåíèå
ïðîìåæóòî÷íûõ ïðîèçâåäåíèé, ñîäåðæàùèõ îäíî è òî æå a:

8a + 3a = 11a, 2a + 7a = 9a è ò.ä.

Â îáùåì âèäå: ba + ca + da + ... = (b + c + d + ...) · a
Ïðàâèëî: ÷òîáû óìíîæèòü ÷èñëî íà ñóììó, íóæíî óìíîæèòü

åãî íà êàæäîå ñëàãàåìîå.
Ñîçíàíèå ó÷åíèêîâ ïðîáóæäàåòñÿ, êîãäà îíè ñàìè ôîðìó-

ëèðóþò ïîäîáíûå ïðàâèëà.
Òåïåðü ìû ìîæåì íà àëãåáðàè÷åñêîì ÿçûêå ñôîðìóëèðî-

âàòü ôóíäàìåíòàëüíûå ïðàâèëà äëÿ ñëîæåíèÿ è óìíîæåíèÿ,
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çíàêîìûå íàì ñ ïåðâîãî êëàññà:

Ïðàâèëî 1: ñëàãàåìûå ìîæíî ìåíÿòü ìåñòàìè: a+b=b+a;
ñîìíîæèòåëè ìîæíî ìåíÿòü ìåñòàìè: a·b=b·a

Íà ñïåöèàëüíîì ÿçûêå îáà ïðàâèëà íàçûâàþòñÿ êîììó-
òàòèâíûìè çàêîíàìè ñëîæåíèÿ è óìíîæåíèÿ. Åñòü ëè àíà-
ëîãè÷íûå ïðàâèëà äëÿ âû÷èòàíèÿ è äåëåíèÿ? Íè â êîåì
ñëó÷àå! Ïðàâäà, ñðåäè òàê íàçûâàåìûõ ñâåðõêîìïëåêñíûõ
÷èñåë íåêîììóòàòèâíî äàæå óìíîæåíèå; íà ïîçíàâàòåëü-
íóþ âàæíîñòü ýòèõ ÷èñåë óêàçûâàë Ðóäîëüô Øòåéíåð.

Ïðàâèëî 2: áîëåå ÷åì äâà ñëàãàåìûõ (ñîìíîæèòåëÿ)
ìîæíî ñêëàäûâàòü (óìíîæàòü) â ëþáîì
ïîðÿäêå:

a + b + c = (a + b) + c 3 + 5 + 9 = 8 + 9 = 17
a + b + c = a + (b + c) 3 + 5 + 9 = 3 +14 = 17

a·b·c = (a·b)·c 2·3·5 = 6·5 = 30
a·b·c = a·(b·c) 2·3·5 = 2·15 = 30

Íà ñïåöèàëüíîì ÿçûêå: àññîöèàòèâíûå çàêîíû ñëîæåíèÿ
è óìíîæåíèÿ.

Îáå îïåðàöèè ñîåäèíåíû äèñòðèáóòèâíûì çàêîíîì:

a·(b + c) = a·b + a·c

Áëàãîäàðÿ àëãåáðàè÷åñêîìó ñ÷åòó ïðàâèëà âû÷èñëåíèÿ
ñòàíîâÿòñÿ äëÿ íàñ âñå ÿñíåå. Êîãäà îíè íàì àáñîëþòíî ÿñíû,
ìû ïðèîáðåòàåì ïîëíóþ óâåðåííîñòü â ñ÷åòå. Òîãäà ìû ïå-
ðåæèâàåì ñîáñòâåííîå ìûøëåíèå êàê âíóòðåííþþ èíñòàíöèþ,
êîòîðàÿ ñ îïðåäåëåííîñòüþ ãîâîðèò íàì: “Äà, ýòî ïðàâèëü-
íî!” Åñëè íàì óäàñòñÿ ñî âðåìåíåì ïðèâåñòè ó÷åíèêîâ ê
ïåðåæèâàíèþ ýòîé âíóòðåííåé èíñòàíöèè, òî îíè ñìîãóò
îùóòèòü ñâîþ ìûñëÿùóþ ñóùíîñòü.
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2. 2. 2. 2. 2. Âûíåñåíèå çà ñêîáêèÂûíåñåíèå çà ñêîáêèÂûíåñåíèå çà ñêîáêèÂûíåñåíèå çà ñêîáêèÂûíåñåíèå çà ñêîáêè —————
ïðåâðàùåíèå ñóììûïðåâðàùåíèå ñóììûïðåâðàùåíèå ñóììûïðåâðàùåíèå ñóììûïðåâðàùåíèå ñóììû
â ïðîèçâåäåíèåâ ïðîèçâåäåíèåâ ïðîèçâåäåíèåâ ïðîèçâåäåíèåâ ïðîèçâåäåíèå

Â ïåðâîé ãëàâå ìû çàíèìàëèñü ðàñêðûòèåì ñêîáîê; â ñêîá-
êàõ ñòîÿëè ñóììû ÷èñåë. Ìû óñòàíîâèëè ïðàâèëî: ÷òîáû
ïåðåìíîæèòü ñóììû, íóæíî óìíîæèòü êàæäîå ñëàãàåìîå
ïåðâîé ñóóìû íà êàæäîå ñëàãàåìîå âòîðîé ñóììû (è çàòåì
ñëîæèòü ïðîìåæóòî÷íûå ðåçóëüòàòû):

(a + b)·(c + d) = ac + ad + bc + bd

Ñëåâà ñòîèò ïðîèçâåäåíèå ñóìì, ñïðàâà — ñóììà ïðîèç-
âåäåíèé.

Â ýòîé ãëàâå ìû çàéìåìñÿ ïðîòèâîïîëîæíîé îïåðàöèåé:
ïóñòü äàíà ñóììà ïðîèçâåäåíèé; ìîæíî ëè ïðåîáðàçîâàòü åå
â ïðîèçâåäåíèå ñóìì?

Ñíîâà âîçüìåì çà èñõîäíóþ òî÷êó âû÷èñëèòåëüíóþ ïðàê-
òèêó: ïóñòü íóæíî âû÷èñëèòü

5 · 9 + 7 · 9 + 8 · 9 = ?

Áðîñàåòñÿ â ãëàçà, ÷òî ìíîæèìûì âî âñåõ ïðîèçâåäåíèÿõ
ÿâëÿåòñÿ 9. Îáëåã÷àåò ëè ýòà îñîáåííîñòü âû÷èñëåíèÿ?
Íåëüçÿ ëè ïîïðîñòó ñëîæèòü ìíîæèòåëè, à çàòåì ñóììó óìíî-
æèòü íà 9?

5 · 9 + 7 · 9 + 8 · 9 = (5 + 7 + 8) · 9 = 20 · 9 = 180

Ïðîâåðèì ñåáÿ, ñïåðâà âû÷èñëèâ îòäåëüíûå ïðîèçâåäå-
íèÿ è çàòåì èõ ñëîæèâ:

5 · 9 + 7 · 9 + 8 · 9 = 45 + 63 + 72 = 108 + 72 = 180

Äåéñòâèòåëüíî, ïîëó÷àåòñÿ òî æå ñàìîå; íî ïåðâîå âû-
÷èñëåíèå ëåã÷å âòîðîãî.

Åùå îäèí ïðèìåð:
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2 · 15 + 3 · 15 + 5 · 15 = (2 + 3 + 5) · 15 = 10 · 15 = 150
Ýòî âû÷èñëåíèå îïÿòü-òàêè ïðîùå, ÷åì:
2 · 15 + 3 · 15 + 5 · 15 = 30 + 45 + 75 = 150
Äåéñòâîâàòü òàêèì îáðàçîì ìîæíî, î÷åâèäíî, òîãäà, êîã-

äà âñå ïðîèçâåäåíèÿ èìåþò îáùèé ñîìíîæèòåëü. Åñëè ñêëà-
äûâàþòñÿ ðàçëè÷íûå ÷èñëà, òîãäà â íèõ ñëåäóåò âûäåëèòü
ýòîò îáùèé ìíîæèòåëü. Ïðèìåð:

14 + 21 + 35 = ?
Íàì íàñòîëüêî õîðîøî çíàêîìû ýòè ÷èñëà, ÷òî ìû ñðàçó

æå óçíàåì â íèõ êðàòíûå 7:
14 + 21 + 35 = 2 · 7 + 3 · 7 + 5 ·7 = (2 + 3 + 5) · 7 = 10 · 7 = 70
Äðóãèå ïðèìåðû:

9 + 15 + 21 + 24 = 3 · 3 +5 · 3 + 7 · 3 + 8 · 3 =
          = (3 + 5 + 7 + 8) · 3 = 23 · 3 = 69

11 + 33 + 44 = 1 · 11 + 3 · 11 + 4 · 11 = (1 + 3 + 4) · 11 =
       = 8 · 11 = 88

Ýòîò ïðîöåññ íàçûâàåòñÿ âûíåñåíèåì çà ñêîáêè: îáùèé
ìíîæèòåëü çàïèñûâàåòñÿ âíå ñêîáîê, ïîñëå èëè ïåðåä íèìè.
Â ïîñëåäíåì ïðèìåðå îáùèé ìíîæèòåëü ñîâïàäàåò ñ îäíèì
èç ñëàãàåìûõ. Ïðè ýòîì âàæíî îáðàòèòü âíèìàíèå íà òî, ÷òî
11 = 1 · 11, è ÷òî ìíîæèòåëü “1” äîëæåí â êà÷åñòâå îäíîãî èç
ñëàãàåìûõ ïîïàñòü â ñêîáêè.

À êàê îáñòîèò äåëî ñ ñóììîé 4 + 15 + 49 = ?
Ìîæíî ëè ÷òî-íèáóäü âûíåñòè çà ñêîáêè? Íåò, òàê êàê íå

ñóùåñòâóåò òàêîãî ÷èñëà, êîòîðîå áû âõîäèëî îáùèì ñîìíîæè-
òåëåì â êàæäîå ñëàãàåìîå (4 = 2 · 2; 15 = 5 ·3; 49 = 7 · 7).

Âûíåñåíèå çà ñêîáêè ÿâëÿåòñÿ î÷åâèäíûì àíàëèòè÷åñ-
êèì ïðîöåññîì, à ðàñêðûòèå ñêîáîê — ñèíòåòè÷åñêèì. Åñëè
ïîî÷åðåäíî çàíèìàòüñÿ òåì è äðóãèì, âû÷èñëèòåëüíûå íà-
âûêè ïðèîáðåòàþò íåîáõîäèìóþ ãèáêîñòü.

Àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ ìîãóò ïðîÿñíèòü ïðîöåññ
âûíåñåíèÿ çà ñêîáêè:
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                                 ab + ac = a (b + c)
                                  a2 + ad = a (a + d)
                                   a + a2 = a (1 + a)
                            a + a2 + a3 = a (1 + a + a2)
                                a2b + ab2 = ab (a + b)
                               15a + 3a2= 3a (5 + a)
                             21ab + 35b2 = 7b (3a + 5b)
           33 ab2 + 22a2b + 11ab = 11ab (3b + 2a + 1)

Ñóùåñòâóþò ëè ïðèìåðû íà ïåðåâîä ñóììû â ïðîèçâåäå-
íèå äâóõ ñêîáîê? Äëÿ ýòîãî ïîòðåáóþòñÿ êàê ìèíèìóì ÷åòû-
ðå ñëàãàåìûõ. Åñëè ïðîñòî ñëîæèòü ÷åòûðå ïðîèçâîëüíûõ
÷èñëà, ïðåîáðàçîâàòü ñóììó â ïðîèçâåäåíèå íå óäàñòñÿ. Êî-
íå÷íî, ìîæíî ñëó÷àéíî íàïèñàòü ÷åòûðå ñëàãàåìûõ, êîòîðûå
âîçíèêëè èç ïðîèçâåäåíèÿ äâóõ ñêîáîê, íàïðèìåð:

(2a + 3b) · (5a + 4) = 10a2 + 8a + 15ab + 12b

Êàêèì îáðàçîì ðàñïîçíàòü â ñóììå ïðîèçâåäåíèå? Åñëè
îáñëåäîâàòü âñå ÷åòûðå ñëàãàåìûõ, òî â íèõ íå îòûñêàòü îá-
ùåãî ìíîæèòåëÿ. Íî èç ïåðâûõ äâóõ ñëàãàåìûõ ìîæíî âûäåëèòü
îáùèé ìíîæèòåëü 2a, à èç òðåòüåãî è ÷åòâåðòîãî — 3b:

10a2 + 8a + 15ab + 12b = 2a · (5a + 4) + 3b · (5a + 4)

Â îáåèõ ñêîáêàõ ñòîèò îäèíàêîâàÿ ñóììà: ýòà ñêîáêà è áó-
äåò îáùèì ìíîæèòåëåì, êîòîðûé ìîæíî âûíåñòè çà ñêîáêè:

2a · (5a + 4) + 3b · (5a + 4) = (2a + 3b) · (5a + 4)

Ìîæíî áûëî áû äåéñòâîâàòü èíà÷å. À èìåííî âûíåñòè èç
ïåðâîãî è òðåòüåãî ñëàãàåìûõ 5a, à èç âòîðîãî è ÷åòâåðòî-
ãî — ÷èñëî 4:

10a2 + 8a + 15ab + 12b = 5a · (2a + 3b) + 4 · (2a + 3b) =
          = (5a + 4) · (2a + 3b)

Ñêîáêè ïðîñòî ïîìåíÿëèñü ìåñòàìè!
×òîáû ðåøàòü òàêèå ïðèìåðû â êëàññå, òðåáóåòñÿ ñïåðâà

ïîäãîòîâèòü èõ äîìà. Ýòî ìîãóò ñäåëàòü è ñàìè ó÷åíèêè: â÷å-
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ðà îíè ðàñêðûâàëè ñêîáêè, ñåãîäíÿ îíè èùóò îáùèå ìíîæèòå-
ëè. Ìîæíî ïîñòðîèòü è ñâîåãî ðîäà àëãåáðàè÷åñêèé ðåáóñ:
ïðîèçâåäåíèåì êàêèõ äâóõ ñêîáîê ÿâëÿåòñÿ 14a2 + 35a + 6ab
+ 15b? Ïîäîáíûé âîïðîñ ìîæåò ñòàâèòü êàê ó÷èòåëü, òàê è
ó÷åíèê? Ïðèìåðû:

6a2 + 15a + 14ab + 35b = ?
33a2 + 55a + 6ab + 10b = ?
21a2 + 49a + 15ab + 35b = ?

Â ãëàâå 1 íàñ îñîáåííî çàíèìàëè ïðèìåðû òèïà:

(a + 3) · (a + 7) = a2 + 7a + 3a + 21 = a2 + 10a + 21

Êàêèì îáðàçîì ïðîäåëàòü îáðàòíûé ïóòü è íàéòè ïî ñóì-
ìå a2 + 10a + 21 ïðîèçâåäåíèå?

a2 + 10a + 21 = ( ) · ( ) ?

ßñíî, ÷òî â îáåèõ ñêîáêàõ ïåðâûì ñëàãàåìûì äîëæíî ñòî-
ÿòü ÷èñëî a.

a2 + 10a + 21 = (a +) · (a +) ?

Íî êàê íàéòè îñòàëüíûå ñëàãàåìûå? Íàçîâåì èõ p è q.
a2 + 10a + 21 = (a + p) · (a + q)

Åñëè ìû ðàñêðîåì ñêîáêè, òî ñðàçó ñòàíåò ÿñíî, ÷òî p · q =
21, à p + q = 10. Èòàê, íóæíî íàéòè äâà ÷èñëà, ïðîèçâåäåíèå
êîòîðûõ ðàâíî 21, à ñóììà — 10. Òîëüêî 3 è 7 óäîâëåòâîðÿþò
òàêèì óñëîâèÿì, ñëåäîâàòåëüíî, a2 + 10a + 21 = (a + 3) · (a + 7).

Ïîïðîáóåì ñ ñóììîé a2 + 7a + 10. Ñóùåñòâóåò ëè ðàâíîå
åé ïðîèçâåäåíèå? Ñóùåñòâóþò ëè äâà ÷èñëà, ïðîèçâåäåíèå
êîòîðûõ 10, à ñóììà 7? Êîíå÷íî! Ýòî 2 è 5:

a2 + 7a + 10 = (a + 2) · (a + 5)

Òàê ëåãêî, êàê â ýòîì ïðèìåðå, çàäà÷à ðåøàåòñÿ íå âñå-
ãäà. Ðàññìîòðèì a2 + 10a + 24 = ? Íóæíî íàéòè äâà ÷èñëà,
ïðîèçâåäåíèå êîòîðûõ ðàâíî 24, à ñóììà — 10. Ïðèäåòñÿ
ïåðåáðàòü âñå âàðèàíòû, êîãäà ïðîèçâåäåíèå äâóõ ÷èñåë äàåò
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24: 24 = 2 · 12, 24 = 3 · 8, 24 = 4 · 6. Åñòü ëè ñðåäè íèõ ïàðà
òàêèõ, ñóììà êîòîðûõ äàåò 10? Äà, 4 + 6 = 10. Èòàê,

a2 + 10a + 24 = (a + 4) · (a + 6)

Åñëè òðåòüå ñëàãàåìîå ðàâíî 24, òîãäà âòîðîå ìîæåò áûòü
îäíèì èç òðåõ:

a2 + 11a + 24 = (a + 3) · (a + 8)
a2 + 14a + 24 = (a + 2) · (a + 12)
a2 + 25a + 24 = (a + 1) · (a + 24)

Î òðåòüåé âîçìîæíîñòè ëåãêî çàáûâàþò.
Äëÿ ñåìèêëàññíèêîâ ñòðàøíî èíòåðåñíî îòûñêèâàòü òà-

êèå ïàðû p è q. Ýòî ðàçâèâàåò âíóòðåííþþ ïîäâèæíîñòü è
âèäåíèå ÷èñëîâûõ âçàèìîñâÿçåé. Ïðèìåðû:

a2 + 9a + 18 = a2 + 12a + 27 =
a2 + 10a + 16 = a2 + 5a + 4 =
a2 + 13a + 36 = a2 + 8a + 7 =
a2 + 11a + 28 = a2 + 10a + 9 =

(Â ïîñëåäíèõ òðåõ ïðèìåðàõ p èëè q ðàâíî 1.)
Îòûùè âñå âîçìîæíîñòè äëÿ âòîðîãî ñëàãàåìîãî, åñëè äàíî

òðåòüå:

a2 + ... + 18 = a2 + ... + 42 =
a2 + ... + 30 = a2 + ... + 81 =
a2 + ... + 36 = a2 + ... + 100 =

Êàêèì ìîæåò áûòü òðåòüå ñëàãàåìîå, åñëè äàíî âòîðîå?
a2 + 7a + ... = a2 + 9a + ... =
Èíòåðåñíû ïðèìåðû òàêîãî ðîäà:
a2 + 10a + 25 = a2 + 18a + 81 =
a2 + 12a + 36 = a2 + 20a + 100 =
Òðåòüå ñëàãàåìîå — ýòî ïîëíûé êâàäðàò, âî âòîðîì ñëà-

ãàåìîì a óìíîæàåòñÿ íà óäâîåííîå îñíîâàíèå ýòîãî êâàä-
ðàòà.
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a2 + 10a + 25  = a2 + 2 · 5a + 52

a2 + 12a + 36  = a2 + 2 · 6a + 62

a2 + 18a + 81  = a2 + 2 · 9a + 92

a2 + 20a + 100 = a2 + 2 · 10a + 102

Â ýòîì ñëó÷àå p è q îäèíàêîâû è ðàâíû óäâîåííîìó îñíî-
âàíèþ êâàäðàòà.

a2 + 10a + 25  = (a + 5) · (a + 5) = (a + 5)2

a2 + 12a + 36  = (a + 6) · (a + 6) = (a + 6)2

a2 + 18a + 81  = (a + 9) · (a + 9) = (a + 9)2

a2 + 20a + 100 = (a + 10) · (a + 10) = (a + 10)2

Ïðèìåðû òàêîãî ðîäà îñîáåííî âàæíû; îíè î÷åíü ÷àñòî
âîçíèêàþò â àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèÿõ. ×òîáû ñòðóê-
òóðà òàêèõ ïðèìåðîâ ñòàëà äëÿ íàñ ñîâåðøåííî ÿñíà, îáî-
çíà÷èì òðåòüå ñëàãàåìîå b2; âòîðîå ñëàãàåìîå ïðåîáðàçóåò-
ñÿ òîãäà â 2ba. Èòàê,

a2 + 2ba + b2= (a + b) · (a + b) = (a + b)2

Âàæíîñòü ïîíèìàíèÿ ñòðóêòóðû ýòîé ôîðìóëû íåâîçìîæ-
íî ïåðåîöåíèòü. Åå ðîëü â àëãåáðå ñðàâíèìà ðàçâå ÷òî ñ
ðîëüþ òàáëèöû óìíîæåíèÿ â àðèôìåòèêå. Ýòà ôîðìóëà èìååò
îñîáîå íàçâàíèå: áèíîìèíàëüíàÿ ôîðìóëà. Ðàçóìååòñÿ, åå
ìîæíî çàïèñàòü è â îáðàòíîì ïîðÿäêå, ïîìåíÿâ ïðè ýòîì âî
âòîðîì ñëàãàåìîì ìåñòàìè a è b:

(a + b)2 = a2 + 2ab + b2

Â òàêîì âèäå ôîðìóëà ïðèîáðåòàåò ïðèâû÷íîå íàïèñà-
íèå è ìîæåò áûòü èñïîëüçîâàíà äëÿ âû÷èñëåíèÿ êâàäðàòà
ñóììû:

Êâàäðàò ïåðâîãî ñëàãàåìîãî ïëþñ óäâîåííîå ïðîèçâå-
äåíèå îáîèõ ñëàãàåìûõ ïëþñ êâàäðàò âòîðîãî ñëàãàåìîãî.

Ôîðìóëó ìîæíî îòðàáàòûâàòü íà ñàìûõ ðàçíûõ ïðèìåðàõ:

112 = (10 + 1)2 = 102 + 2 · 10 · 1 + 12 = 100 + 20 + 1 = 121
122 = (10 + 2)2 = 102 + 2 · 10 · 2 + 22 = 100 + 40 + 4 = 144

...
192 = (10 + 9)2 = 102 + 2 · 10 · 9 + 92 = 100 + 180 + 81 = 361
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Êîãäà ïåðâûé ýòàï çíàêîìñòâà ïðîøåë, çàïèñü ìîæíî
ñîêðàòèòü:

... ... Ïðèðàùåíèå
182 = (10 + 8)2 = 100 + 160 + 64= 324

37
192 = (10 + 9)2 = 100 + 180 + 81= 361

39
202 = = 400

41
212 = (20 + 1)2 = 400 + 40 + 1 = 441

43
222 = (20 + 2)2 = 400 + 80 + 4 = 484

45
232 = (20 + 3)2 = 400 + 120 + 9 = 529

47
242 = (20 + 4)2 = 400 + 160 + 16= 576

49
252 = (20 + 5)2 = 400 + 200 + 25= 625

51
262 = (20 + 6)2 = 400 + 240 + 36= 676

53
272 = (20 + 7)2 = 400 + 280 + 49= 729

55
282 = (20 + 8)2 = 400 + 320 + 64= 784

57
292 = (20 + 9)2 = 400 + 360 + 81= 841

59
302 = = 900

61
312 = (30 + 1)2 = 900 + 60 + 1 = 961

63
322 = (30 + 2)2 = 900 + 120 + 4 = 1024

... ...
Ýòè âû÷èñëåíèÿ ìîæíî ïðîäîëæèòü äî 992. Ó÷åíèêè îáíà-

ðóæàò, ÷òî ñòðîêà 252 = 625 èãðàåò ðîëü îñè ñèììåòðèè: íàä è
ïîä íåé âñòðå÷àþòñÿ ÷èñëà ñ îäíèì è òåì æå “õâîñòîì” 76,
29, 84... Íî ñëó÷àéíà ëè ýòà ñèììåòðèÿ? Ìû îáíàðóæèì åå
ïðè÷èíû, åñëè ïîñìîòðèì íà ïðèðàùåíèå îò êâàäðàòà ê
êâàäðàòó: îò 324 äî 361 ïðèðàùåíèå ñîñòàâëÿåò 37, îò 361 äî
400 ïðèðàùåíèå — 39 è ò.ä. Ýòî ñëåäóþùèå äðóã çà äðóãîì
íå÷åòíûå ÷èñëà. Ñòðóêòóðà ïîëíûõ êâàäðàòîâ îñîáåííî ïðî-
çðà÷íà, åñëè ïðîñëåäèòü âñå ñ ñàìîãî íà÷àëà:

02 = 0
1

12 = 1
3

22 = 4
5
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32 = 9
7

42 = 16
9

52 = 25
11

62 = 36
...

Ðàññìîòðèì ïðèðàùåíèÿ äî è ïîñëå 252 = 625. Ýòî 49 è 51.
Âìåñòå îíè äàþò ðîâíî 100. Ïðåäûäóùèå ïðèðàùåíèÿ — 47 è
53, âìåñòå îíè òîæå äàþò 100 è ò.ä. Ñëåäîâàòåëüíî, êâàäðàòû,
ðàñïîëîæåííûå ïîä è íàä 252 = 625, äîëæíû ðàçëè÷àòüñÿ íà
100, 200, 300... è ïîòîìó èìåþò îäèíàêîâûå “õâîñòû”.

Ìîæíî óâèäåòü, ÷òî ïîëíûå êâàäðàòû ïîä÷èíÿþòñÿ ñëå-
äóþùåé çàêîíîìåðíîñòè: åñëè ñëîæèòü ïåðâûå n íå÷åòíûõ
÷èñåë, òî ïîëó÷èòñÿ n2. Ïðèìåð: n = 5;

1 + 3 + 5 + 7 + 9 = 25 = 52

Ñóììà ïîäðÿä ñòîÿùèõ íå÷åòíûõ ÷èñåë ìîæåò áûòü
ïðåäñòàâëåíà è ãðàôè÷åñêè (ðèñ. 2.1.). Â “óãîëêàõ” ïðîñòàâ-
ëåíû 1, 3, 5, 7...; èõ ñóììà äàåò ïîñëåäîâàòåëüíûå êâàäðàòû
12, 22, 32, 42...

1

3

5

7

Ðèñ. 2.1

a·b b2

a2 a·b

a b
Ðèñ. 2.2
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Áèíîìèíàëüíóþ ôîðìóëó òàêæå ìîæíî ïðîèëëþñòðèðîâàòü
ãàðôè÷åñêè (ðèñ. 2.2.). Íî ïî ñóòè ñâîåé ýòî àðèôìåòè÷åñêàÿ,
÷èñëîâàÿ çàêîíîìåðíîñòü. Ïîýòîìó ëó÷øå ñïåðâà ïðîðàáî-
òàòü åå âû÷èñëèòåëüíî, à çàòåì ïîÿñíèòü ãåîìåòðè÷åñêè.

Â ýòèõ ïåðâûõ ãëàâàõ ìû èñêëþ÷èòåëüíî ñêëàäûâàëè è
óìíîæàëè. Âû÷èòàíèå ìû îñòàâèëè íà ïîòîì. Åñëè ìû áóäåì
âû÷èòàòü òîëüêî ìåíüøèå ÷èñëà èç áîëüøèõ, ìû îñòàíåìñÿ
â ðàìêàõ îáûêíîâåííîãî âû÷èòàíèÿ. Â ñëåäóþùåé ãëàâå ìû
çàéìåìñÿ âû÷èòàíèåì áîëüøèõ ÷èñåë èç ìåíüøèõ. Ïðè ýòîì
íàì ïîíàäîáèòñÿ íîâîå ïîíÿòèå — ïîíÿòèå îá îòðèöàòåëü-
íûõ ÷èñëàõ.

Çàìå÷àíèå ê çàïèñè: çàïèñûâàÿ àëãåáðàè÷åñêîå óìíîæå-
íèå, ìîæíî êàê ñòàâèòü, òàê è îïóñêàòü çíàê óìíîæåíèÿ:

a (b + c) îçíà÷àåò a · (b + c)
(a + 4)(a + 6) = (a + 4) · (a + 6)
ab = a · b
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3. 3. 3. 3. 3. Ìàòåìàòèêà è æèçíüÌàòåìàòèêà è æèçíüÌàòåìàòèêà è æèçíüÌàòåìàòèêà è æèçíüÌàòåìàòèêà è æèçíü —————
ïåðâûé îïûò ñ îòðèöàòåëüíûìèïåðâûé îïûò ñ îòðèöàòåëüíûìèïåðâûé îïûò ñ îòðèöàòåëüíûìèïåðâûé îïûò ñ îòðèöàòåëüíûìèïåðâûé îïûò ñ îòðèöàòåëüíûìè
÷èñëàìè÷èñëàìè÷èñëàìè÷èñëàìè÷èñëàìè

Ââåäåíèå îòðèöàòåëüíûõ — ýòî ïðîöåññ, êîòîðûé ìî-
æåò ðàñòÿíóòüñÿ íà äîëãîå âðåìÿ. Ïîñòåïåííî ìîæíî óãëóá-
ëÿòü ïîíèìàíèå ïðîòèâîïîëîæíîãî õàðàêòåðà ïîëîæèòåëü-
íûõ è îòðèöàòåëüíûõ ÷èñåë, ïîñòåïåííî ó÷åíèêè
ïðèîáðåòàþò óâåðåííîñòü â ðàáîòå ñ îòðèöàòåëüíûìè
÷èñëàìè.

Ãäå ìû âñòðå÷àåìñÿ ñ îòðèöàòåëüíûìè ÷èñëàìè â æèçíè?
Â ñâÿçè ñ äåíüãàìè! Åñëè ÿ õî÷ó ïðèîáðåñòè â ìàãàçèíå òîâàð,
ñòîÿùèé 126 ìàðîê, à ó ìåíÿ ñ ñîáîé òîëüêî 100 ìàðîê, òî
õîçÿèí ìàãàçèíà ìîæåò îòêðûòü ìíå êðåäèò, ò.å. ïåðåäàòü ìíå
òîâàð è äîãîâîðèòüñÿ î òîì, êîãäà ÿ âîñïîëíþ íåäîñòàþùèå
26 ìàðîê.

Åñëè ñåìüÿ õî÷åò ïîñòðîèòü äîì, îíà äîëæíà ïðèêèíóòü,
íàñêîëüêî âåëèêè îæèäàåìûå ðàñõîäû íà ñòðîèòåëüñòâî?
Ñêîëüêî â èõ ðàñïîðÿæåíèè ñîáñòâåííîãî êàïèòàëà? Ñêîëü-
êî ïîñòîðîííåãî êàïèòàëà òðåáóåòñÿ ïðèâëå÷ü? Êàêèìè áó-
äóò ïðîöåíòû? Ñïðàâèòñÿ ëè ñåìåéíûé áþäæåò ñ òàêîé íà-
ãðóçêîé? Ïðîáëåìà íå â ñàìèõ äîëãàõ, ïðîáëåìà â òîì, êàê
îíè âîçíèêàþò: îòâåòñòâåííî è ïðîäóìàííî èëè ëåãêîìûñ-
ëåííî. Êîíå÷íî, ëåãêîìûñëåííûå çàèìñòâîâàíèÿ ïðèâîäÿò
ê ïå÷àëüíûì ïîñëåäñòâèÿì. Îäíàêî â æèçíè áûâàþò ñèòó-
àöèè, êîãäà áåç ïîñòîðîííèõ äåíåã íå îáîéòèñü. Íàïðèìåð,
íåêòî ñîáèðàåòñÿ îòêðûòü ñîáñòâåííîå äåëî. Åìó íåîáõî-
äèìî îöåíèòü, ñêîëüêî äåíåã ïîòðåáóåò îñíîâàíèå ôèðìû,
ñêîëüêî ó íåãî óæå åñòü â íàëè÷èè è ñêîëüêî åìó ïðèäåòñÿ
ïðèâëå÷ü ñî ñòîðîíû. Êàê ïðàâèëî, ïðèâëå÷åííûå ñðåäñòâà
ïðåâûøàþò ñîáñòâåííûå ñáåðåæåíèÿ. Íåîáõîäèìî ïðåäâè-
äåòü, ñêîëüêî âðåìåíè äîëæíî áóäåò ïðîéòè, ïðåæäå ÷åì
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ïðåäïðèÿòèå âûéäåò íà òîò óðîâåíü, êîãäà ïîñòóïëåíèÿ ïðå-
âûñÿò ðàñõîäû.

Ââåäåíèþ îòðèöàòåëüíûõ ÷èñåë, òàêèì îáðàçîì, äîëæ-
íî ïðåäøåñòâîâàòü ñâîåãî ðîäà óãëóáëåíèå ïîíèìàíèÿ îï-
ðåäåëåííûõ æèçíåííûõ ñèòóàöèé. Â 6-ì êëàññå — â ñâÿçè
ñ ïðîöåíòàìè. Ðóäîëüô Øòåéíåð îáðàùàë âíèìàíèå íà òî,
÷òî ó÷åíèêè 6-ãî êëàññà îáëàäàþò óòîí÷åííûì ïîíèìàíè-
åì ïðîöåíòîâ. Ïîýòîìó ñîâåðøåííî åñòåñòâåííî â ñâÿçè
ñ ïðîöåíòàìè ïîäðîáíî îáñóäèòü ñîîòâåòñòâóþùèå òåìû.

Åñëè åùå ïðè ýòîì íå óïóñòèòü, ÷òî ìû ïîñòîÿííî îêàçû-
âàåìñÿ â äîëãó ïåðåä ñâîèìè áëèæíèìè è äîëæíû ñòðåìèòü-
ñÿ ê òîìó, ÷òîáû âåðíóòü ýòè äîëãè, òîãäà è ôèíàíñîâûå îáÿ-
çàòåëüñòâà ïðåäñòàþò ïåðåä íàìè â íîâîì ñâåòå.

Êàêèì îáðàçîì íàéòè ïåðåõîä îò êîíêðåòíûõ ïðèìåðîâ
êðåäèòîâàíèÿ ê îòðèöàòåëüíûì ÷èñëàì? Ïîñòîÿííî ñëû-
øèøü: òîò èëè èíîé â ìèíóñå. ×òî ýòî çíà÷èò? Ñîîòâåò-
ñòâóþùàÿ ñèòóàöèÿ âîçíèêàåò â áóõãàëòåðñêîì ó÷åòå, íà-
ïðèìåð â øêîëüíîé áóõãàëòåðèè, êîãäà âûïëàòû â òå÷åíèå
ãîäà ïðåâûøàþò ïîñòóïëåíèÿ. Ïåðåäâèæåíèå äåíåæíûõ
ñðåäñòâ ñîâåðøàåòñÿ ÷åðåç áàíê: âñå íà÷èñëåíèÿ
ïðîèçâîäÿò íà áàíêîâñêèé ñ÷åò, âñå îò÷èñëåíèÿ ñïèñûâà-
þòñÿ ñî ñ÷åòà. Îòâåòñòâåííûå ëèöà, êàê ñî ñòîðîíû áàíêà,
òàê è ñî ñòîðîíû øêîëû, âíèìàòåëüíî ñëåäÿò çà ïðèõîäîì
è ðàñõîäîì íà ñ÷åòå.

Â íà÷àëå ôèíàíñîâîãî ãîäà, êîãäà âåëèêè âçíîñû ðîäè-
òåëåé, ñóììà íà ñ÷åòå ðàñòåò. Ê êîíöó îíà ñòðåìèòåëüíî
óìåíüøàåòñÿ — íî äî êàêîé ñòåïåíè, äî íóëÿ? (ðåøàþùèé
ðóáåæ!) — èëè îïóñêàåòñÿ åùå íèæå — ïðåæäå ÷åì íå íà-
÷èíàþò ïîñòóïàòü íîâûå âçíîñû? Åñëè âòîðîå, òî íàñòóïà-
åò òàêîé ìîìåíò, êîãäà íà ñ÷åòó ìåíüøå, ÷åì íîëü! Êàê
áàíê, òàê è øêîëà ïîíèìàþò, ÷òî ñêîðî ïîñòóïëåíèÿ âîçîá-
íîâÿòñÿ. Íî ïåðâûå íîâûå ïîñòóïëåíèÿ áóäóò ñúåäåíû îò-
ðèöàòåëüíûì “ìèíóñîì” ñ÷åòà, ïîêà ñèòóàöèÿ íå âûðîâíÿ-
åòñÿ, íå äîéäåò äî íóëÿ — ñíîâà òà æå ðåøàþùàÿ òî÷êà, —
è òîëüêî ïîñëå ýòîãî äåíüãè, êîòîðûìè ôàêòè÷åñêè ìîæåò
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ïîëüçîâàòüñÿ øêîëà, îïÿòü íà÷íóò íàêàïëèâàòüñÿ. Äàííûé
ïðîöåññ êàñàåòñÿ íå òîëüêî îòâåòñòâåííûõ ëèö; õîðîøî,
åñëè îí ñîïåðåæèâàåòñÿ âñåìè ó÷èòåëÿìè è âñåìè
ðîäèòåëÿìè øêîëû. Âàæíàÿ øêîëà äóõîâíîé è ñîöèàëüíîé
àêòèâíîñòè è áîäðñòâåííîñòè — î÷åíü âàæíàÿ! Îíà
ïîìîãàåò ïðåîäîëåòü òî ïàññèâíîå ñîñòîÿíèå, ê êîòîðîìó
ñëèøêîì ñêëîííî áëàãîïîëó÷íîå îáùåñòâî. Íà ñàìîì äåëå
ïîäîáíàÿ ñîöèàëüíàÿ áîäðñòâåííîñòü äîëæíà çàõâàòèòü âñå
áîëåå øèðîêèå îáùåñòâåííûå êðóãè: íà÷èíàÿ ñ ñåìüè, çà-
òåì êðóã áëèçêèõ ðîäñòâåííèêîâ, øêîëüíîå ñîîáùåñòâî,
æèòåëåé îêðóãà... âïëîòü äî âñåãî ÷åëîâå÷åñòâà.

×èòàòåëü ìîæåò ñïðîñèòü: “Ïî÷åìó íè ñëîâà íå ñêàçàíî î
ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ òåìïåðàòóðàõ? Î +6°Ñ èëè
–7°Ñ ? Ðàçâå çäåñü íå òå æå ñàìûå ïîíÿòèÿ “ïîëîæèòåëüíî-
ãî” è “îòðèöàòåëüíîãî”? È ðàçâå îíè áåðóòñÿ íå èç æèçíè?”
Äà, êîíå÷íî, íî òîëüêî íîìèíàëüíî! Çäåñü íåò êà÷åñòâåííîãî
ðàçëè÷èÿ, êàê â ñëó÷àå ñ äîëãàìè è áîãàòñòâîì!
Ïîëîæèòåëüíàÿ è îòðèöàòåëüíàÿ òåìïåðàòóðû — ýòî íå áî-
ëåå ÷åì òåïëåå èëè õîëîäíåå ïðîèçâîëüíî âûáðàííîé íóëå-
âîé òî÷êè. Êîãäà â ôèçèêå ïîÿâèëèñü òåìïåðàòóðíûå øêàëû,
áûëà âûáðàíà è íóëåâàÿ òåìïåðàòóðà, ñâÿçàííàÿ ñ ïðèìå÷à-
òåëüíûì ÿâëåíèåì ïðèðîäû: ïðè ýòîé òåìïåðàòóðå æèäêàÿ
âîäà ïðåâðàùàåòñÿ â ëåä. Íî ñàì ïî ñåáå âûáîð òåì íå ìåíåå
óñëîâåí; ñóùåñòâóþò øêàëû ñ äðóãèì íóëåì. Êîãäà
òåìïåðàòóðà ïîíèæàåòñÿ, ñòàíîâèòñÿ õîëîäíåå, íî ñàìà
òåìïåðàòóðà íå ïðèîáðåòàåò íèêàêîãî íîâîãî êà÷åñòâà. Êî-
íå÷íî, ýòîò ïðèìåð âïîëíå ïðèãîäåí äëÿ óïðàæíåíèé, îäíàêî
îí íå ìîæåò äàòü íàñòîÿùåãî ïðåäñòàâëåíèÿ î âñåé
ïðîòèâîïîëîæíîñòè ïîíÿòèé “ïîëîæèòåëüíîñòè” è “îòðèöà-
òåëüíîñòè”.

Ðàçóìååòñÿ, ðàáîòà ñ ïîëîæèòåëüíûìè è îòðèöàòåëüíû-
ìè ÷èñëàìè ìîæåò (è äîëæíà) áûòü äîâåäåíà äî àáñòðàêò-
íûõ ïðàâèë. Îäíàêî èõ öåííîñòü çàâèñèò åäèíñòâåííî òîëü-
êî îò ãëóáîêîãî âíóòðåííåãî ïîíèìàíèÿ êà÷åñòâåííîé ïðîòè-
âîïîëîæíîñòè ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî. Íèæå ÿ
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ïîïðîáóþ êîíêðåòíî ïîêàçàòü, êàê ýòî ïîíèìàíèå ïðèîáðåòà-
åòñÿ íà óðîêå.

Ñëîæåíèå è âû÷èòàíèåÑëîæåíèå è âû÷èòàíèåÑëîæåíèå è âû÷èòàíèåÑëîæåíèå è âû÷èòàíèåÑëîæåíèå è âû÷èòàíèå
îòðèöàòåëüíûõ ÷èñåëîòðèöàòåëüíûõ ÷èñåëîòðèöàòåëüíûõ ÷èñåëîòðèöàòåëüíûõ ÷èñåëîòðèöàòåëüíûõ ÷èñåë

Èòàê, â êà÷åñòâå ïåðâîãî ïðèìåðà ðàáîòû ñ ïîëîæèòåëü-
íûìè è îòðèöàòåëüíûìè ÷èñëàìè ìîæíî âçÿòü ñîñòîÿíèå
ñ÷åòà. Åñëè íà ñ÷åòó 1000 ìàðîê è áàíêó äàåòñÿ ïîðó÷åíèå
îïëàòèòü ÷åê â 1200 ìàðîê, òîãäà íà ñ÷åòó ïîñëå îïëàòû
áóäåò –200 ìàðîê. Çíàê “ìèíóñ” — ýòî ïàìÿòíèê ñîâåðøèâ-
øåãîñÿ âû÷èòàíèÿ 1000 – 1200 = –200. Ïåðâûé ìèíóñ â ýòîì
âûðàæåíèè — ýòî çíàê îïåðàöèè, ïðèêàç: âû÷èòàé, âòî-
ðîé — òîëüêî ïðåôèêñ, ïîä÷åðêèâàþùèé êà÷åñòâî ðåçóëü-
òàòà. Ìû ðàññìàòðèâàåì óòðåííåå ñîñòîÿíèå ñ÷åòà è ñóììó
ïîñòóïëåíèé è âûïëàò â òå÷åíèå äíÿ è âû÷èñëÿåì âå÷åðíåå
ñîñòîÿíèå. Ñïåðâà îãðàíè÷èìñÿ ñîâñåì ïðîñòûìè ÷èñëàìè.

Ñîñòîÿíèå ñ÷åòà íà óòðî 120 75 –70 –90
Ïîñòóïëåíèÿ 50 30 130 60
Âûïëàòû 200 80 50 40
Ñîñòîÿíèå ñ÷åòà íà óòðî –30 25 10 –70

Ñîîòâåòñòâóþùèå âû÷èñëåíèÿ:

120 + 50 – 200 = –30
75 + 30 – 80 = +25
–70 + 130 – 50 = +10
–90 + 60 – 40 = –70

Â ýòèõ ïðèìåðàõ ñëåäóåò îáðàòèòü âíèìàíèå íà òî, ÷òî
ìû ïðèáàâëÿåì è âû÷èòàåì òîëüêî ïîëîæèòåëüíûå ÷èñëà.
Îòðèöàòåëüíûå ÷èñëà âîçíèêàþò òîëüêî â êà÷åñòâå íà÷àëü-
íîãî èëè êîíå÷íîãî ðåçóëüòàòà.

Ïîêà ðå÷ü èäåò òîëüêî î ïðèðàùåíèè è óáûâàíèè, ìîæíî
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ñ òåì æå óñïåõîì îïåðèðîâàòü è òåìïåðàòóðàìè:
Óòðåííÿÿ òåìïåðàòóðà 15 4 –3 –4
Ïðèðîñò òåìïåðàòóðû 7 1 8 14
Ïàäåíèå òåìïåðàòóðû 12 7 7 2
Âå÷åðíÿÿ òåìïåðàòóðà +10 –2 –2 +8

Ñîîòâåòñòâóþùèå âû÷èñëåíèÿ:
15 + 7 – 12 = +10
4 + 1 – 7 = –2
–3 + 8 – 7 = –2

–4 + 14 – 2 = +8

Ýòî ïðîñòîå ïðèðàùåíèå è óáûâàíèå ìîæíî îòðàáàòûâàòü
è ñ ïîìîùüþ ÷èñëîâîé îñè:

Èñõîäíàÿ òî÷êà +7 +2 –3 –10
Äâèæåíèå âïðàâî 5 3 8 5
Äâèæåíèå âëåâî 4 9 4 3
Êîíå÷íàÿ òî÷êà +8 –4 +1 –8

Ñîîòâåòñòâóþùèå âû÷èñëåíèÿ:
7 + 5 – 4 = +8
2 + 3 – 9 = –4
–3 + 8 – 4 = +1
–10 + 5 – 3 = –8

Ó÷åíèêè äîëæíû íàó÷èòüñÿ ñâîáîäíî äâèãàòüñÿ ïî îñè;
ýòî äàåòñÿ òîëüêî óïðàæíåíèÿìè. Îäíàêî íå äîëæíî áûòü
íèêàêèõ èëëþçèé, ÷òî ïðè ýòîì âû ðàáîòàåòå ñ îòðèöàòåëü-
íûìè ÷èñëàìè. Ïðèáàâëÿþòñÿ è âû÷èòàþòñÿ òîëüêî ïîëîæè-
òåëüíûå ÷èñëà. È íå ìåíÿåò äåëà, åñëè èñõîäíîé èëè êîíå÷-
íîé òî÷êîé îêàçûâàåòñÿ îòðèöàòåëüíîå ÷èñëî. Íàñòîÿùèå

–15 –10 –5  0 +5 +10 +15
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âû÷èñëåíèÿ ñ îòðèöàòåëüíûìè ÷èñëàìè ââîäÿòñÿ òîëüêî
òîãäà, êîãäà âû ïðèáàâëÿåòå èëè âû÷èòàåòå èõ. Ïðèìåð:

5 + (–7) = ?
×òîáû ïîíÿòü ñìûñë ýòîãî äåéñòâèÿ, íåîáõîäèìî îòíåñ-

òèñü ê ïðîòèâîïîëîæíîìó õàðàêòåðó îïåðàíäà, à íå ïðî-
ñòî ê îòíîñèòåëüíîìó ïîëîæåíèþ íà ÷èñëîâîé îñè. Åñëè ìûñ-
ëèòü â êàòåãîðèÿõ áîãàòñòâà è äîëãîâ, òîãäà ñìûñë âñåõ ïîíÿ-
òèé òîò÷àñ ïðîÿñíÿåòñÿ:

5 (áîãàòñòâî) + 7 (äîëãè) = 2 (äîëãè)
×òîáû áëèæå ïîäîéòè ê íåîáõîäèìûì ïîíÿòèÿì, áóäåì

íåêîòîðîå âðåìÿ óïîòðåáëÿòü îáîçíà÷åíèå Á (áîãàòñòâî) è Ä
(äîëãè):

5 Á + 7 Ä = 2 Ä
Â æèçíè ïî÷òè âñåãäà åñòü è òî è äðóãîå: âñÿêèé íåîïëà-

÷åííûé, íåâàæíî ïî êàêîé ïðè÷èíå, ñ÷åò ñëåäóåò ðàññìàòðè-
âàòü êàê äîëã. Åñëè íàñ èíòåðåñóåò íàøå ôèíàíñîâîå ñîñòîÿ-
íèå, òî ìû äîëæíû ñëîæèòü âñå áîãàòñòâà è äîëãè. Ïðè ýòîì
íàì ïðèäåòñÿ ðàáîòàòü íå ñ îáûêíîâåííûìè ÷èñëàìè:

12 Á + 7 Á + 3 Ä = 16 Á
 9 Á + 8 Ä + 6 Ä = 5 Ä
21 Á + 17 Ä + 31 Á = 35 Á
18 Ä + 16 Ä + 22 Á = 12 Ä

Äîëãî íà ýòîì çàäåðæèâàòüñÿ íå ñòîèò, ñëåäóåò ïåðåõî-
äèòü ê ïðèçíàêàì ïîëîæèòåëüíîñòè è îòðèöàòåëüíîñòè:

(+12) + (+ 7) + (– 3) = + 16
(+ 9) + (– 8) + (– 6) = – 5
(+21) + (–17) + (+31) = + 35
(– 18) + (–16) + (+22) = – 12

Ñëåäóåò ÿñíî ðàçëè÷àòü çíàê ïåðåä ÷èñëîì è çíàê îïåðà-
öèè. Âñþäó, ãäå ìîæåò âîçíèêíóòü íåäîðàçóìåíèå, ìû
çàêëþ÷àåì ïîëîæèòåëüíûå è îòðèöàòåëüíûå ÷èñëà â ñêîá-
êè — çíàê ÷èñëà íàìåðòâî ñðàñòàåòñÿ ñ ñàìèì ÷èñëîì. Çíà-
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êè îïåðàöèé íàõîäÿòñÿ âíå ñêîáîê.
Èòàê, ñëîæåíèå ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ ÷èñåë íå

ïðåäñòàâëÿåò îñîáûõ ñëîæíîñòåé. Äîñòàòî÷íî âåðíóòüñÿ ê
êàòåãîðèÿì áîãàòñòâà è äîëãà, ðåçþìèðóÿ: ñêëàäûâàåì äâà
áîãàòñòâà è ïîëó÷àåì, ðàçóìååòñÿ, óâåëè÷åííîå áîãàòñòâî:

 (+ 7) + (+ 3) = + 12

Ðàâíî è ñóììà äâóõ äîëãîâ äàåò óâåëè÷åííûé äîëã:

(– 3) + (– 6) = – 9

Áîãàòñòâî è äîëã âìåñòå äàäóò áîãàòñòâî, åñëè, êîíå÷íî, áî-
ãàòñòâî ïðåâîñõîäèò äîëã. Â ïðîòèâíîì ñëó÷àå âîçíèêíåò äîëã.

 (+ 7) + (– 3) = + 4
 (+ 2) + (– 9) = – 7

Åñëè ìû ïðèáàâèì ê áîãàòñòâó ðàâíûé ïî âåëè÷èíå äîëã,
òî ïîëó÷èì ñîâåðøåííî îñîáûé ðåçóëüòàò: “íè÷òî”, íà ÷èñëî-
âîì ÿçûêå ýòî íîëü.

 (+ 5) + (– 5) = 0
 (+ 11) + (– 11) = 0
 (+ 123) + (– 123) = 0

Áîãàòñòâî, ñëîæåííîå ñ ýêâèâàëåíòíûì äîëãîì, âñåãäà
äàñò íîëü. Ýòî — ñâÿçóþùàÿ íèòü ìåæäó ïîëîæèòåëüíûìè è
îòðèöàòåëüíûìè ÷èñëàìè, è â ýòîì ñìûñëå îíà ÿâëÿåòñÿ âàæ-
íåéøèì ïðèìåðîì ñëîæåíèÿ. Î ñàìîì íóëå íåëüçÿ ñêàçàòü,
ïîëîæèòåëüíîå ýòî ÷èñëî èëè îòðèöàòåëüíîå, ýòî — ãðàíè-
öà, ðàçäåëÿþùàÿ äâà ìèðà. Áîãàòñòâî ñóòü êîëè÷åñòâî ñ
ïîçèòèâíûì êà÷åñòâîì, äîëã — êîëè÷åñòâî ñ íåãàòèâíûì
êà÷åñòâîì, íîëü — âîîáùå íå êîëè÷åñòâî, îí íè ïîëîæèòå-
ëåí, íè îòðèöàòåëåí.

Ðàññìîòðèì òåïåðü âû÷èòàíèå, òó îïåðàöèþ, êîòîðàÿ êàê
ðàç è ïðèâîäèò íàñ ê îòðèöàòåëüíûì ÷èñëàì. Ðàçóìååòñÿ, îò
âñÿêîãî äîñòàòêà ÿ ìîãó îòíÿòü ìåíüøèé, îäíàêî êàêîé-òî
äîñòàòîê ó ìåíÿ ïîñëå ýòîãî îñòàíåòñÿ.
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 (+ 9) – (+ 2) = + 7
 (+ 9) – (+ 5) = + 4
 (+ 9) – (+ 8) = + 1

Åñëè æå ÿ âû÷èòàþ âñå áîãàòñòâî, òî âîçíèêàåò êà÷åñòâî
ïóñòîòû, íè÷òî. Èìåííî òàêîé îòòåíîê ñëåäóåò ñâÿçûâàòü ñ
íóëåì.

 (+ 9) – (+ 9) = 0

È ñîâåðøåííî èíîå ÷óâñòâî âîçíèêàåò, åñëè ÿ îòíèìàþ îò
áîãàòñòâà áîëüøå, ÷åì îíî åñòü:

 (+ 9) – (+ 12) = ?

Äëÿ ó÷åíèêîâ ìëàäøèõ êëàññîâ ïîäîáíîå âû÷èñëåíèå
ïîïðîñòó íå èìååò ñìûñëà. Ñåìèêëàññíèê ìîæåò, îäíàêî,
îïåðèðîâàòü íîâûì ïîíÿòèåì: íà 3 ìåíüøå, ÷åì íè÷åãî.

 (+ 9) – (+ 12) = – 3

Ìîæíî ëè îò îòðèöàòåëüíîãî ÷èñëà îòíÿòü ïîëîæèòåëü-
íîå? Åñëè ìû îïÿòü âåðíåìñÿ ê ñ÷åòó, òî íàì íåìåäëåííî
ñòàíåò ÿñíî, ÷òî ìû åùå ãëóáæå çàëåçàåì â äîëãè:

 (– 3) – (+ 5) = – 8

À ÷òî ïðîèñõîäèò, åñëè íóæíî âû÷åñòü îòðèöàòåëüíîå
÷èñëî? Ðàáîòàåò ëè ïîíÿòèå äîëãà? Äà! Îñîáåííî òîãäà, êîã-
äà îò äîëãà îòíèìàåòñÿ ìåíüøèé. Êàêîé-òî äîëã ïðè ýòîì âñå
åùå îñòàåòñÿ, íî âî âñÿêîì ñëó÷àå ìåíüøèé.

9 Ä – 5 Ä = 4 Ä
 (– 9) – (– 5) = – 4

Îñîáåííî âàæåí ñëó÷àé, êîãäà èç äîëãà âû÷èòàåòñÿ ðàâ-
íûé äîëã:

9 Ä – 9 Ä = 0

Äîïóñòèì, ÿ êîìó-òî äîëæåí è ìîé êðåäèòîð ðåøàåòñÿ
óíè÷òîæèòü äîëãîâóþ ðàñïèñêó. Áîãàòñòâà ó ìåíÿ ïðè ýòîì íå
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âîçíèêàåò, îäíàêî è äîëãîâ áîëüøå íåò. Êðåäèòîð ñäåëàë ìíå
ïîäàðîê, èç ìåíüøå, ÷åì íè÷åãî, îí ïîìîã ìíå ñäåëàòü ïðîñòî
íè÷òî. Àðèôìåòè÷åñêè:

 (– 9) – (– 9) = 0

Åñëè ïîíÿòü, ÷òî âû÷èòàíèå, îòíèìàíèå äîëãà — ýòî ïî
ñóòè ïîäàðîê, òîãäà ñòàíîâèòñÿ ïîíÿòíûì è ñëó÷àé âû÷èòà-
íèÿ èç äîëãà áîëüøåãî äîëãà. Ïðåæíèé äîëã ïðè ýòîì íå ïðîñòî
àííóëèðóåòñÿ, à ïîÿâëÿåòñÿ îïðåäåëåííûé äîñòàòîê:

 (– 9) – (– 10) = + 1
 (– 9) – (– 11) = + 2

...
 (– 9) – (– 15) = + 6

Èç ïîëîæèòåëüíîãî ÷èñëà òàêæå ìîæíî îòíèìàòü îòðèöà-
òåëüíîå:

 (+ 2) – (– 3) = + 5

Âû÷åñòü äîëã â òðè ìàðêè îçíà÷àåò ïîäàðèòü òðè ìàðêè.
Áëàãîñîñòîÿíèå ðàñòåò!

Ìîæíî ëè ïîñòè÷ü âû÷èòàíèå îòðèöàòåëüíûõ ÷èñåë èñõî-
äÿ èç ïîíÿòèÿ ÷èñëà è ïîíÿòèÿ âû÷èòàíèÿ êàê òàêîâûõ, íå
àïåëëèðóÿ êàæäûé ðàç ê ïîíÿòèþ äîëãà è äîñòàòêà? Äà, ýòî
âîçìîæíî, è, ïî ìîåìó óáåæäåíèþ, òàêîå ïîíèìàíèå î÷åíü
ïëîäîòâîðíî. Åäèíñòâåííî ñëåäóåò íè íà ñåêóíäó íå óïóñ-
êàòü èç âèäó îñíîâíûå ôàêòû, öåíòàðëüíûå ôåíîìåíû, ñâÿ-
çàííûå ñ âû÷èòàíèåì, à èìåííî âû÷åñòü — ýòî îòíÿòü, è
ðàâíîå ìèíóñ ðàâíîå äàåò íîëü.

Ðàññìîòðèì ýòè êëþ÷åâûå ôåíîìåíû â ñâÿçè ñ îáû÷íûì
âû÷èòàíèåì ïîëîæèòåëüíûõ ÷èñåë:

 (+ 9) – (+ 5) =

Íå áóäåì ïðîñòî àâòîìàòè÷åñêè çàïèñûâàòü èçâåñòíûé
íàì ðåçóëüòàò, ñïåðâà îñìûñëèì: êàêèì îáðàçîì ìû ê íåìó
ïðèøëè? Åñëè ìû äîëæíû âû÷åñòü (+ 5), òîãäà íàì ïðåäñòî-
èò ïåðåîñìûñëèòü (+ 9). Îíî ïåðåñòàåò áûòü íåäåëèìûì öå-
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ëûì è ïîäðàçäåëÿåòñÿ íà äâå ÷àñòè: îäíà ÷àñòü ýòî êàê ðàç
(+5), åå-òî è ïðåäñòîèò âû÷åñòü. Äðóãàÿ ÷àñòü (+ 4) îñòàåòñÿ.

Âû÷èñëåíèÿ âûãëÿäÿò òàê:
(+9) – (+5) = [(+4) + (+5)] – (+5) = (+4) + [(+5) – (+5)] = +4

Âêðàòöå:

 ×àñòè +9                   
(+9) – (+5) = (+4) + (+5) – (+5) = +4
                   

          0

Èäåÿ Ðóäîëüôà Øòåéíåðà íà÷àòü ïðåïîäàâàíèå àðèôìå-
òèêè ñ ðàçëîæåíèÿ ÷èñëà íà ÷àñòè îáîñíîâàíà íå òîëüêî
äèäàêòèêî-ïåäàãîãè÷åñêè, íî è ìàòåìàòè÷åñêè. Ýòî ðàçëîæå-
íèå ñòàíîâèòñÿ êëþ÷èêîì êàê ê ïðèîáðåòåíèþ íàâûêîâ, òàê è
ê ïîíèìàíèþ.

Ñ âû÷èòàíèåì îòðèöàòåëüíûõ ÷èñåë äåëî îáñòîèò àíàëî-
ãè÷íî:

(– 9) – (– 5) = ?

Åñëè ìû äîëæíû îòíÿòü (– 5) îò öåëîãî (– 9), òî ñíà÷àëà
ìû äîëæíû ðàçëîæèòü (– 9) íà ÷àñòè. Åñëè îäíà èç ÷àñòåé (–
5), òîãäà åå è ìîæíî âû÷åñòü. Îñòàíåòñÿ (– 4).

 ×àñòè –9
                      
(– 9) – (– 5) = (– 4) + (– 5) – (– 5) = – 4.
                     

              0

Îñíîâíûå ôåíîìåíû äåéñòâóþò è ñðåäè îòðèöàòåëüíûõ
÷èñåë: ðàâíîå ìèíóñ ðàâíîå äàåò íîëü.

Ïîäîáíûé ïðèåì ðàáîòàåò, äàæå åñëè îò ìåíüøåãî äîëãà
âû÷èòàåòñÿ áîëüøèé:

(– 3) – (– 5) = ?

È â ýòîì ñëó÷àå ÷èñëî (–5) äîëæíî áûòü óâèäåíî êàê “÷àñòü”
(–3). Âîçìîæíî ëè ýòî? Êîíå÷íî, íåò, åñëè ìû ìûñëèì òîëüêî
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â êàòåãîðèè äîëãà. Çäåñü òðåáóåòñÿ ïðèâëå÷ü òàêæå ïîíÿòèå
äîñòàòêà, è òîãäà öåëîå (–3) ìîæíî áóäåò “ðàçëîæèòü” íà
áîãàòñòâî (+ 2) è äîëã (– 5):

(– 3) – (– 5) = (+ 2) + (– 5) – (– 5) = + 2

Îñòàåòñÿ äîñòàòîê (+ 2)!
Ñåìèêëàññíèêè ïî ñðàâíåíèþ ñ ïåðâîêëàññíèêàìè äåëà-

þò òîò øàã âïåðåä, ÷òî îíè íàó÷àþòñÿ ìûñëèòü ïðîöåññ “ðàç-
ëîæåíèÿ” â øèðîêîì ñìûñëå: íå òîëüêî êàê ðàçëîæåíèå ïîëî-
æèòåëüíîãî ÷èñëà íà áîëåå ìåëêèå ïîëîæèòåëüíûå ñîñòàâ-
ëÿþùèå èëè îòðèöàòåëüíîãî ÷èñëà íà áîëåå ìåëêèå
îòðèöàòåëüíûå ñîñòàâëÿþùèå; èì ïðèõîäèòñÿ ðàñêëàäûâàòü
îòðèöàòåëüíîå ÷èñëî íà áîëüøèå (ïî ìîäóëþ) îòðèöàòåëü-
íîå è ïîëîæèòåëüíîå ÷èñëà.

Òîò æå ïðèíöèï ñîõðàíÿåòñÿ, êîãäà îò ïîëîæèòåëüíîãî
÷èñëà òðåáóåòñÿ âû÷åñòü îòðèöàòåëüíîå:

(+ 3) – (– 5) = ?

Â öåëîì (+ 3) íóæíî óâèäåòü (– 5), âû÷èòàåìîå; èíà÷å ãî-
âîðÿ, (+ 3) íóæíî “ðàçëîæèòü” íà áîëüøåå ïîëîæèòåëüíîå (+
8) è îòðèöàòåëüíîå (–5):

(+ 3) = (+ 8) + (– 5)

Òåïåðü ÷àñòü (– 5) ìîæíî âû÷åñòü èç öåëîãî:

(+ 3) – (– 5) = (+ 8) + (– 5) – (– 5) = + 8

Äîñòàòîê ðàñòåò!
Òàêèì îáðàçîì, ìû ó÷èìñÿ ðàçëè÷àòü â ôèíàíñîâûõ ïðî-

öåññàõ äâå ðåàëüíîñòè: ðåàëüíîñòü äîñòîÿíèÿ è ðåàëüíîñòü
äîëãà. Åñëè ìû îáðàòèìñÿ ê ôèíàíñîâûì ôåíîìåíàì â èíîì
ìàñøòàáå — ê ýêîíîìèêå íàðîäîâ è ñòðàí, òîãäà â áåäíîñòè
îäíèõ íàðîäîâ è áëàãîñîñòîÿíèè äðóãèõ ìû âñòðåòèìñÿ ñ
îáåèìè óïîìÿíóòûìè ðåàëüíîñòÿìè â èõ êðàéíåì ïðîÿâëå-
íèè.

Ñóùåñòâóåò åùå îäíà îáëàñòü, êîòîðàÿ âîçíèêàåò â ðå-
çóëüòàòå âçàèìîäåéñòâèÿ äâóõ ðåàëüíîñòåé ïðîòèâîïîëîæíîãî
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ðîäà: ýòî âåñü îðãàíè÷åñêèé ìèð, è ïðåæäå âñåãî ìèð
ðàñòèòåëüíûé. Òîëüêî áëàãîäàðÿ âçàèìîäåéñòâèþ äâóõ ïðî-
òèâîïîëîæíûõ ñèë — ñèë ôèçè÷åñêèõ è ñèë ýôèðíûõ, ñèë
æèçíå- è ôîðìîîáðàçóþùèõ — ìîæåò âîçíèêíóòü âèäèìîå
ðàñòåíèå. Ýòî ìàòåðèàë âñåé ñòàðøåé øêîëû, íå òîëüêî áèî-
ëîãèè, íî è ìàòåìàòèêè, àñòðîíîìèè, õèìèè!

Êëþ÷åâàÿ ñèëà ôèçè÷åñêîãî ðîäà — òÿæåñòü, êëþ÷åâàÿ
ñèëà ýôèðíîãî ðîäà — ñâåò. Ñåìèêëàññíèêè ìîãóò ïåðåæèòü
ýòè ñèëû â ïðîÿâëåíèÿõ òÿæåñòè è ëåãêîñòè. Îáà ïîíÿòèÿ
î÷åíü õîðîøè äëÿ òîãî, ÷òîáû ñîåäèíèòü ñ íèìè “ïîëîæèòåëü-
íî” è “îòðèöàòåëüíî” íàñûùåííûå ïåðåæèâàíèÿ. Îá ýòîì —
â ñëåäóþùåé ãëàâå!
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4. 4. 4. 4. 4. ÏîëîæèòåëüíûåÏîëîæèòåëüíûåÏîëîæèòåëüíûåÏîëîæèòåëüíûåÏîëîæèòåëüíûå
è îòðèöàòåëüíûå ÷èñëàè îòðèöàòåëüíûå ÷èñëàè îòðèöàòåëüíûå ÷èñëàè îòðèöàòåëüíûå ÷èñëàè îòðèöàòåëüíûå ÷èñëà —————
òÿæåñòü è ëåãêîñòüòÿæåñòü è ëåãêîñòüòÿæåñòü è ëåãêîñòüòÿæåñòü è ëåãêîñòüòÿæåñòü è ëåãêîñòü

Îñîáåííî æèâî ìîæíî îùóòèòü ïðîòèâîïîëîæíûå êà÷åñòâà
òÿæåñòè è ëåãêîñòè. Â ïîñëåäíèå ñòîëåòèÿ âíèìàíèå ëþäåé
áûëî íàïðàâëåíî èñêëþ÷èòåëüíî íà òÿæåñòü. Äàæå äâèæåíèå
ïëàíåò ñî âðåìåí Íüþòîíà ðàññìàòðèâàëîñü â öåëîì ñ òî÷êè
çðåíèÿ ñèë ãðàâèòàöèè. Îí è åãî ïîñëåäîâàòåëè âñå òî÷íåå è
òî÷íåå èññëåäîâàëè äåéñòâèå ñèë òÿæåñòè è âûâåëè
ìàòåìàòè÷åñêèå ôîðìóëû, ñ ïîìîùüþ êîòîðûõ ñìîãëè ýòî
äåéñòâèå îïèñàòü. Ïîëåò ñïóòíèêîâ öåëèêîì áàçèðóåòñÿ íà
ýòèõ ôîðìóëàõ.

Ñåé÷àñ ñàìîå âðåìÿ îáðàòèòü íàøå âíèìàíèå íà ïðîòè-
âîïîëîæíóþ ñèëó. Â öàðñòâå ìåðòâîãî, íà èññëåäîâàíèå êî-
òîðîãî íàöåëåíà ôèçèêà, åå, âïðî÷åì, íå îòûñêàòü. Îíà äåé-
ñòâóåò â ìèðå æèâîãî: íåäàðîì âñå ðàñòåíèÿ ðàñòóò ïðîòèâ
ñèëû òÿæåñòè, äà è âíóòðè ñàìîãî ðàñòåíèÿ äâèæåíèå ñîêîâ
ïðîèñõîäèò îò êîðíåé ê ëèñòüÿì. Â áîëüøîì äåðåâå åæåä-
íåâíî ïåðåìåùàþòñÿ ââåðõ îãðîìíûå âîäíûå ìàññû. Ìàòå-
ðèÿ âíóòðè æèâîãî îðãàíèçìà ïîäïàäàåò ïîä äåéñòâèå íå
òîëüêî ôèçè÷åñêèõ ñèë, íàïðèìåð ñèëû òÿæåñòè, íî è äðóãèõ
ñèë — ýôèðíûõ îáðàçóþùèõ ñèë, êîòîðûå òîëüêî ñîçäàþò è
ïîääåðæèâàþò æèçíü â âèäèìîì ðàñòåíèè. Ýòè ñèëû ãëóáîêî
ñâÿçàíû ñ ñîëíöåì, áåç êîòîðîãî íå ìîæåò ðàñòè íè îäíî
ðàñòåíèå. Èìåííî âîçäåéñòâèå ñîëíöà âûìàíèâàåò ðàñòåíèÿ
èç çåìëè è âêëàäûâàåò â íèõ ñèëó ðîñòà. Ìû íàõîäèìñÿ åùå
òîëüêî â ñàìîì íà÷àëå èññëåäîâàíèÿ îáðàçóþùèõ ñèë; îäíàêî
ñðåäè ðàáîò àíòðîïîñîôñêè îðèåíòèðîâàííûõ
åñòåñòâîèñïûòàòåëåé è ìàòåìàòèêîâ âñòðå÷àþòñÿ òàêèå,
êîòîðûå äàþò îïðåäåëåííóþ íàäåæäó íà òî, ÷òî ïîçíàíèå
æèçíåííûõ è îáðàçóþùèõ ïðîöåññîâ áóäåò ñî âðåìåíåì âñå
ãëóáæå è ÷òî ïðè ýòîì ñìîãóò ðàçâèòüñÿ òå íðàâñòâåííûå ñèëû,
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êîòîðûå òðåáóþòñÿ íàì, äàáû îòâåòñòâåííî âçàèìîäåéñòâî-
âàòü ñ ïðèðîäîé.

Ñåìèêëàññíèêè åùå èìåþò íåêîòîðîå èíñòèíêòèâíîå
ïîíèìàíèå òÿæåñòè è ëåãêîñòè. Â ìëàäøèõ êëàññàõ ó÷åíèêè
æèâóò ïðåèìóùåñòâåííî â ëåãêîñòè; êîãäà îíè áåãóò ïî
øêîëüíîìó äâîðó, âîçíèêàåò îùóùåíèå, ÷òî îíè ïî÷òè íå
÷óâñòâóþò òÿæåñòè. Ïðîòèâîïîëîæíîå âïå÷àòëåíèå ïðîèçâî-
äÿò íåêîòîðûå äåâÿòè- è äåñÿòèêëàññíèêè; êîãäà îíè ãðóçíî
óñàæèâàþòñÿ íà ñòóëüÿ, òàêîå ÷óâñòâî, ÷òî îíè — ñàìà
òÿæåñòü. Ëåãêîñòü äîëæíà áûòü îáðåòåíà èìè òåïåðü èç-
íóòðè — áëàãîäàðÿ òîìó ïîëåòó ìûñëåé, êîòîðûé îñîáåííî
âîçìîæåí â 11-ì è 12-ì êëàññàõ.

Ñåìèêëàññíèêè äàâíî óæå íå ïåðâîêëàññíèêè, íî åùå íå
ñòîëü òÿæåëû, êàê äåâÿòèêëàññíèêè. Îíè ÷óâñòâóþò è òî è
äðóãîå. Â ñâÿçè ñ ýòèì íà óðîêàõ ðàññìàòðèâàåòñÿ ïîëîæè-
òåëüíîå è îòðèöàòåëüíîå. Òÿæåñòü ìîæíî ðàññìàòðèâàòü êàê
ïîëîæèòåëüíîå, ëåãêîñòü — êàê îòðèöàòåëüíîå (áåç èçâåñò-
íîãî íåãàòèâíîãî ïðèâêóñà, ñâÿçàííîãî ñ ñàìèì ñëîâîì). Âåäü
áîãàòñòâî, â ÿâíîì, äåíåæíîì âèäå ëåæàùåå ó íàñ íà ëàäîíè,
èìååò âåñ; äîëãè æå — ýòî íå÷òî ëåãêîâåñíîå. Âî âñÿêîì
ñëó÷àå, â ìîðàëüíîì ñìûñëå.

Åñëè ñ òÿæåñòüþ è ëåãêîñòüþ ïðåäñòîèò âû÷èñëèòåëüíàÿ
ðàáîòà, òî íóæíî ïîäîáðàòü ïîäõîäÿùèå îáîçíà÷åíèÿ. Àäåêâàò-
íûì ñèìâîëîì òÿæåñòè ÿâëÿåòñÿ ÷àøà âåñîâ ñ ãðóçîì; äëÿ
ëåãêîñòè ïîäõîäÿùèé ñèìâîë ïîäîáðàòü òðóäíåå, èáî îíà äåé-
ñòâóåò â îðãàíè÷åñêîì ìèðå — íó êàê åå çàôèêñèðóåøü?
Âîçüìåì îáðàç âîçäóøíîãî øàðà: åñëè øàð óäåðæèâàåò ãðóç â 5
êã, òî îí äåéñòâóåò ñ ýòîé ñèëîé ââåðõ. Ïðàâäà, òÿãà âîçäóøíîãî
øàðà — ýòî åùå íå íàñòîÿùàÿ ëåãêîñòü. Ýòî âûòàëêèâàþùàÿ
ñèëà, êîòîðàÿ äåéñòâóåò íà øàð ñî ñòîðîíû áîëåå òÿæåëîãî
îêðóæàþùåãî âîçäóõà, ò.å. ïî ïðèðîäå ñâîåé äàâëåíèå.

Îäíàêî îáðàç ðîæäàåò â íàñ ñîîòâåòñòâóþùåå îùóùåíèå:
ìû îùóùàåì òÿæåñòü êàìíÿ è ïåðåæèâàåì ïîäúåìíóþ ñèëó
øàðà. Åñëè æå ìû îãðàíè÷èâàåìñÿ îäíèì øàðîì, òîãäà â íàñ
âîçíèêàåò îùóùåíèå ëåãêîñòè. Ïðåäñòàâèì ñåáå, ÷òî â ðóêå ó
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Ðèñ. 4.1. “Òÿæåñòü” 5 è “ëåãêîñòü” 3 âìåñòå äåéñòâóþò êàê “òÿæåñòü” 2: (+5)+(–
3)=+2

Ðèñ. 4.2. “Òÿæåñòü” 5 è “ëåãêîñòü” 8 âìåñòå äåéñòâóþò êàê “ëåãêîñòü” 3: (+5)+(–
8) = –3
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íàñ öåïü, íà êîòîðîé êðåïèòñÿ ÷àøà ñ ãðóçîì, è íèòü,
óäåðæèâàþùàÿ âîçäóøíûé øàð. Äëÿ êðàòêîñòè áóäåì íàçû-
âàòü ñâÿçêó ãðóçà è øàðà äèïîëåì. Ðóêà ÷óâñòâóåò ëèáî
ñòðåìëåíèå ââåðõ — è òîãäà â äèïîëå ïåðåâåøèâàåò òÿæåñòü;
ëèáî ñòðåìëåíèå âíèç — òîãäà ïåðåâåøèâàåò ëåãêîñòü. Åñëè
íèêàêîãî ÷óâñòâà âîîáùå íå âîçíèêàåò — òîãäà òÿæåñòü è
ëåãêîñòü â òî÷íîñòè óðàâíîâåøåíû (ðèñ. 4.1—4.3).

Åñëè ïðè ýòîì öåïü è íèòü ñâÿçàíû — òîãäà äåðæàòü èõ
ðóêîé íåò íóæäû è äèïîëü íà ðèñ. 4.3 ìîæíî îòïóñòèòü; îí
áóäåò ïðîñòî ïàðèòü â âîçäóõå.

Ìîæíî âîçðàçèòü, ÷òî ïîäîáíûå ýêñïåðèìåíòû ÷èñòî óìîç-
ðèòåëüíû. Êîíå÷íî. Íî Ðóäîëüô Øòåéíåð ïîñòîÿííî
ñîâåòîâàë ðàçâèâàòü ïðîáóæäàþùóþñÿ ñèëó ñóæäåíèÿ, âî-
îðóæèâ åå êðûëüÿìè ôàíòàçèè (âñïîìíèì ïðèìåðû, ñâÿçàí-
íûå ñ òåîðåìîé Ïèôàãîðà è ðàññìîòðåíèåì ãëàçà íà ìîäåëè
êàìåðû-îáñêóðû — 14-ÿ ëåêöèÿ “Îáùåãî ÷åëîâåêîâåäåíèÿ”).

Âûøåïðèâåäåííûé îáðàç áåç òðóäà èëëþñòðèðóåò ñëîæå-
íèå ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ ÷èñåë ïðîñòûì âçàèìî-
äåéñòâèåì òÿæåñòè è ëåãêîñòè.

Ðèñ. 4.3. “Òÿæåñòü” 5 è “ëåãêîñòü” 5 óðàâíîâåøèâàþòñÿ: (+5)+(–5)=0
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Ìîæíî ëè ñòîëü æå ðåàëüíî ïåðåæèòü âû÷èòàíèå? Íàïðè-
ìåð: (–7) – (–3) = ? Ñíîâà íóæíî ðàçëîæèòü (–7) — óìåíüøàå-
ìîå — íà äâå ÷àñòè: (–7) = (–4) + (–3); (–3) ìîæíî òåïåðü
óäàëèòü, îñòàåòñÿ (–4). Âû÷èòàíèå (–3) ðåàëèçîâàíî, êîãäà
ïåðåðåçàíà íèòü øàðà (ðèñ. 4.4).

Åñëè ìû äîëæíû îòíÿòü îò “ëåãêîñòè” 7 “ëåãêîñòü” 9, òîãäà
íàì íåîáõîäèìî çàìåíèòü “ëåãêîñòü” 7 íà äèïîëü (“ëåãêîñòü”
9 è “òÿæåñòü” 2); ïîñëå ýòîãî “ëåãêîñòü” 9 îòíèìàåòñÿ è
îñòàåòñÿ “òÿæåñòü” 2 (ðèñ. 4.5).

×òîáû îò “òÿæåñòè” 1 îòíÿòü “ëåãêîñòü” 2, íåîáõîäèìî
óâåëè÷èòü “òÿæåñòü” 1 äî 3, ïðàâäà óðàâíîâåñèâ “ëåãêîñòüþ”
2 (ðèñ. 4.6).

Íà ýòîì ïðèìåðå ÿñíî ÷óâñòâóåòñÿ: “òÿæåñòü” 1 ðàçäåëÿ-
åòñÿ íà “òÿæåñòü” 3 è “ëåãêîñòü” 2; çàòåì “ëåãêîñòü” îòíèìàåò-
ñÿ è îñòàåòñÿ “òÿæåñòü”.

            (+1)
                     
(+ 1) – (– 2) = (+ 3) + (– 2) – (– 2) = (+ 3)
                     

              0

Êîíå÷íî, íå âñÿêîå âû÷èòàíèå ìîæíî îáúÿñíèòü ñòîëü ïîä-

                                                                                                (–7)
                                            

Ðèñ. 4.4: Ãîëûé ñ÷åò äàåò ñëåäóþùåå: (–7)–(–3)=(–4)+(–3)–(–3)=(–4)
                                                 

                                                                                                            0
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ðîáíî; äåòàëüíûå ðàññìîòðåíèÿ ìîæíî ïðåâðàòèòü â ïðàâè-
ëî: ÷òîáû âû÷åñòü îòðèöàòåëüíîå ÷èñëî, íóæíî ïðèáàâèòü
ñîîòâåòñòâóþùåå ïîëîæèòåëüíîå.

Îäíàêî äëÿ ðàçâèòèÿ ÷óâñòâà èñòèíû î÷åíü âàæíî, ÷òî-
áû ó÷åíèêè è, êîíå÷íî, ìû, ó÷èòåëÿ, îäíàæäû (à ëó÷øå íå-
ñêîëüêî ðàç) âïîëíå ïðîäóìàëè è óáåäèëèñü â êîððåêòíîñòè

                                                                                               (–7)
                                           

Ðèñ. 4.5: Ãîëûé ñ÷åò äàåò ñëåäóþùåå: (–7)–(–9)=(+2)+(–9)–(–9)=(+2)
                                                

                                                                                                          0

Ðèñ. 4.6



45

âû÷èòàíèÿ îòðèöàòåëüíûõ ÷èñåë. Áåäà òîëüêî, ÷òî ìû ñëèø-
êîì ëåãêî óñòðåìëÿåìñÿ ê ïñåâäîîáúÿñíåíèÿì òèïà: íå íå
äåëàòü, îçíà÷àåò ÷òî-òî äåëàòü. Òàêèå àôîðèçìû îáëàäàþò
íåêîòîðîé óáåäèòåëüíîñòüþ è â ýòîì ñìûñëå ïîëåçíû, îä-
íàêî äîêàçàòåëüíîé ñèëû îíè íå èìåþò. Èëè: ìèíóñ íà ìèíóñ
äàåò ïëþñ. Îäíàêî åñëè âû÷èòàåòñÿ îòðèöàòåëüíîå ÷èñ-
ëî, òî ýòî íå ìèíóñ íà ìèíóñ; íàïðèìåð, 7 – (–3) — ãäå çäåñü
óìíîæåíèå? Åãî íåò! Åñëè óìíîæåíèå — òîãäà ïðèìåð äîë-
æåí âûãëÿäåòü òàê: 7 + (– 1) · (– 3); êîíå÷íî, ðåçóëüòàò òîò æå
+ 10. Íî ïóòü ê íåìó ñîâñåì èíîé! Ñåãîäíÿ, êîãäà ìûøëåíèå
è áåç òîãî ãðåøèò íåðÿøëèâîñòüþ, òî÷íûå ðàññìîòðåíèÿ ïî-
äîáíûõ ïðèìåðîâ ÿâëÿþòñÿ òåìè óïðàæíåíèÿìè, êîòîðûå
ìîãóò ïîìî÷ü â âîñïèòàíèè òî÷íîãî ìûøëåíèÿ ó ó÷åíèêîâ è
ó ñàìîãî ó÷èòåëÿ.

Íî åùå âàæíåå îùóùåíèÿ: ïðîòèâîïîëîæíûå êà÷åñòâà —
ïðîòèâîïîëîæíûå îùóùåíèÿ. Êîãäà Ðóäîëüô Øòåéíåð, îïè-
ðàÿñü íà ðåçóëüòàòû äóõîâíîãî èññëåäîâàíèÿ, ãîâîðèë î Ñîë-
íöå, îí óêàçûâàë, ÷òî ìû íå ìîæåì ìûñëèòü åãî ìàòåðèàëü-
íûì ïîäîáíî äðóãèì íåáåñíûì òåëàì, íàïðèìåð ïëàíåòàì.
Êîíå÷íî, ïîâåðõíîñòü Ñîëíöà — ýòî ãàç, òîíêàÿ ìàòåðèÿ, çíà-
÷èò, îíà äåéñòâóåò ñ îïðåäåëåííûì äàâëåíèåì. Îäíàêî âíóòðè
Ñîëíöà íå ïðîñòî íåò ìàòåðèè, òàì ñàìà ïðîòèâîïîëîæíîñòü
ìàòåðèè — “âåùåñòâåííîñòü” ñ ïðîòèâîïîëîæíûìè
êà÷åñòâàìè: îíà íå äàâèò, à âñàñûâàåò. Ïîýòîìó íåóäèâèòåëü-
íî, ÷òî èçëó÷åíèå ðàäàðîâ, íàïðàâëåííûõ íà Ñîëíöå, íå
âîçâðàùàåòñÿ îáðàòíî.

Î÷åíü âàæíî äëÿ áóäóùåãî ñóìåòü ñîâåðøåííî ïðåäìåò-
íî ìûøëåíèåì è ÷óâñòâîì ïîäîéòè ê òàêèì ïðîòèâîïîëîæíî-
ñòÿì. Íå óïóñòèì æå òàêóþ âîçìîæíîñòü, ïðåäîñòàâëÿåìóþ
íàì ìàòåìàòèêîé ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ ÷èñåë.
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5. 5. 5. 5. 5. Óìíîæåíèå è äåëåíèåÓìíîæåíèå è äåëåíèåÓìíîæåíèå è äåëåíèåÓìíîæåíèå è äåëåíèåÓìíîæåíèå è äåëåíèå
ñ îòðèöàòåëüíûìè ÷èñëàìèñ îòðèöàòåëüíûìè ÷èñëàìèñ îòðèöàòåëüíûìè ÷èñëàìèñ îòðèöàòåëüíûìè ÷èñëàìèñ îòðèöàòåëüíûìè ÷èñëàìè —————
êàê ìû ïðèõîäèì ê òîìó,êàê ìû ïðèõîäèì ê òîìó,êàê ìû ïðèõîäèì ê òîìó,êàê ìû ïðèõîäèì ê òîìó,êàê ìû ïðèõîäèì ê òîìó,
÷òî “ìèíóñ íà ìèíóñ äàåò÷òî “ìèíóñ íà ìèíóñ äàåò÷òî “ìèíóñ íà ìèíóñ äàåò÷òî “ìèíóñ íà ìèíóñ äàåò÷òî “ìèíóñ íà ìèíóñ äàåò
ïëþñ”?ïëþñ”?ïëþñ”?ïëþñ”?ïëþñ”?

Äëÿ ïîíèìàíèÿ óìíîæåíèÿ è äåëåíèÿ ñ ïîëîæèòåëüíûìè è
îòðèöàòåëüíûìè ÷èñëàìè ñíîâà îòòîëêíåìñÿ îò âû÷èñëåíèé.
3×58 ìîæåò áûòü âû÷èñëåíî äâóìÿ ñïîñîáàìè: ëèáî 3·(50 +
8), ëèáî 3·(60 – 2).

3·58 = 3·(50 + 8) = 3·50 + 3·8 = 150 + 24 = 174
3·58 = 3·(60 – 2) = 3·60 + 3·(–2) = 180 – 6 = 174

Àíàëîãè÷íî

8·37 = 8·(30 + 7) = 8·30 + 8·7 = 240 + 56 = 296
8·37 = 8·(40 – 3) = 8·40 + 8·(–3) = 320 – 24 = 296

Ïîäîáíûå ðàññóæäåíèÿ ïîêàçûâàþò, ÷òî 3·(–2) = –6 è
8·(–3) = –24, è ïðèâîäÿò ê ïðàâèëüíûì ðåçóëüòàòàì. Ïî
ñìûñëó ýòî òàêæå ëåãêî ïîíÿòü, ïîñêîëüêó 3·(–2) = (–2) +
(–2) +(–2) = –6.

Åñëè ìû òðèæäû áåðåì â äîëã 2 ìàðêè, òî íàø ñîâîêóï-
íûé äîëã äîõîäèò äî 6 ìàðîê. Îòðèöàòåëüíîå ÷èñëî, âçÿòîå
ïîëîæèòåëüíîå ÷èñëî ðàç, äàñò ñîîòâåòñòâóþùåå îòðèöàòåëü-
íîå ïðîèçâåäåíèå.

Äåéñòâèòåëüíî, òðóäíûé ýòî âîïðîñ âû÷èñëèòü (–4) · 9 = ?
×òî âîîáùå çíà÷èò âçÿòü ïîëîæèòåëüíîå ÷èñëî îòðèöàòåëü-
íîå êîëè÷åñòâî ðàç? Äåéñòâèòåëüíî ñîäåðæàòåëüíûé îòâåò
âîîáùå-òî íå òàê óæ è ïðîñòî äàòü; ê íåìó ìû âåðíåìñÿ ïîç-
æå. Åñòåñòâåííî, ìû ïðåäïîëàãàåì, ÷òî (–4) · 9 = –36. Îäíàêî
â ñâîèõ ïðåäïîëîæåíèÿõ ìû íå ìîæåì ïðîñòî ïîëîæèòüñÿ íà
êîììóòàòèâíûé çàêîí óìíîæåíèÿ (a · b = b · a), ïîñêîëüêó ìû
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óñòàíîâèëè åãî ñïðàâåäëèâîñòü òîëüêî äëÿ ïîëîæèòåëüíûõ
÷èñåë. Êàê ïîâåäóò ñåáÿ îòðèöàòåëüíûå, ìû, ñòðîãî ãîâîðÿ,
íå çíàåì. Â 1-é ãëàâå ìû óæå óêàçûâàëè, ÷òî ñóùåñòâóþò ÷èñëà
îñîáîãî ðîäà, íà êîòîðûå çàêîí êîììóòàòèâíîñòè íå
ðàñïðîñòðàíÿåòñÿ. Îäíàêî îñòàâèì ïîêà íàøè
ïðåäïîëîæåíèÿ è âåðíåìñÿ ê âû÷èñëåíèÿì:

26 · 9 = (20 + 6) · 9 = 20 · 9 + 6 · 9 = 180 + 54 = 234
26 · 9 = (30 – 4) · 9 = 30 · 9 – 4 · 9 = 270 – 36 = 234
Ñðàâíåíèå ýòèõ äâóõ ñòðîê ïîäêðåïëÿåò íàøè äîãàäêè.

Ïðîâåðèì èõ íà ïðèìåðå ñ äâóìÿ ñìåøàííûìè ïðîèçâåäåíè-
ÿìè:
28 · 23 = (30 – 2) · (20 + 3) = 30 · 20 + 30 · 3 + (–2) · 20 + (–2) · 3 =

       = 600 + 90 – 40 – 6 = 644
Òî æå óìíîæåíèå, òîëüêî ñ îäíèìè ïîëîæèòåëüíûìè

÷èñëàìè:

28 · 23 = (20 + 8) · (20 + 3) = 20 · 20 + 20 · 3 + 8 · 20 + 8 · 3 =
         = 400 + 60 + 160 + 24 = 644

Îïÿòü-òàêè íàøè ïðåäïîëîæåíèÿ ïîäòâåðæäàþòñÿ.
Ïåðåéäåì ê ñàìîìó òðóäíîìó ïðèìåðó: îòðèöàòåëüíîå

÷èñëî óìíîæàåòñÿ íà îòðèöàòåëüíîå: (–3) · (–4) = ? Â êîíêðåò-
íûõ âû÷èñëåíèÿõ îí âîçíèêàåò, íàïðèìåð, â ñëó÷àå:

17 · 26 = (20 – 3) · (30 – 4) = 20 · 30 + 20 · (–4) + (–3) · 30 + (–3) · (–
4) =
           = 600 – 80 – 90 + (–3) · (–4) = 430 + (–3) · (–4)

Ìû äåéñòâîâàëè î÷åíü îñòîðîæíî; ìû îïèðàëèñü òîëüêî
íà óæå ïðîâåðåííûå ðåçóëüòàòû. ×åìó ðàâíî (–3) · (–4), îñòà-
âèì ïîêà áåç îòâåòà.

Ðåøèì òîò æå ñàìûé ïðèìåð ñ îäíèìè ïîëîæèòåëüíûìè
÷èñëàìè:

17 · 26 = (10 + 7) · (20 + 6) = 10 · 20 + 10 · 6 + 7 · 20 + 7 · 6 =
                                               = 200 + 60 + 140 + 42 = 442
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Èòàê, ïåðâîå âû÷èñëåíèå äàñò íàì ïðàâèëüíûé ðåçóëü-
òàò, åñëè (–3) · (–4) = 12. Òîãäà 430 + 12 = 442.

Åñòåñòâåííî, îäíèì ïðèìåðîì â êëàññå íå îãðàíè÷èòüñÿ:

28 · 37 = (30 – 2) · (40 – 3) =
            = 30 · 40 + 30 · (–3) + (–2) · 40 + (–2) · (–3) =
            = 1200 – 90 – 80 + (–2) · (–3) = 1030 + (–2) · (–3)

Ñðàâíèì:

28 · 37 = (20 + 8) · (30 + 7) = 20 · 30 + 20 · 7 + 8 · 30 + 8 · 7 =
             = 600 + 140 + 240 + 56 = 1036

Ñðàâíèâàÿ îáà ïðèìåðà, ïîëó÷àåì (–2) · (–3) = 6, ïîñêîëü-
êó 1030 + 6 = 1036.

Ìû ïðîäåëàëè âû÷èñëåíèÿ, â êîòîðûõ “ìèíóñ íà ìèíóñ”
ïîÿâëÿåòñÿ êàê ïðîìåæóòî÷íûé ðåçóëüòàò; âû÷èñëåíèÿ ñ
ïîëîæèòåëüíûìè ÷èñëàìè ïîçâîëèëè íàì ñäåëàòü âûâîä, ÷òî
“ìèíóñ íà ìèíóñ” äàåò ïëþñ.

Ê àíàëîãè÷íîìó ðåçóëüòàòó ïðèâîäèò òàáëèöà:

3 · (–4) = –12
2 · (–4) = –8
1 · (–4) = –4

...

Óìíîæåíèå ïîëîæèòåëüíîãî ÷èñëà íà îòðèöàòåëüíîå
÷èñëî íèêàêèõ ïðîáëåì íå ñîäåðæèò. Ðåçóëüòàò âåðåí è ïî-
íÿòåí. Ìû ìîæåì ïðîäîëæèòü òàáëèöó: ñëåâà ìû óìåíüøà-
ëè ñîìíîæèòåëü âñå âðåìÿ íà 1, ñïðàâà ðåçóëüòàò óìåíü-
øàëñÿ íà 4 (îò –12 ê –8, îò –8 ê –4). Ïðîäîëæèì â òîì æå
äóõå:

3 · (–4) = –12
2 · (–4) = –8
1 · (–4) = –4
0 · (–4) = 0
(–1) · (–4) = +4
(–2) · (–4) = +8
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(–3) · (–4) = +12
...

Ëîãèêà òàáëèöû ïðèâîäèò íàñ ê òîìó æå ðåçóëüòàòó: “ìè-
íóñ íà ìèíóñ äàåò ïëþñ”.

Èç ïðåäûäóùèõ ïðèìåðîâ âûðàñòàþò ïðàâèëà:

+ · + = +
+ · – = –
– · + = –
– · – = +

Êîíå÷íî, ýòî íàäî ïîíèìàòü ñèìâîëè÷åñêè; çíàêè íåëüçÿ
ïåðåìíîæàòü. Îäíàêî äëÿ ó÷åíèêîâ ïðàâèëà â òàêîì âèäå
ëåã÷å çàïîìèíàþòñÿ. Âñå ÷åòûðå ïðàâèëà ìîæíî ñîáðàòü â
îäíî: åñëè ïåðåìíîæàþòñÿ äâà ÷èñëà ñ îäèíàêîâûì çíàêîì,
ðåçóëüòàò ïîëîæèòåëåí; óìíîæåíèå äâóõ ÷èñåë ñ ðàçíûì
çíàêîì äàåò îòðèöàòåëüíûé ðåçóëüòàò.

Ïðîâåðèì ýòè ïðàâèëà íà ïðèìåðàõ:
Â ãëàâå 1 ìû ó÷èëèñü ðàñêðûâàòü ñêîáêè è ïîëó÷àëè,

íàïðèìåð, ñëåäóþùèé ðåçóëüòàò: (a + 2) · (a + 3) = a2 + 5a + 6.
Çàòåì âìåñòî a ìû ïîäñòàâëÿëè ïîäðÿä íàòóðàëüíûå ÷èñëà
1, 2, 3... (òàáë. 1.2.). Ïîâòîðèì íà÷àëî ýòîé òàáëèöû:

a (a + 2) · (a + 3) a2 + 5a + 6
1 (1 + 2) · (1 + 3) = 3 · 4 = 12 1 + 5 + 6 = 12
2 (2 + 2) · (2 + 3) = 4 · 5 = 20 4 + 10 + 6 = 20
3 (3 + 2) · (3 + 3) = 5 · 6 = 30 9 + 15 + 6 = 30

À íåëüçÿ ëè âìåñòî a ïîäñòàâëÿòü îòðèöàòåëüíûå ÷èñëà?
Íàïðèìåð, a = –9, çàòåì a = –8, a = –7 è ò.ä.? Â ýòîé ïîñëåäî-
âàòåëüíîñòè ñëåäóþùåå ÷èñëî íà 1 áîëüøå, ÷åì ïðåäûäó-
ùåå, äåéñòâèòåëüíî, –9 + 1 = –8, –8 + 1 = –7 è ò.ä. Îñîáåííî
ïîëåçíî çàäóìàòüñÿ íàä òåì, êàêîé ðåçóëüòàò ïîëó÷èòñÿ ïîñëå
âîçâåäåíèÿ îòðèöàòåëüíîãî ÷èñëà â êâàäðàò, íàïðèìåð:

(–9)2 = (–9)·(–9) = ?

Ïîñëå òîãî, êàê ìû âñå ýòî ïðîäåëàëè, ïðîèçâåäåíèå äâóõ
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îòðèöàòåëüíûõ ÷èñåë äîëæíî äàòü ÷èñëî ïîëîæèòåëüíîå;
èòàê, áóäåì èìåòü â âèäó, ÷òî(–9)2 = 81, è ïîñìîòðèì, ê ÷åìó
ýòî ïðèâåäåò.

(Òàáë. 5.1)
a (a + 2) · (a + 3)  a2 + 5a + 6
–9 (–9 + 2) · (–9 + 3) = (–7) · (–6) = +42 81 – 45 + 6 = + 42

–12
–8 (–8 + 2) · (–8 + 3) = (–6) · (–5) = +30 64 – 40 + 6 = + 30

–10
–7 (–7 + 2) · (–7 + 3) = (–5) · (–4) = +20 49 – 35 + 6 = + 20

– 8
–6 (–6 + 2) · (–6 + 3) = (–4) · (–3) = +12 36 – 30 + 6 = + 12

– 6
–5 (–5 + 2) · (–5 + 3) = (–3) · (–2) = +6 25 – 25 + 6 = + 6

– 4
–4 (–4 + 2) · (–4 + 3) = (–2) · (–1) = +2 16 – 20 + 6 = + 2

– 2
–3 (–3 + 2) · (–3 + 3) = (–1) · (0) = 0  9 – 15 + 6 = 0

0
–2 (–2 + 2) · (–2 + 3) = 0 · 1  = 0  4 – 10 + 6 = 0

+ 2
–1 (–1 + 2) · (–1 + 3) = 1 · 2  = 2  1 – 5 + 6 = 2

+ 4
 0 (0 + 2) · (0 + 3) = 2 · 3  = 6  0 + 0 + 6 = 6

+ 6
1 (1 + 2) · (1 + 3) = 3 · 4  = 12  1 + 5 + 6 = 12

+ 8
2 (2 + 2) · (2 + 3) = 4 · 5 = 20  4 +10 + 6 = 20

+10
3 (3 + 2) · (3 + 3) = 5 · 6 = 30  9 +15 + 6 = 30

+12
4 (4 + 2) · (4 + 3) = 6 · 7 = 42  16+20 + 6 = 42

Êàêîâû æå ðåçóëüòàòû ðàññìîòðåíèÿ äàííîé òàáëèöû?
1. Êàê áû ìû íè âû÷èñëÿëè ïðîèçâåäåíèå, ñ ïîìîùüþ ëè

(a + 2) · (a + 3) èëè a2 + 5a + 6, ðåçóëüòàò ïðè ïîäñòà-
íîâêå îòðèöàòåëüíîãî a íå ìåíÿåòñÿ.

2. Òàáëèöà, ïîëó÷åííàÿ äëÿ ïîëîæèòåëüíûõ çíà÷åíèé a, ïðè
ïåðåõîäå ÷åðåç 0 áåç âñÿêèõ ïðîáëåì âëèâàåòñÿ â òàá-
ëèöó, ïîëó÷åííóþ äëÿ îòðèöàòåëüíûõ çíà÷åíèé a. Ýòî
ÿñíî èç ðàññìîòðåíèÿ ïðèðàùåíèé. Â ñòîëáöå çíà÷åíèé
a ïðèðàùåíèå îò ñòðîêè ê ñòðîêå âñåãäà +1. À â ñòîëáöå
ðåçóëüòàòîâ? Âíà÷àëå ðåçóëüòàòû óáûâàþò. Ïîñêîëüêó
“ïðèðàùåíèÿ” îòðèöàòåëüíû: 42 + (–12) = 30, 30 + (–10)
= 20, 20 + (–8) = 12 è ò.ä. Íî ñàìè ïðèðàùåíèÿ ïîñòîÿííî
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óâåëè÷èâàþòñÿ íà 2: (–12) + 2 =
= –10, (–10) + 2 = (–8), (–8) + 2 = (–6) è ò.ä. Îùóùåíèå
÷åòêîé çàêîíîìåðíîñòè âîçðàñòàåò. Ïîäîáíûé îïûò óê-
ðåïëÿåò íàøå äîâåðèå ê ïðàâèëàì. Ïîëîæèòåëüíûå è
îòðèöàòåëüíûå ÷èñëà íà÷èíàþò ñîåäèíÿòüñÿ è îáðà-
çîâûâàòü åäèíîå ÷èñëîâîå ïðîñòðàíñòâî öåëûõ ÷èñåë.

Äàëüíåéøèå ðàññìîòðåíèÿ ìîæíî ïðîäîëæèòü íà ñëåäóþ-
ùèõ ïðèìåðàõ:

(a + 5) · (a – 3) = a2 – 3a + 5a – 15 = a2 + 2a – 15
(a + 2) · (a – 5) = a2 – 5a + 2a – 10 = a2 – 3a – 10
(a – 3) · (a – 4) = a2 – 4a – 3a + 12 = a2 – 7a + 12

Ïîäñòàâèì âìåñòî à ïîñëåäîâàòåëüíîñòü îòðèöàòåëüíûõ
è ïîëîæèòåëüíûõ ÷èñåë (òàáë. 5.2, 5.3, 5.4).

(Òàáë. 5.2)
a (a + 5) · (a – 3)  a2 + 2a – 15
–7 (–7 + 5) · (–7 – 3) = (–2) · (–10) = 20 49 – 14 – 15 = 20

–11
–6 (–6 + 5) · (–6 – 3) = (–1) · (–9) = 9 36 – 12 – 15 = 9

– 9
–5 (–5 + 5) · (–5 – 3) = 0 · (–8) = 0 25 – 10 – 15 = 0

– 7
–4 (–4 + 5) · (–4 – 3) = 1 · (–7) = – 7 16 – 8 – 15 = – 7

– 5
–3 (–3 + 5) · (–3 – 3) = 2 · (–6) = – 12  9 – 6 – 15 = – 12

– 3
–2 (–2 + 5) · (–2 – 3) = 3 · (–5) = – 15  4 – 4 – 15 = – 15

– 1
–1 (–1 + 5) · (–1 – 3) = 4 · (–4) = – 16  1 – 2 – 15 = – 16

 1
0 (0 + 5) · (0 – 3) = 5 · (–3)  = – 15  0 + 0 – 15 = – 15

 3
1 (1 + 5) · (1 – 3) = 6 · (–2) = – 12  1 + 2 – 15 = – 12

 5
2 (2 + 5) · (2 – 3) = 7 · (–1) = – 7  4 + 4 – 15 = – 7

 7
3 (3 + 5) · (3 – 3) = 8 · 0 = 0  9 + 6 – 15 = 0

 9
4 (4 + 5) · (4 – 3) = 9 · 1 = 9  16+ 8 – 15 = 9

 11
5 (5 + 5) · (5 – 3) = 10 · 2 = 20  25+10 – 15 = 20

(Òàáë. 5.3)
a (a + 2) · (a – 5)  a2 – 3a – 10
–4 (–4 + 2) · (–4 – 5) = (–2) · (–9) = 18 16 + 12 – 10 = 18

– 10
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–3 (–3 + 2) · (–3 – 5) = (–1) · (–8) = 8  9 + 9 – 10 = 8
– 8

–2 (–2 + 2) · (–2 – 5) = 0 · (–7)  = 0  4 + 6 – 10 = 0
– 6

–1 (–1 + 2) · (–1 – 5) = 1 · (–6)  = – 6  1 + 3 – 10 = – 6
– 4

 0 (0 + 2) · (0 – 5) = 2 · (–5) = – 10  0 – 0 – 10 = – 10
– 2

1 (1 + 2) · (1 – 5) = 3 · (–4) = – 12  1 – 3 – 10 = – 12
 0

2 (2 + 2) · (2 – 5) = 4 · (–3) = – 12  4 – 6 – 10 = – 12
 2

3 (3 + 2) · (3 – 5) = 5 · (–2) = – 10  9 – 9 – 10 = – 10
 4

4 (4 + 2) · (4 – 5) = 6 · (–1) = – 6 16 –12 – 10 = – 6
 6

5 (5 + 2) · (5 – 5) = 7 · 0 = 0 25 –15 – 10 = 0
 8

6 (6 + 2) · (6 – 5) = 8 · 1 = 8 36 –18 – 10 = 8
 10

7 (7 + 2) · (7 – 5) = 9 · 2 = 18 49 –21 – 10 = 18

(Òàáë. 5.4)
a (a – 3) · (a – 4)  a2 – 7a + 12
–2 (–2 – 3) · (–2 – 4) = (–5) · (–6) = 30  4 + 14 + 12 = 30

– 10
–1 (–1 –3) · (–1 – 4) = (–4) · (–5) = 20  1 + 7 + 12 = 20

– 8
 0 (0 – 3) · (0 – 4) = (–3) · (–4) = 12  0 – 0 + 12 = 12

– 6
1 (1 – 3) · (1 – 4) = (–2) · (–3) = 6  1 – 7 + 12 = 6

– 4
2 (2 – 3) · (2 – 4) = (–1) · (–2) = 2  4 – 14 + 12 = 2

– 2
3 (3 – 3) · (3 – 4) = 0 · (–1) = 0  9 – 21 + 12 = 0

 0
4 (4 – 3) · (4 – 4) = 1 · 0 = 0 16 – 28 + 12 = 0

 2
5 (5 – 3) · (5 – 4) = 2 · 1 = 2  25 – 35 + 12 = 2

 4
6 (6 – 3) · (6 – 4) = 3 · 2 = 6  36 – 42 + 12 = 6

 6
7 (7 – 3) · (7 – 4) = 4 · 3 = 12  49 – 49 + 12 = 12

 8
8 (8 – 3) · (8 – 4) = 5 · 4 = 20  64 – 56 + 12 = 20

 10
9 (9 – 3) · (9 – 4) = 6 · 5 = 30  81 – 63 + 12 = 30

Îïÿòü-òàêè ïðàâèëî çíàêîâ ÿâëÿåò îáðàçåö ëîãè÷íîñòè.
Ïî ïîâîäó òàáëèöû 5.2: ñòîëáåö ðåçóëüòàòîâ ñèììåòðè-

÷åí îòíîñèòåëüíî ñòðîêè a = –1, ðåçóëüòàò = –16. Îäíàêî
ñëåäóåò îáðàòèòü âíèìàíèå íà òî, ÷òî ðåçóëüòàò –15 íàä è
ïîä ñîñòàâëÿåòñÿ èç ñîâåðøåííî ðàçíûõ ñëàãàåìûõ — íàä:
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–15 = 4 – 4 – 15, ïîä: – 15 = 0 + 0 – 15. Òî æå ñàìîå
îòíîñèòñÿ è ê îñòàëüíûì ðåçóëüòàòàì.

Êàæäûé ïðèìåð — ýòî öåëàÿ ñåðèÿ âû÷èñëåíèé. Äëÿ
ñåìè- è âîñüìèêëàññíèêîâ îíè ïðåäñòàâëÿþò âàæíûé òðå-
íèðîâî÷íûé ìàòåðèàë. Â ñòàðøåé øêîëå ýòà òåìà ðàññìàò-
ðèâàåòñÿ ñ ñîâåðøåííî èíîé ñòîðîíû. Â 9-ì êëàññå çàäà÷à
ñòàâèòñÿ ñëåäóþùèì îáðàçîì: êàê íàéòè çíà÷åíèå a, ïðè-
âîäÿùåå ê çàäàííîìó ðåçóëüòàòó? Íàïðèìåð, äëÿ êàêîãî a
âûðàæåíèå a2 – 16a + 80 = 20 (a = 10 è a = 6)? Òàêàÿ ïî-
ñòàíîâêà âîïðîñà ïðèâîäèò ê êâàäðàòíûì óðàâíåíèÿì. Â
ñèñòåìå êîîðäèíàò òàáëèöû ïðåâðàùàþòñÿ â èçîáðàæåíèå
ïàðàáîëû; â 11-ì êëàññå ýòî äîëæíî äàòü ïîâîä äëÿ àíà-
ëèòè÷åñêîãî ðàññìîòðåíèÿ ýòîé êðèâîé. Â 11-ì êëàññå íàñ
áóäåò èíòåðåñîâàòü îòíîøåíèå ìåæäó ïðèðàùåíèåì ñòîëáöà
ðåçóëüòàòîâ è ñòîëáöà çíà÷åíèé a. Ýòî ïðèâåäåò íàñ ê ðàñ-
ñìîòðåíèþ äèíàìèêè ïðîöåññîâ ðîñòà è, ñ óìåíüøåíèåì
øàãà, ê äèôôåðåíöèàëüíîìó èñ÷èñëåíèþ. Òàêèì îáðàçîì,
òàáëèöà òàèò â ñåáå áîëüøèå âîçìîæíîñòè. À âåäü ñòðåì-
ëåíèåì Ðóäîëüôà Øòåéíåðà áûëî òàêîå ðàññìîòðåíèå ìà-
òåðèàëà, êîòîðîå áû îðãàíè÷åñêè ðàçâèâàëîñü îò êëàññà ê
êëàññó.

Íî è äëÿ ñåìè-âîñüìèêëàññíèêîâ ýòî íå ïðîñòî âû÷èñëè-
òåëüíûé ìàòåðèàë. Îíè óæå ìîãóò ïîçíàêîìèòüñÿ ñ îáðàçîì
ïàðàáîëû. Èáî äî âîçðàñòà ïîëîâîãî ñîçðåâàíèÿ ïðåïîäàâà-
íèå óìåñòíî îáëåêàòü â îáðàçíóþ ôîðìó. ×åì èíòåíñèâíåå
ó÷åíèêè â âîçðàñòå äî ïóáåðòàòà ïåðåæèâàþò îáðàçû, òåì
ãëóáæå ïðåäïîñûëêè ê òîìó, ÷òî ïîñëå äàííîãî ðóáåæà îíè
ñìîãóò ñ ïîìîùüþ ýòèõ îáðàçîâ ïåðåéòè îò çíàíèÿ ê ïîçíà-
íèþ: â äàííîì ñëó÷àå îò ïðîñòîãî îáðàçà ïàðàáîëû ê ïîçíà-
íèþ åå çàêîíîâ, êàê ÷èñòî ãåîìåòðè÷åñêèõ, òàê è àíàëèòè÷åñ-
êèõ.

Êàê ìû ïðèõîäèì ê ïàðàáîëå? Ïîÿñíèì ýòî íà ïðèìåðå (a
+ 5) · (a – 3) è òàáëèöû 5.2. Çíà÷åíèÿ a áóäåì ïîíèìàòü êàê
òåìïåðàòóðó, ðàâíî êàê è çíà÷åíèÿ p = (a + 5) · (a – 3),
ñ÷èòàííûå ñ ãîðèçîíòàëüíîãî è âåðòèêàëüíîãî òåðìîìåòðîâ
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Ðèñ. 5.1

(a + 5) · (a – 3)=p

a p
–7 20
–6 9
–5 0
–4 –7
–3 –12
–2 –15
–1 –16
0 –15
1 –12
2 –7
3 0
4 9
5 20
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(ðèñ. 5.1). Ãðàäóèðîâêà îáåèõ øêàë ìîæåò ñîâïàäàòü èëè
ðàçëè÷àòüñÿ. Íà ðèñóíêå 5.1 øàã ãîðèçîíòàëüíîé øêàëû â 2
ðàçà ïðåâîñõîäèò øàã âåðòèêàëüíîé. Îíè ðàâíû, íàïðèìåð, 1
è 0,5 ñì. Ê êàæäîé ïàðå (a,p) ìû ìîæåì ïîñòàâèòü â
ñîîòâåòñòâèå íåêîòîðóþ òî÷êó. Ïåðâàÿ ïàðà (–7,20). ×åðåç
òî÷êó –7 îñè a ìû ïðîâîäèì âåðòèêàëüíóþ ïðÿìóþ, ÷åðåç
òî÷êó 20 îñè p — ãîðèçîíòàëüíóþ. Ïîëó÷àåì òî÷êó èõ ïåðåñå-
÷åíèÿ. Ñòðîèì îñòàëüíûå è îáíàðóæèâàåì, ÷òî òî÷êè ÷óäåñ-
íûì îáðàçîì óïîðÿäî÷åíû íà ïëîñêîñòè. Íàø âçãëÿä ñàì
ñîáîé ñêîëüçèò îò òî÷êè ê òî÷êå. Ìû áåðåìñÿ çà êàðàíäàø è
ñîåäèíÿåì èõ — âîçíèêàåò êðèâàÿ, êîòîðàÿ îïðåäåëåííûì
îáðàçîì äîõîäèò äî íèçøåé òî÷êè è çàòåì ïîñòåïåííî ïîä-
íèìàåòñÿ ââåðõ (ïðè÷åì ïîäúåì ñèììåòðè÷åí ñïóñêó). Òàêóþ
êðèâóþ íàçûâàþò ïàðàáîëîé. Âïå÷àòëåíèå, ÷òî âñå çíà÷åíèÿ
òàáëèöû ïðåäñòàâëÿþò ñîáîé åäèíîå öåëîå, óñèëèâàåòñÿ:
åñëè ìû îøèáåìñÿ â ðàñ÷åòàõ èëè íåïðàâèëüíî ïîñòðîèì
êàêóþ-òî òî÷êó, ìû òîò÷àñ çàìåòèì äèññîíàíñ — îíà âûïàäàåò
èç åäèíîãî ñòðîÿ è íàðóøàåò îáùèé ïîðÿäîê.

Íà ðèñóíêå 5.2 øàã ïî îñè p â 5 ðàç ìåíüøå øàãà ïî îñè a.
Ñîîòâåòñòâóþùèå çíà÷åíèÿ ðàâíû 1 è 0,2 ñì. Îïÿòü òî÷êè
îáðàçóþò ïàðàáîëó, íî óæå íå òàêóþ êðóòóþ, êàê â ïåðâîì
ïðèìåðå.

Åñëè ìû ïîñòðîèì ïàðàáîëó, ñîîòâåòñòâóþùóþ òàáëèöå
5.4, òî ìû îáíàðóæèì, ÷òî íèçøàÿ òî÷êà â ýòîé òàáëèöå íå
ïðåäñòàâëåíà. Äåéñòâèòåëüíî, íå ìîæåò æå êðèâàÿ íà ó÷àñò-
êå (3,0) — (4,0) ïðåâðàòèòüñÿ â ãîðèçîíòàëüíûé îòðåçîê.
Ìåæäó íèìè äîëæíà íàõîäèòüñÿ òî÷êà ìèíèìóìà. Ïîäñòàâèì
â ïðîèçâåäåíèå (a – 3) · (a – 4) a = 31/2:

(31/2 – 3) · (31/2 – 4) = 1/2 · (– 1/2) = – 1/4
Òî÷êà (31/2, –1/4) íà ñàìîì äåëå ëåæèò íèæå ñîñåäíèõ òî-

÷åê è àáñîëþòíî âïèñûâàåòñÿ â êðèâóþ. Òàê æå ìîæíî ïîñò-
ðîèòü è ëþáûå äðóãèå ïðîìåæóòî÷íûå òî÷êè.

Êàê âûãëÿäèò êðèâàÿ ñïðàâà è ñëåâà? Âîçíèêàåò îùóùå-
íèå, ÷òî îíà ñòàíîâèòñÿ âñå êðó÷å, è êðó÷å è êðó÷å. Ñòðåìèò-
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ñÿ ëè îíà ê áåñêîíå÷íîñòè? Êîãäà â ñòàðøèõ êëàññàõ ó÷åíèêè
çíàêîìÿòñÿ ñ ïîíÿòèÿìè áåñêîíå÷íîñòè â ïðîåêòèâíîé
ãåîìåòðèè, îíè íàó÷àþòñÿ ìûñëèòü êðèâóþ â öåëîì, õîòÿ
íàðèñîâàííûì âèäÿò âñåãäà òîëüêî íåêîòîðûé åå îòðåçîê. Ïî
ïîâîäó ýòîé êðèâîé ìîæíî ñêàçàòü åùå î÷åíü ìíîãîå — âñå
ïîïûòêè áóäóò òåì ïëîäîòâîðíåå, ÷åì ãëóáæå â ó÷åíèêàõ, åùå
ñî ñðåäíåé øêîëû, çàïå÷àòëåëñÿ îáðàç ïàðàáîëû.

Ïðåæäå ÷åì â êîíöå ãëàâû ìû ïîïûòàåìñÿ äàòü ñîäåðæà-
òåëüíîå îáîñíîâàíèå ïðàâèëà çíàêîâ, çàìåòèì, ÷òî äëÿ
äåëåíèÿ åãî ïðèìåíèìîñòü âûòåêàåò èç ñîîòâåòñòâóþùåãî
ïðàâèëà äëÿ óìíîæåíèÿ, ïîñêîëüêó äåëåíèå — ýòî îáðàùå-
íèå óìíîæåíèÿ:

a : b = c ðàâíîçíà÷íî b · c = a
 15 : 3 = 5, ïîñêîëüêó 3 · 5 = 15
(–15) : 3 = – 5, ïîñêîëüêó  3 · (–5) = –15
15 : (–3) = – 5, ïîñêîëüêó  (–3) · (–5) = +15
 (–15) : (–3) = + 5, ïîñêîëüêó (–3) · (+5) = –15

Ðèñ. 5.2

(a + 5) · (a – 3)=p

a p
–7 20
–6 9
–5 0
–4 –7
–3 –12
–2 –15
–1 –16
0 –15
1 –12
2 –7
3 0
4 9
5 20
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Ïðàâèëî çíàêîâ äëÿ äåëåíèÿ â ñèìâîëè÷åñêîì âèäå âû-
ãëÿäèò òàê:

+ : + = +
– : + = –
+ : – = –
– : – = +

Ðåçþìèðóåì: åñëè äåëÿòñÿ äâà ÷èñëà ñ îäèíàêîâûì çíà-
êîì, òî ðåçóëüòàò ïîëîæèòåëüíûé, åñëè äåëÿòñÿ äâà ÷èñëà ñ
ðàçíûì çíàêîì — ðåçóëüòàò îòðèöàòåëüíûé.

Ðàáîòà ñ òàáëèöàìè 5.1– 5.4 óñèëèâàåò âïå÷àòëåíèå ïðà-
âèëüíîñòè ïðàâèëà çíàêîâ.

Îäíàêî ýòèì ìû óäîâëåòâîðèòüñÿ íå ìîæåì! Ìû õîòèì
ïîíÿòü, ïî÷åìó îíî ïðàâèëüíî. Ïðåæäå âñåãî, ïî÷åìó “ìèíóñ
íà ìèíóñ äàåò ïëþñ”? È âîîáùå, åñòü ëè îòâåò íà ýòîò âîïðîñ?

Äîëãèé îïûò ïðåïîäàâàíèÿ ïðèâåë àâòîðà ê ðàññìîòðå-
íèþ, êîòîðîå ïîçâîëÿåò îñìûñëèòü äàííîå ïðàâèëî. Ñàì ñïî-

Ðèñ. 5.3

(a – 3) · (a – 4)=p

a p
1,5 3,75
2 2

2,5 0,75
3 0

3,5 –0,25
4 0

4,5 0,75
5 2

5,5 3,75
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ñîá ðàññìîòðåíèÿ îí, âïðî÷åì, îïðîáîâàë ñïåðâà â ñòàðøèõ
(10-õ) êëàññàõ â òåìå “Ñòåïåíè”. Ðàáîòàÿ ñî ñòåïåíÿìè, âû
ñòàëêèâàåòåñü ñ îòðèöàòåëüíûìè ïîêàçàòåëÿìè òèïà 4–3.
×òî áû ýòî çíà÷èëî? Óæå ñîâåðøåííî çàãàäî÷åí ïðèìåð 40.
Èìååò ëè îí âîîáùå êàêîé-íèáóäü ñìûñë? Â Ïðèëîæåíèè ê
äàííîé ãëàâå âû íàéäåòå íåêîòîðûå ñîîáðàæåíèÿ, êîòîðûå
ïîÿâèëèñü ó àâòîðà â ðåçóëüòàòå ìíîãîëåòíåãî ïðåïîäàâàíèÿ
â 10-õ êëàññàõ è ïîêàçàëè ñâîþ öåííîñòü.

Ñïîñîá ðàññìîòðåíèÿ, çàðåêîìåíäîâàâøèé ñåáÿ â òåìå
“Ñòåïåíè”, ìîæåò áûòü, îäíàêî, ïåðåíåñåí è íà ïðîèçâåäå-
íèÿ. ×òî òàêîå 3 · 4? Ìû óæå ìíîãî ðàç îáðàùàëè âàøå âíèìà-
íèå íà òî, ÷òî ñîìíîæèòåëè èãðàþò â ïðîèçâåäåíèè ñîâåð-
øåííî ðàçíóþ ðîëü. Ýðíñò Áèíäåëü íàçûâàë ñîìíîæèòåëü “3”
àêòèâíûì ÷èñëîì, à ñîìíîæèòåëü “4” — ïàññèâíûì. Î÷åíü
âàæíî ïî÷óâñòâîâàòü ýòó ðàçíèöó. Ñîìíîæèòåëü “3” ìû ìîãëè
áû ïî-äðóãîìó íàçâàòü óïðàâëÿþùèì ÷èñëîì, ïîñêîëüêó îíî
îïðåäåëÿåò ïîðÿäîê ðàáîòû ñ ÷èñëîì “4”. Ìû äîëæíû òðèæäû
ñêëàäûâàòü: òðèæäû ìû äîëæíû áóäåì äåéñòâîâàòü —
äåéñòâîâàòü ñêëàäûâàÿ. Ìíîæèòåëü ïîäòàëêèâàåò íàñ ê
îïðåäåëåííîé âû÷èñëèòåëüíîé äåÿòåëüíîñòè. Òåïåðü
çàïèøåì 3 · 4 ñ ïîìîùüþ ñëîæåíèÿ 4 + 4 + 4. Â ÷åì äåëî,
çäåñü òîëüêî äâà ñëîæåíèÿ, äâå îïåðàöèè! Íåëüçÿ ëè
ïðåäñòàâèòü 3 · 4 òàêèì îáðàçîì, ÷òîáû îïåðàöèé áûëî òðè?
Äëÿ ýòîãî íàäî áû ñ ÷åì-òî ñëîæèòü è ïåðâóþ “4”! Ñ ÷åì? Ñ
íóëåì!

3 · 4 = 0 + 4 + 4 + 4

Òåïåðü íà ñàìîì äåëå òðè ñëîæåíèÿ! Åñëè ìíîæèìîå
îòðèöàòåëüíî — âñå òî æå ñàìîå.

(+3) · (–4) = 0 + (–4) + (–4) + (–4) = –12

Åñëè æå îòðèöàòåëåí ìíîæèòåëü, íàïðèìåð (–3) · (+4), òîãäà
ïðèõîäèòñÿ èñêàòü íîâóþ èíòåðïðåòàöèþ. Ìíîæèòåëü (–3)
îñòàåòñÿ óïðàâëÿþùèì ÷èñëîì; îí óêàçûâàåò, êàê íóæíî
îáðàùàòüñÿ ñ ÷èñëîì +4. Ìû äîëæíû ïðîäåëàòü òðè âû÷èñ-
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ëåíèÿ! Êàêèå? ßñíî, ÷òî íå òðè ñëîæåíèÿ — òîãäà áû
ìíîæèòåëü áûë ïîëîæèòåëüíûì. Ìû ìîæåì èíòåðïðåòèðîâàòü
ìèíóñ ïðè ìíîæèòåëå êàê óêàçàíèå òðèæäû âûïîëíèòü
ïðîòèâîïîëîæíóþ îïåðàöèþ, òðîéíîå âû÷èòàíèå ìíîæèìî-
ãî.

(–3) · (+4) = 0 – (+4) – (+4) – (+4) = –12

Óæå ïåðâîå +4 íóæíî îò ÷åãî-íèáóäü îòíÿòü. Îò íóëÿ. Ïîñëå
òàêîé èíòåïðåòàöèè ðåçóëüòàò ñòàíîâèòñÿ ïîíÿòíûì.
Óïðàâëÿþùåå ÷èñëî (ìíîæèòåëü) èìååò çíà÷åíèå (3) è êà÷å-
ñòâî (ïîëîæèòåëüíîå èëè îòðèöàòåëüíîå). Êà÷åñòâî (çíàê ïðè
ìíîæèòåëå) ïðåäïèñûâàåò, êàêóþ îïåðàöèþ (ñëîæåíèå èëè
âû÷èòàíèå) ñëåäóåò (íåñêîëüêî ðàç) âûïîëíÿòü íàä ìíîæè-
ìûì. Çíà÷åíèå ìíîæèòåëÿ ïðåäïèñûâàåò, ñêîëüêî òàêèõ
îïåðàöèé íóæíî âûïîëíÿòü.

Âîñïîëüçóåìñÿ ýòîé èíòåðïðåòàöèåé äëÿ âû÷èñëåíèÿ
ïðîèçâåäåíèÿ äâóõ îòðèöàòåëüíûõ ÷èñåë:

(–3) · (–4)

Ýòî íå ÷òî èíîå, êàê òðîéíîå âû÷èòàíèå –4 èç íóëÿ:

(–3) · (–4) = 0 – (–4) – (–4) – (–4)

Èòàê: (–3) · (–4) = +12
Ïîÿñíèì çíà÷åíèå òàêîãî ðîäà ðàçìûøëåíèé. Ìû íå ñòðå-

ìèìñÿ “äîêàçûâàòü” â îáû÷íîì ñìûñëå ýòîãî ñëîâà, ìû
ñòðåìèìñÿ ïåðåêèíóòü ìîñò ìåæäó íàøåé ìûñëÿùåé äóøîé è
ïðàâèëîì çíàêîâ, äàííûì íàì ñíà÷àëà èç îïûòà (âû÷èñëå-
íèé). Îïûò äîëæåí ïîäñêàçàòü íàì ôîðìóëèðîâêè. Ìû
âûíóæäåíû ïðèíÿòü èõ ñíà÷àëà ïðîñòî êàê äàííîñòü îïûòà.
Íî åñëè ìû íà ýòîì îñòàíîâèìñÿ, ìû â êîíöå êîíöîâ ïî÷óâ-
ñòâóåì íåêîòîðóþ íàâÿçàííîñòü ýòèõ ïðàâèë. Åñëè æå ìû
äîïîëíèì ïðàâèëà âûøåïðèâåäåííûìè ðàçìûøëåíèÿìè, òî
ó íàñ ïîÿâèòñÿ íåêîòîðîå ê íèì îòíîøåíèå, ìû ñìîæåì èõ
âíóòðåííå ïðèíÿòü. È íå ïîãðåøèì ïðîòèâ íàøåãî ìûøëåíèÿ
è íàøåé ñîâåñòè.
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Ïðèëîæåíèå: Ýðíñò Áèíäåëü è Ëóèñ Ëîõåð-Ýðíñò îáðà-
òèëè âíèìàíèå íà òî, ÷òî âñå ìíîæåñòâî àðèôìåòè÷åñêèõ
îïåðàöèé ìîæíî ðàññìàòðèâàòü ïîñòóïåííî, â òîì æå ðîäå,
êàê ðàññìàòðèâàþò ðàçâèâàþùèéñÿ îðãàíèçì. Ñàìàÿ íèæíÿÿ
ñòóïåíü — ýòî ñëîæåíèå äâóõ èëè íåñêîëüêèõ ÷èñåë. Åñëè
ñêëàäûâàåòñÿ ïîâòîðíî îäíî è òî æå ÷èñëî, òî ñëîæåíèå
ïðåâðàùàåòñÿ â óìíîæåíèå. Åñëè, â ñâîþ î÷åðåäü, â óìíîæå-
íèè ó÷àñòâóåò îäèí è òîò æå ñîìíîæèòåëü, òî óìíîæåíèå
âîñõîäèò íà ñòóïåíü âîçâåäåíèÿ â ñòåïåíü. Â ìëàäøèõ è
ñðåäíèõ êëàññàõ ó÷åíèêè çíàêîìÿòñÿ ïðåèìóùåñòâåííî ñî
ñòåïåíüþ 2 è 3 (ïëîùàäü êâàäðàòà è îáúåì êóáà).

Â 10-ì êëàññå îíè ðàññìàòðèâàþò ñòåïåíè ñ ïðîèçâîëü-
íûì ïîêàçàòåëåì — íå òîëüêî ñî ñêîëü óãîäíî áîëüøèì ïî-
ëîæèòåëüíûì, íî è ñ îòðèöàòåëüíûì è íóëåâûì. Ìîæíî
ïîäâåñòè ó÷åíèêîâ ê íîâîìó ïîíÿòèþ ñòåïåíè ñ ïîìîùüþ
ñëåäóþùåé òàáëèöû:

43 = 64
42 = 16
41 = 4
40 = 1
4–1 = 1/4
4–2 = 1/16
4–3 = 1/64
     ...

Â ëåâîì ñòîëáöå ìû øàã çà øàãîì óìåíüøàåì ïîêàçàòåëü
íà 1; â ïðàâîì — äåëèì íà 4. Òàáëèöà ïðèâîäèò íàñ ê
ñòðàííûì ñòåïåíÿì ñ îòðèöàòåëüíûì (íàïðèìåð, 4–3 = 1/64)
èëè íóëåâûì (40 = 1) ïîêàçàòåëåì. Íî äàæå ñòåïåíü ñ ïîêàçà-
òåëåì “1” äîñòàòî÷íî (41 = 4) çàãàäî÷íà; åñòü âåäü ðàçíèöà
ìåæäó 41 è ïðîñòî 4.

Íà âîïðîñ “Êàê âû÷èñëèòü ñòåïåíü ñ íàòóðàëüíûì ïîêà-
çàòåëåì (íàïðèìåð, 43)?” ÷àñòî äàåòñÿ ñëåäóþùèé îòâåò: “Îñ-
íîâàíèå äîëæíî áûòü ñòîëüêî ðàç óìíîæåíî ñàìî íà ñåáÿ,
êàêîâà ñòåïåíü”. Èòàê,



61

43 = 4 · 4 ·4

Ýòî ïðàâèëüíî, åñëè ñòåïåíü áîëüøå è ðàâíà 2. Äëÿ ïåð-
âîíà÷àëüíîãî ïîíèìàíèÿ ñòåïåíè ýòîãî âïîëíå äîñòàòî÷íî.
Íî ìîæíî ëè ðàñïðîñòðàíèòü ïîäîáíûé îòâåò íà ñòåïåíè ñ
ïîêàçàòåëÿìè ìåíüøå ÷åì 2? Äåéñòâèòåëüíî ëè 4 óìíîæà-
åòñÿ 1 ðàç ñàìî íà ñåáÿ, êîãäà íóæíî âû÷èñëèòü 41 = 4?
Íåò, ïðîñòî 4 ýòî ïðîñòî 4, íèêàêèì ñîìíîæèòåëåì îíî íå
ÿâëÿåòñÿ. Õîðîøî, à ìîæåì ëè ìû ïðèìåíèòü äàííûé ðåöåïò
äëÿ âû÷èñëåíèÿ 40? Ìîæíî ëè 4 óìíîæèòü 0 ðàç ñàìî íà
ñåáÿ? Íåò, ðåöåïò íåðåàëèçóåì: â ýòîì ñëó÷àå îí
ïðåäïèñûâàåò ïî ñóòè íå âû÷èñëÿòü âîîáùå; íî òîãäà íå
ïîëó÷àåòñÿ è ðåçóëüòàòà, â òîì ÷èñëå è íóëåâîãî. À óæ ñî
ñòåïåíÿìè òèïà 4–1, 4–2, 4–3 è âîâñå íå ïîíÿòíî, ÷òî äå-
ëàòü. Êàê ýòî 4 óìíîæèòü íà ñåáÿ ìèíóñ îäèí èëè ìèíóñ
äâà ðàçà? Ìû âèäèì, ÷òî îáû÷íûå ïîíÿòèÿ íå ïðèâîäÿò
íàñ íè ê ÷åìó. Îäíàêî è ïðîñòî îòìàõíóòüñÿ îò ñòåïåíåé ñ
îòðèöàòåëüíûì ïîêàçàòåëåì ìû íå ìîæåì. Òîãäà ìàòåìà-
òè÷åñêàÿ ñèñòåìà ïîòåðÿåò ñâîþ ïîëíîòó.

Âûõîä ñîñòîèò â òîì, ÷òîáû ðåàëèçîâàòü ïîíÿòèå ñòåïå-
íè ñ ïîëîæèòåëüíûì ïîêàçàòåëåì ïîëíîñòüþ. Â âûðàæåíèè
43 3 — ýòî óïðàâëÿþùåå ÷èñëî. Áóäåì äåéñòâîâàòü òàê, êàê
îíî íàì ïðåäïèñûâàåò, à èìåííî ïîäâåðãíåì ÷èñëî 4 òðåì
óìíîæåíèÿì. Íî òîãäà óæå ïåðâàÿ 4 äîëæíà ñòàòü ñîìíîæè-
òåëåì; ýòî âîçìîæíî, åñëè ìû îòòîëêíåìñÿ îò ÷èñëà “1”.

43 = 1 · 4 · 4 · 4

Òåïåðü ìû íà ñàìîì äåëå óìíîæàåì òðèæäû. Àíàëîãè÷íî:

42 = 1 · 4 · 4

Ñ 41 òîæå âñå íîðìàëüíî:

41 = 1 · 4

Êàê áûòü â ýòîì ñëó÷àå ñ 4–3? Ñòåïåíü óïðàâëÿåò íàøèìè
äåéñòâèÿìè. Íî êàêèìè? Ýòî óæå íå óìíîæåíèÿ — òîãäà áû
ñòåïåíü áûëà ïîëîæèòåëüíîé. Ïðåäñòàâèì ñåáå, ÷òî íàì



62

ïðåäïèñûâàåòñÿ âûïîëíèòü òðè ïðîòèâîïîëîæíûå îïåðà-
öèè, — òðè äåëåíèÿ, — îïÿòü-òàêè îòòàëêèâàÿñü îò 1 — òîã-
äà ìû ïðèäåì ê óæå çíàêîìîìó íàì ðåçóëüòàòó:

4–3 = 
444

1
⋅⋅

= 
64
1

Ïåðåõîä îò ïîëîæèòåëüíîãî ê îòðèöàòåëüíîìó ïîêàçàòå-
ëþ ïðèâîäèò íå ê îòðèöàòåëüíîìó, à ê îáðàòíîìó ðåçóëüòàòó:
43 = 64, 4–3 = 1/64.

Àíàëîãè÷íî:

4–2 = 
44

1
⋅

= 
16
1

Òàêèì îáðàçîì, ìû ïðèõîäèì ê óáåæäåíèþ, ÷òî ïîíÿòèå
ñòåïåíè ãëóáîêî ñâÿçàíî ñ ÷èñëîì “1”. Ê ýòîìó æå ÷èñëó ïðè-
âîäèò íàñ è 40. Ïîêàçàòåëü “0” íå óïðàâëÿåò íè ñîìíîæèòå-
ëåì, íè äåëèòåëåì; 1 îñòàåòñÿ 1, è ïîýòîìó

40 = 1.

×èñëî “1” — íåîáõîäèìûé ñïóòíèê ñòåïåíåé. Â òàáëèöå,
íà÷èíàÿ ñî ñòðîêè 40 = 1, îíî ïðîñòóïàåò â ÿâíîì âèäå. Â
ñòåïåíè 41, 42, 43... íàì íåò íóæäû ïðèïèñûâàòü 1; íî â èäå-
àëüíîì ñìûñëå îíà ïðèñóòñòâóåò è â íèõ.

Ìíîãî ðàç ÿ ñòàíîâèëñÿ ñâèäåòåëåì òîãî, íàñêîëüêî áûñ-
òðî ó÷åíèêè 10-ãî êëàññà âæèâàþòñÿ â òàêîé ñïîñîá ðàññìîò-
ðåíèÿ è íàñêîëüêî åñòåñòâåííûìè íàõîäÿò âûøåïðèâåäåí-
íûå ðàññóæäåíèÿ. Ýòî ïîìîãàåò èì çàôèêñèðîâàòü ïîíÿòèå
ñòåïåíè.

Õîòåëîñü áû îáðàòèòü âíèìàíèå ÷èòàòåëåé íà òî îáñòîÿ-
òåëüñòâî, ÷òî òî æå ñàìîå ðàññìîòðåíèå ìîæíî ïðîäåëàòü è
äëÿ áîëåå ïðîñòîãî ìàòåðèàëà — ÿ èìåþ â âèäó óìíîæåíèå.
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6. 6. 6. 6. 6. Òèïû çàäàíèé ïðè ïåðåõîäåÒèïû çàäàíèé ïðè ïåðåõîäåÒèïû çàäàíèé ïðè ïåðåõîäåÒèïû çàäàíèé ïðè ïåðåõîäåÒèïû çàäàíèé ïðè ïåðåõîäå
îò àðèôìåòèêè ê àëãåáðåîò àðèôìåòèêè ê àëãåáðåîò àðèôìåòèêè ê àëãåáðåîò àðèôìåòèêè ê àëãåáðåîò àðèôìåòèêè ê àëãåáðå

Ïîñëå 5 ãëàâ, ïîñâÿùåííûõ ðàññìîòðåíèþ ôóíäàìåíòàëü-
íûõ âîïðîñîâ, ñâÿçàííûõ ñ àëãåáðàè÷åñêèìè è àðèôìåòè÷åñ-
êèìè âûðàæåíèÿìè, ñëåäóþò äâå ãëàâû, ïîñâÿùåííûå
âûïîëíåíèþ êîíêðåòíûõ çàäàíèé.

Ýòà ãëàâà ïðåäñòàâëÿåò öåëóþ ñåðèþ çàäàíèé, ïîäõîäÿ-
ùèõ äëÿ ïåðèîäà ïåðåõîäà îò àðèôìåòèêè ê àëãåáðå. Îíè
ïðåäíàçíà÷åíû ïðåæäå âñåãî äëÿ òðåíèðîâî÷íûõ óðîêîâ è
ïîñòðîåíû òàêèì îáðàçîì, ÷òîáû êàæäîå óñëîâèå ñîïðîâîæ-
äàëîñü íåñêîëüêèìè ÷èñëîâûìè âàðèàíòàìè. Òîãäà ïåðâàÿ
÷àñòü çàäàíèÿ ìîæåò áûòü ðàçîáðàíà è ðåøåíà â êëàññå, à
âòîðàÿ ÷àñòü (âàðèàöèè òîãî æå óñëîâèÿ) îñòàâëåíà äëÿ ñà-
ìîñòîÿòåëüíîé ðàáîòû è äîìàøíèõ çàäàíèé.

Ïðåäñòàâëåíû çàäàíèÿ íà ðàçëè÷íåéøèå òåìû: îñíîâíûå
àðèôìåòè÷åñêèå îïåðàöèè, îáûêíîâåííûå è äåñÿòè÷íûå
äðîáè, ðàáîòà ñ âàæíåéøèìè ñòåïåíÿìè. Ìíîãîîáðàçèå
äåéñòâóåò íà ó÷åíèêîâ òîíèçèðóþùå; îäíàêî ñëåäóåò âñåãäà
ïîìíèòü î ëîãèêå ìàòåðèàëà. Êàê ìîæíî áîëüøå ñëåäóåò
ñ÷èòàòü â óìå; ðàáîòàÿ ñ áîëüøèìè ÷èñëàìè, ìîæíî ïåðåõî-
äèòü ê ïèñüìåííûì âû÷èñëåíèÿì. Ìíîãèå çàäàíèÿ äàíû òàêèì
îáðàçîì, ÷òî äîïóñêàþò íåñêîëüêî ðåøåíèé. Ó÷åíèêè íå
äîëæíû â ýòîì ñëó÷àå ïðîñòî àâòîìàòè÷åñêè âû÷èñëÿòü, îíè
äîëæíû èñêàòü ïðîñòåéøåå ðåøåíèå. Íàïðèìåð, â ïðèìåðàõ
ñ äðîáÿìè ìîæíî ñ ñàìîãî íà÷àëà ñîêðàòèòü è áëàãîäàðÿ ýòîìó
çíà÷èòåëüíî óïðîñòèòü ñ÷åò. Â íåêîòîðûõ ãðóïïàõ
ïðåâàëèðóþò ÷èñòî âû÷èñëèòåëüíûå ïðèìåðû. Îíè
ñôîðìóëèðîâàíû òàê, ÷òî íà ïåðâûé ïëàí âûñòóïàåò âîïðîñ
î “êàê” — î ñïîñîáå âû÷èñëåíèÿ. Åñëè ó÷åíèê îñâîèë ýòî “êàê”
íà ìàòåðèàëå ÷èñëîâûõ âûðàæåíèé, òî åìó ëåã÷å áóäåò ðàáî-
òàòü ñ àëãåáðàè÷åñêèìè. Â ýòîì ñìûñëå ÷èñëîâûå ïðèìåðû
ÿâëÿþòñÿ ïîäãîòîâêîé ê àëãåáðå. Áîëüøèíñòâî çàäàíèé íå
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ïðèíàäëåæèò ê îäíîé-åäèíñòâåííîé ãðóïïå, íî âîçíèêàåò çàòåì
â èíîì êîíòåêñòå. Ýòî ñïîñîáñòâóåò âûðàáîòêå ãèáêîñòè.

1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà

1. 2,3a + 4,5b + 7,2c + 4,6a + 2,7b+ 8,1 + 5,6b =

2. 7,8a + 11,6b –5,9c – 7,1b + 11,9c + 3,0a =

3. 21a + 18b + 23c – (15a + 3b + 7c) =

4. 35a + 31b –7c – (19a – 16b – 11c) =

5. 105 – 37 + 26 –18 +31 – 40 =

6. 117 – 95 + 181 – 121 =

7. =++
8
5

4
3

2
1

8.  =++
12
1

3
2

6
5

9. =−−
20
3

4
1

5
4

10.  =−−
20
3

4
1

5
4

11. 2,8a + 9,3b + 4,1c + 1,7a + 5,7b + 8,1c + 3,8a =

12. 17,3a + 12,3b – 15,1c – 8,3a – 6,5b + 20,9c =

13. 66a + 83b + 27c – (35a + 65b + 19c) =

14. 79a + 34b –21c – (32a – 16b – 81c) =

15. 150 – 88 + 37 – 64 + 19 – 26 =

16. 218 – 195 + 343 – 211 =

17. =++
6
5

2
1

3
2

18.  =++
12
7

3
1

4
3

19. =−−
12
1

24
5

8
7

20.  =+−
5
4

30
7

6
5
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22222-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà

1. (a + 5)·(a + 7) =

2. (a + 11)·(a + 15) =

3. (2a + 6)·(3a + 4) =

4. (5a + 7)·(8a + 9) =

5. a2 + 7a + 6 + (a + 8)·(a + 11) =

6. 3a2 + 8a + 4 + (2a + 3)·(5a + 10) =

7. =
⋅⋅
⋅⋅
262735
131821

8.  =
⋅⋅
⋅⋅
333624
223016

9. =⋅





 + 5,0

4
3

2
1

10.  =⋅





 − 2,0

8
5

4
3

11. (a + 9)·(a + 10) = 12.  (a + 17)·(a + 12) =

13. (3a + 4)·(5a + 6) = 14.  (8a + 2)·(3a + 12) =

15. a2 + 10a + 7 + (a + 4)·(a + 13) =

16. 7a2 + 11a + 16 + (3a + 5)·(4a + 9) =

17. =
⋅⋅
⋅⋅
352725
142120

18. =
⋅⋅
⋅⋅
454940
556332

19. =⋅





 + 6,0

4
1

2
3

20.  =⋅





 − 4,0

8
7

4
5

33333-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà

1. (2,3 + 7,9) · 5 = 2.  (3,4 + 1,2) · (4,8 + 9,1) =

3. (4,8 + 5,6 – 2,7) · (1,9 – 0,6) =
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4. 3 + 32 – 33 + 34 = 5.  62 + 92 – 
13

169
=

6. =
⋅⋅
⋅⋅
394528
261542

7.  =+−+ 25,1
4
1

6,0
2
1

8. =⋅





 + 9,02,0

2
1

9. a2 + 3a + 7 + (a + 6)·(a + 9) =

10. (2a + 5)·(3a – 2) =

11. (3,4 + 15,3) · 7 =

12. (5,1 + 3,4)·(4,1 + 2,6) =

13. (9,7 + 4,2 – 3,1)·(2,8 – 1,3) =

14. 4 + 42 + 43 = 15.  52 + 82 – 72 + 
6

122

=

16. =
⋅⋅
⋅⋅
273018
813624

17.  =+−+ 75,1
4
3

7,0
2
3

18. =⋅





 + 2,13,0

2
5

19. 5a2 + 8a + 21+ (2a + 3)·(a + 4) =

20. 17a2 + 81a + 100+ (5a + 8)·(2a – 6) =

44444-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà

1. (22 + 7) · 32 = 2.  (22 + 72) · 3 =

3. (2 + 7)2 · 3 = 4.  (3 · 4 + 5) · 7 =

5. (3 + 4 · 5) · 7 = 6.  (3 + 4 + 5) · 7 =
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7. Âû÷èñëè: 
a

a
2

1+
 äëÿ a = 1, a = 2, a = 3, a = 4

8. Âû÷èñëè: 
2
12

+
+

a
a

 äëÿ a = 1, a = 2, a = 3, a = 4

9. (5a + 3b – 2a + 6b)·(8a + 7b + 3b – 3b) =

10. (2a2 + 7a + 4a2 – 3a)·(5a + 3 – 2a + 4) =

11. (3 + 52) · 4 = 12.  (32 + 52) · 4 =

13. (3 + 5)2 · 4 = 14.  (5 · 6 + 3) · 4 =

15. (5 + 6 · 3) · 4 = 16.  (5 + 6 + 3) · 4 =

17. Âû÷èñëè: 
a

a
2

3+
 äëÿ a = 1, a = 2, a = 3, a = 4.

18. Âû÷èñëè: 
2
22

+
+

a
aa

 äëÿ a = 1, a = 2, a = 3, a = 4.

19. (8a + 9b – 3a – 5b)·(12a + 14b – 9à – 6b) =

20. (7a2 + 14a + 2a2 – 9a)·(18a + 15 – 12a – 8) =

5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà

1. (23 + 5) · 32 = 2.  (2 + 52) · 33 =

3. (2 + 5)3 · 3 = 4.  (3 · 8 + 52) · 4 =

5. (32 + 8 · 5) · 42 = 6.  (32 + 82 + 52) · 4 =

Âû÷èñëè çíà÷åíèå äðîáåé äëÿ a = 1, 2, 3, 4, 5, 10.

7.
a

a
3

2+
    8. 

12
22

+
+

a
a

  9. 
2

)2(
2

2

+a
a

10. 
23
)2(1 2

+
+
a

a
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11.  (4 + 72) · 8 = 12.  (42 + 7) · 82 =

13.  (4 + 7)2 · 8 = 14.  (5 · 9 + 112) · 6 =

15.  (52 + 9·11) · 6 = 16.  (52 + 92 + 112) · 6 =

Âû÷èñëè çíà÷åíèå ÷åòûðåõ óêàçàííûõ äðîáåé äëÿ a = 1,
2, 3, 4, 5, 10.

17.  
a

a
3

42 +
     18. 

12
32

−
+

a
aa

    19. 
3
)3( 2

+a
a

20. 2

2

2
)2(

aa
a
+
+

6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà

1. =
−
+

66
55

2

2

    2. =
−
−

22

22

717
313

   3. =
−
−+

1119

13312
2

22

4. =
+

3

33

5

32

5. Ñîêðàòè:  
39
26

154
44

68
51

105
70

36
24

6. =
⋅
⋅
4036
8125

    7. =
⋅
⋅
2655
1344

    8. =
⋅
⋅
6517
34104

    9. =
⋅
⋅
4533
9960

10. 
5
2

 îò 370 = 11. 
5
4

 îò 1230 = 12. 
4
1

 îò 932 =

13. =
⋅+

9
6,3)6,48,7(

14. =
⋅−

3
3,6)4,23,5(

15. =
+
+

22

22

86

711
 16. =

+
+

22

22

515

1612
 17. =

−
++

22

222

89

532

18. =
−
3

33

6

810
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19. Ñîêðàòè: 
63
84

91
77

121
33

69
92

98
21

20.
3227
4524
⋅
⋅

    21. 
2845
6342
⋅
⋅

    22. 
5426
3927
⋅
⋅

    23. 
5456
2881
⋅
⋅

24.  
5
3

 îò 810 =        25. 
4
3

 îò 780 = 26. 
8
5

 îò 6120 =

27. =
⋅+

7
9,4)1,57,2(

28. =
⋅+

4
2,5)6,58,2(

7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà

1. =
⋅+

3
2,7)5,48,1(

2. =
⋅−

6
6,3)4,16,5(

3. =⋅+⋅+⋅
3
4

5
3
2

7
3
1

4 4.  =⋅−⋅+⋅
5
2

3
5
4

7
5
3

2

5. =++
4
1

6
5

3
2

6.  =++
6
7

10
3

5
2

7. =⋅+⋅+⋅
10
3

9
5
1

2
3
1

4 8.  =⋅−⋅+⋅
4
3

3
3
2

4
2
1

3

9. =





 ++⋅

6
5

3
2

2
1

5 10. =





 −+⋅

14
3

7
2

4
1

7

11. =⋅702
3
2

12. =⋅615
5
3

13. =⋅171
9
4

14. =⋅651
7
2
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15. =
⋅+

9
5,4)7,21,8(

16. =
⋅−

9
3,6)8,12,7(

17. =⋅−⋅+⋅
2
5

4
2
3

9
2
1

7 18. =⋅−⋅+⋅
7
2

6
7
5

11
7
3

4

19. =++
6
5

12
7

8
3

20. =−+
5
2

35
8

7
3

21. =⋅+⋅+⋅
3
2

4
12
11

2
8
7

5 22. =⋅−⋅+⋅
4
3

3
3
2

6
5
2

9

23. =





 ++⋅

14
11

7
1

4
3

7 24. =





 −+⋅

10
3

5
7

4
3

5

25. =⋅864
4
3

26. =⋅246
6
5

27. =⋅945
9
2

28. =⋅504
7
3

88888-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà

1. =⋅+⋅+⋅
18
5

6
12
7

4
15
2

5 2. =⋅−⋅+⋅
21
1

3
35
2

5
28
1

4

3. =++
7
6

5
7
2

4
7
3

1 4. =−+
9
5

6
9
4

10
9
2

7

5. =+
43
aa

    6. =++
10
7

6
5

5
2 aaa

7. =+⋅+⋅
4

7
5

4
2

5
aaa

8. =⋅+
45

3
15
4 aa

9. =
+

+
+

2
54

3
32 baba
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10. =
−

+
+

4
29

5
57 baba

11. =⋅+⋅+⋅
12
7

3
20
9

5
28
3

7

12. =⋅−⋅+⋅
63
2

7
45
4

5
27
2

3 13. =−+
5
3

2
5
2

7
5
1

11

14. =−+
11
8

7
11
3

4
11
10

15 15. =+
65
aa

16. =++
28
3

14
5

7
2 aaa

17. =⋅+⋅+⋅
4

5
5

3
3

2
aaa

18. =⋅+
51

3
17
6 aa

19. =
−

+
+

4
25

3
74 baba

20. =
−

+
+

10
27

8
23 baba

ÏîâòîðåíèåÏîâòîðåíèåÏîâòîðåíèåÏîâòîðåíèåÏîâòîðåíèå
1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà

1. (32 + 8) · 9 = 2. (3 + 8)2 · 9 = 3. (3
+ 8) · 92

4. (5,3 + 2,4)·(7,9 – 4,6) = 5. =
⋅⋅
⋅⋅
182844
152133

6. (7a + 8b + 5a)·(18a – 3b – 11a) =

7. =++
4
3

3
2

2
1

       8. =⋅+⋅
3
4

4
3
2

5        9. =⋅+⋅
4
3

5
7
2

3

10. =+
65
aa

         11. =+
4

3
3

2 aa
    12.

=⋅+⋅
2

7
3

5
aa
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13. =−+
4
1

5
2

75,0

14. =⋅





 + 7

4
1

5,0     15. =⋅





 +

2
3

4,0
4
3

16. =⋅





 + 2,0

3
1

2
1

17. =
+

+
+

3
32

5
54 baba

18. =
−

+
−

2
32

7
45 baba

19. =
⋅+

9
3,15)1,85,4(

20. =
−⋅+

3
)1,24,5()2,67,3(

22222-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà
1. (42 + 7) · 8 = 2. (4 + 7)2 · 8 = 3. (4 + 7) · 82

4. (5,2 + 3,5)·(8,2 – 5,5) = 5. =
⋅⋅
⋅⋅
273555
244266

6. (11a + 9b + 2a)·(17a – 5b – 12b) = 7. =++
2
3

4
3

3
1

8. =⋅+⋅
5
3

7
5
2

6 9. =⋅+⋅
2
7

9
3
5

4 10. =+
43
aa

11. =+
6

5
5

2 aa
      12. =+⋅

7
2

3
4

aa
13. =−+

4
3

5
3

25,1

14. =⋅





 + 9

4
3

5,0 15. =⋅





 +

2
5

4,0
2
1

16. =⋅





 + 3,0

4
1

3
1
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17. =
+

+
+

3
24

5
73 baba

18. =
−

+
−

2
54

7
36 baba

19. =
⋅+

9
2,17)3,66,3(

20. =
−⋅+

7
)4,13,6()7,15,2(
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7. Òèïû çàäàíèé7. Òèïû çàäàíèé7. Òèïû çàäàíèé7. Òèïû çàäàíèé7. Òèïû çàäàíèé
íà àëãåáðàè÷åñêèåíà àëãåáðàè÷åñêèåíà àëãåáðàè÷åñêèåíà àëãåáðàè÷åñêèåíà àëãåáðàè÷åñêèå
ïðåîáðàçîâàíèÿ ñ ïîëîæèòåëü-ïðåîáðàçîâàíèÿ ñ ïîëîæèòåëü-ïðåîáðàçîâàíèÿ ñ ïîëîæèòåëü-ïðåîáðàçîâàíèÿ ñ ïîëîæèòåëü-ïðåîáðàçîâàíèÿ ñ ïîëîæèòåëü-
íûìè è îòðèöàòåëüíûìè ÷èñëà-íûìè è îòðèöàòåëüíûìè ÷èñëà-íûìè è îòðèöàòåëüíûìè ÷èñëà-íûìè è îòðèöàòåëüíûìè ÷èñëà-íûìè è îòðèöàòåëüíûìè ÷èñëà-
ìèìèìèìèìè

Åñëè â ïðåäûäóùåé ãëàâå öàðèëî ìíîãîîáðàçèå çàäàíèé,
òî òåïåðü ìû ñêîíöåíòðèðóåìñÿ íà îïðåäåëåííîì èõ òèïå.
Ïîñëå ðàññìîòðåíèé, ïðîâåäåííûõ â ãëàâàõ 3—5, êîãäà ìû
ïðîÿñíèëè ïðîáëåìû, ñâÿçàííûå ñ ïîëîæèòåëüíûìè è îòðè-
öàòåëüíûìè ÷èñëàìè, âñå ïîäãîòîâëåíî äëÿ ðåøåíèÿ
ìíîæåñòâà çàäà÷. ×òîáû îáëåã÷èòü îðèåíòèðîâêó, ãëàâà ðàç-
áèòà íà íåáîëüøèå ðàçäåëû. Â êàæäîì ðàçäåëå ñíà÷àëà ðà-
çîáðàíî íåêîòîðîå êîëè÷åñòâî çàäà÷, à çàòåì äàíû ïðèìåðû
íà çàêðåïëåíèå.

Îñíîâíûå òåìû — ðàñêðûòèå ñêîáîê è ðàçëîæåíèå íà
ìíîæèòåëè. Îáðàùåíî âíèìàíèå íà òî, ÷òîáû áûëè ïðåäñòàâ-
ëåíû è åñòåñòâåííî ÷åðåäîâàëèñü ïðîòèâîïîëîæíûå òèïû
àðèôìåòè÷åñêèõ îïåðàöèé; òàêàÿ ñìåíà îñîáî óêðåïëÿåò
ãèáêîñòü è ïîäâèæíîñòü ìûøëåíèÿ. Â ãðóïïàõ ñîáðàíû òàêèå
çàäàíèÿ, êîòîðûå ïîäõîäÿò è äëÿ ãëàâíîãî óðîêà. Îäíàêî íå
ïîäðàçóìåâàåòñÿ, ÷òî âñå ó÷åíèêè äîëæíû ðåøèòü âñå
ïðèìåðû. Êîíå÷íî, ñëîæíîñòü áîëüøèíñòâà çàäàíèé êîëåá-
ëåòñÿ â ïðåäåëàõ îò ëåãêîãî äî ñðåäíåãî óðîâíÿ; ýòèì
ìàòåðèàëîì äîëæíû îâëàäåòü âñå áåç èñêëþ÷åíèÿ. Îäíàêî
åñòü è òàêèå ó÷åíèêè, êîòîðûå áûñòðî ñïðàâëÿþòñÿ ñ îñíîâ-
íûì ìàòåðèàëîì è õîòÿò äâèãàòüñÿ äàëüøå. Äëÿ íèõ ïðèâå-
äåíû ïðèìåðû ïîâûøåííîé ñëîæíîñòè. Êàæäûé äîëæåí èìåòü
âîçìîæíîñòü ïðîäâèíóòüñÿ íàñòîëüêî äàëåêî, íàñêîëüêî
ìîæåò. Ýòîò ïðèíöèï îñîáåííî êàñàåòñÿ ðàçäåëà,
ïîñâÿùåííîãî ñîêðàùåíèþ àëãåáðàè÷åñêèõ äðîáåé è àëãåá-
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ðàè÷åñêîìó äåëåíèþ. Ïðè ñîêðàùåíèè äðîáåé ó ó÷åíèêîâ
âûðàáàòûâàåòñÿ àíàëèòè÷åñêèé òèï ìûøëåíèÿ: êàêèå îáùèå
ñîìíîæèòåëè âõîäÿò è â ÷èñëèòåëü, è â çíàìåíàòåëü?
Íàõîæäåíèå ýòèõ îáùèõ ñîìíîæèòåëåé òðåáóåò îñîáîé èçâî-
ðîòëèâîñòè; ïîòîìó-òî ýòîò ðàçäåë è òðåáóåò îñîáåííî áîëü-
øîãî êîëè÷åñòâà óïðàæíåíèé. Íåêîòîðûå èç íèõ ìîãóò áûòü
ðåøåíû òîëüêî â 9-ì êëàññå. Ïðè äåëåíèè ñóììû íà ñóììó
âñå ìàòåìàòè÷åñêèå îïåðàöèè âçàèìîäåéñòâóþò äðóã ñ äðó-
ãîì. Çäåñü òðåáóåòñÿ íàâûê ðàçëîæåíèÿ è “âû÷èñëèòåëüíîãî
ïëàíèðîâàíèÿ”.

Óìíîæåíèå ñêîáêè íà åäèíñòâåííûéÓìíîæåíèå ñêîáêè íà åäèíñòâåííûéÓìíîæåíèå ñêîáêè íà åäèíñòâåííûéÓìíîæåíèå ñêîáêè íà åäèíñòâåííûéÓìíîæåíèå ñêîáêè íà åäèíñòâåííûé
ìíîæèòåëü è âûíåñåíèå îäíîãîìíîæèòåëü è âûíåñåíèå îäíîãîìíîæèòåëü è âûíåñåíèå îäíîãîìíîæèòåëü è âûíåñåíèå îäíîãîìíîæèòåëü è âûíåñåíèå îäíîãî
ìíîæèòåëÿ èç ñóììû è ðàçíîñòèìíîæèòåëÿ èç ñóììû è ðàçíîñòèìíîæèòåëÿ èç ñóììû è ðàçíîñòèìíîæèòåëÿ èç ñóììû è ðàçíîñòèìíîæèòåëÿ èç ñóììû è ðàçíîñòè

Â îáîèõ òèïàõ çàäà÷ ñëåäóåò óïðàæíÿòü ïîïåðåìåííî.
Îäèí àïåëëèðóåò áîëüøå ê àíàëèòè÷åñêîé, äðóãîé — ê ñèí-
òåòè÷åñêîé ñòîðîíå ìûøëåíèÿ.

1. Óìíîæåíèå ñêîáêè íà åäèíñòâåííûé ñîìíîæèòåëü.
7 · (3x – 2 + 5y)=21x – 14 + 35y
11x · (8x – 9y)=88x2 – 99xy
5ab · (4a + 3b – 1)=20a2b + 15ab2 – 5ab
(–4) · (3a – 7b – 1)= –12a + 28b + 4

2. Âûíåñåíèå çà ñêîáêè îäíîãî îáùåãî ìíîæèòåëÿ.
10x – 15 + 25y=5 · (2x – 3 + 5y)
26x2 – 39xy=13x · (2x – 3y)
21a2b + 15ab2 – 3ab=3ab · (7a + 5b – 1)

Âûíåñåíèå çà ñêîáêè îòðèöàòåëüíîãî îáùåãî ìíîæèòåëÿ.
–21a – 35b + 28=(–7) · (3a + 5b – 4)
–22x2 + 10xy=(–2x) · (11x – 5y)
10a2b – 20ab2 – 15ab=(–5ab) · (–2a + 4b + 3)

Ïðèìåðû íà ñòåïåíè.
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3a3 · (5a + 2a2 + 4a3)=15a4 + 6a5 + 12a6

4x2 + 8x3 + 20x5=4x2 · (1 + 2x + 5x3)
Ïðàâèëî óìíîæåíèÿ ñòåïåíåé ñ îáùèì îñíîâàíèåì ìîæ-

íî âûðàçèòü ôîðìóëîé:

am · an=am+n

Îíà î÷åâèäíûì îáðàçîì ñëåäóåò èç ïîíÿòèÿ ñòåïåíè. Â
êà÷åñòâå ïîêàçàòåëÿ ìîæåò âûñòóïàòü è 1: a1 = a (ñìîòðè
Ïðèëîæåíèå ê ãëàâå 5).

Ïðèìåðû: a2·a3=a5 a4·a =a4·a1=a5

a6·a9·a1=a16 a8= a1·a7 a8= a2·a6

a8= a3·a5 a8= a4·a4

Çàäà÷è íà âûíåñåíèå çà ñêîáêèÇàäà÷è íà âûíåñåíèå çà ñêîáêèÇàäà÷è íà âûíåñåíèå çà ñêîáêèÇàäà÷è íà âûíåñåíèå çà ñêîáêèÇàäà÷è íà âûíåñåíèå çà ñêîáêè
(ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî(ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî(ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî(ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî(ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî
ìíîæèòåëÿ) è ðàñêðûòèå ñêîáîêìíîæèòåëÿ) è ðàñêðûòèå ñêîáîêìíîæèòåëÿ) è ðàñêðûòèå ñêîáîêìíîæèòåëÿ) è ðàñêðûòèå ñêîáîêìíîæèòåëÿ) è ðàñêðûòèå ñêîáîê

1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà

Ðàñêðûòü ñêîáêè: Âûíåñè çà ñêîáêè:

1. 6 · (2x – 1 + 5y) = 4. 22x – 11 + 33y =
2. 13 · (3a – 7b + 1) = 5. 36a – 27b + 9 =
3. 15 · (1 + 2m – 3n) = 6. 7+ 42m –35n =

7. 5x · (2y + 7x) = 10. 21xy + 35 x2 =
8. 8a · (3a – 4b) = 11. 18a2 – 45ab =
9. 7z · (11z + 3x) = 12. 44z2 + 55xz =

13.5a · (4 + 7a – 9a2) = 16. 45a – 18a2 + 27a3 =
14.7x · (5 + 3x2 – 11x3) = 17. 20x – 30x2 + 50x4 =
15.9m2 · (6 + 7m – 18m2) = 18. 17m + 34m2 – 51m5 =

19. 3ab · (5a + 4b + 7) = 22. 14a2b + 21ab2 + 35ab =
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20. 5xy · (2x + 8y + 5) = 23. 6x2y – 10xy2 + 14xy =
21. 6mn · (3m – 7n – 11) = 24. 55m2n + 33mn2 – 88mn

=
Ðàñêðîé ñêîáêè: Âûíåñè çà ñêîáêè:

25.(–5) · (3x – 2 +6y) = 28. 21x – 28 – 42y =
26.(–12) · (5a + 2b –1) = 29. –15a – 25b + 30 =
27.(–13) · (1 – 4m + 5n) = 30. –9 + 27m – 36n =

31.(–4x) · (3x – 5y) = 34. –24xy + 32x2 =
32.(–7a) · (–4a + 3b) = 35. –26a2 + 39ab =
33.(–3z) · (–5z – 6x) = 36. –12z2 – 48z =

37.(–6a) · (2 – 8a – 4a2) = 40. 16a – 24a2 – 40a3 =
38.(–15x) · (–3x3 – 4x2 + 6) = 41. –90x2 – 50x +30x3 =
39.(–11m2) · (–7 +3m –4m2) = 42. –19m5 + 38m3 – 57m =

Ðàñêðûòèå ñêîáîê, ïðèâîäÿùååÐàñêðûòèå ñêîáîê, ïðèâîäÿùååÐàñêðûòèå ñêîáîê, ïðèâîäÿùååÐàñêðûòèå ñêîáîê, ïðèâîäÿùååÐàñêðûòèå ñêîáîê, ïðèâîäÿùåå
ê òðåõ÷ëåíó è îáðàòíîåê òðåõ÷ëåíó è îáðàòíîåê òðåõ÷ëåíó è îáðàòíîåê òðåõ÷ëåíó è îáðàòíîåê òðåõ÷ëåíó è îáðàòíîå
ïðåîáðàçîâàíèå òðåõ÷ëåíà âïðåîáðàçîâàíèå òðåõ÷ëåíà âïðåîáðàçîâàíèå òðåõ÷ëåíà âïðåîáðàçîâàíèå òðåõ÷ëåíà âïðåîáðàçîâàíèå òðåõ÷ëåíà â
ïðîèçâåäåíèå äâóõ ñêîáîêïðîèçâåäåíèå äâóõ ñêîáîêïðîèçâåäåíèå äâóõ ñêîáîêïðîèçâåäåíèå äâóõ ñêîáîêïðîèçâåäåíèå äâóõ ñêîáîê

Ïîñëå òîãî êàê â ãëàâå 5 ìû ðàññìîòðåëè ïðàâèëî çíàêîâ,
ìû ìîæåì ïåðåéòè ê ðàáîòå ñ òðåõ÷ëåíàìè âèäà

a2 – 8a + 15
a2 + 3a – 10
a2 – 3a – 18 è ðàçëîæèòü èõ íà ïðîèçâåäåíèå

äâóõ ñêîáîê.
Â êà÷åñòâå 1-ãî ñëó÷àÿ ðàññìîòðèì ïðèìåð ñ îäíèìè

ïëþñàìè:

a2 + 7a + 12 = (a + 3)(a + 4).

Îáà ÷èñëà â ñêîáêàõ äîëæíû ïðè ïåðåìíîæåíèè äàòü 12,
à ïðè ñëîæåíèè 7.

2-é ñëó÷àé: êàê âûãëÿäÿò ïðèìåðû, â êîòîðûõ ÷èñëà â îáåèõ
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ñêîáêàõ âû÷èòàþòñÿ?

(a – 5)(a – 6) = a2 – 6a – 5a + 30 = a2 – 11a + 30
(a – 4)(a – 7) = a2 – 7a – 4a + 28 = a2 – 11a + 28
(a – 3)(a – 1) = a2 – a – 3a + 3 = a2 – 4a + 3
Îáùåå âî âñåõ òðåõ ïðèìåðàõ: ìíîæèòåëü ïðè a îòðèöàòå-

ëåí, ñâîáîäíûé ÷ëåí ïîëîæèòåëåí. Íà àëãåáðàè÷åñêîì ÿçûêå:

(a – p)(a – q) = a2 – pa – qa + pq = a2 – (p + q)a + pq

Îáðàòíàÿ çàäà÷à:

a2 – 8a + 15 = (a – ?)(a – ?)

Íàäî íàéòè äâà ÷èñëà, ñóììà êîòîðûõ äàåò –8, à ïðîèçâå-
äåíèå +15: ýòî –3 è –5.

a2 – 8a + 15 = (a – 3)(a – 5)
a2 – 9a + 14 = (a – ?)(a – ?)

Ïðîèçâåäåíèå êàêèõ äâóõ ÷èñåë ðàâíî +14, à ñóììà –9?
Ýòî ÷èñëà –2 è –7.

a2 – 9a + 14 = (a – 2)(a – 7)
a2 – 11a + 24 = (a – ?)(a – ?)
a2 – 11a + 24 = (a – 3)(a – 8)

3-é è 4-é ñëó÷àé: îäíà ñêîáêà — ñóììà, äðóãàÿ — ðàç-
íîñòü.

3-é ñëó÷àé:

(a + 5)(a – 3) = a2 – 3a + 5a – 15 = a2 + 2a – 15
(a + 9)(a – 5) = a2 – 5a + 9a – 45 = a2 + 4a – 45
(a + 11)(a – 1) = a2 – 1a + 11a – 11 = a2 + 10a – 11
(a – 2)(a + 9) = a2 + 9a – 2a – 18 = a2 + 7a – 18
(a – 10)(a + 11) = a2 + 11a – 10a – 110 = a2 + a – 110

4-é ñëó÷àé:

(a + 3)(a – 8) = a2 – 8a + 3a – 24 = a2 – 5a – 24
(a + 7)(a – 10) = a2 – 10a + 7a – 70 = a2 – 3a – 70
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(a + 6)(a – 7) = a2 – 7a + 6a – 42 = a2 – a – 42
(a – 8)(a + 1) = a2 + a – 8a – 8 = a2 – 7a – 8
(a – 9)(a + 8) = a2 + 8a – 9a – 72 = a2 – a – 72

Â òðåòüåì ïðèìåðå ñêëàäûâàåòñÿ áîëüøåå, à âû÷èòà-
åòñÿ ìåíüøåå ÷èñëî: êîýôôèöèåíò ïðè a ïîëîæèòåëüíûé.

Â ÷åòâåðòîì ïðèìåðå áîëüøåå ÷èñëî âû÷èòàåòñÿ, à
ìåíüøåå ñêëàäûâàåòñÿ: êîýôôèöèåíò ïðè a
îòðèöàòåëüíûé.

Â îáîèõ ïðèìåðàõ ñâîáîäíûé ÷ëåí îòðèöàòåëüíûé.

Îáðàòíûå çàäà÷è:
3-é ñëó÷àé:

a2 + 4a – 12 = (a + 6)(a – 2)
a2 + 5a – 24 = (a + 8)(a – 3)
a2 + 4a – 5 = (a – 1)(a + 5)
a2 + a – 42 = (a – 6)(a + 7)

4-é ñëó÷àé:
a2 – 5a – 14 = (a – 7)(a + 2)4
a2 – 6a – 27 = (a – 9)(a + 3)
a2 – 5a – 6 = (a + 1)(a – 6)
a2 – a – 20 = (a + 4)(a – 5)

Âñå 4 ñëó÷àÿ:
1-é ñëó÷àé: a2 + ma + n = (a + p)(a + q) n ïîëîæèòåëüíî: â

ñêîáêàõ
2-é ñëó÷àé: a2 – ma + n = (a – p)(a – q) îäèíàêîâûå çíàêè
3-é ñëó÷àé: a2 + ma – n = (a + g)(a – k) n îòðèöàòåëüíî:

â ñêîáêàõ
4-é ñëó÷àé: a2 – ma – n = (a + k)(a – g) ðàçëè÷íûå çíàêè

g — çäåñü áîëüøåå ÷èñëî.
k — çäåñü ìåíüøåå ÷èñëî.

Ïðàâèëà: Åñëè n ïîëîæèòåëüíî, òî â îáåèõ ñêîáêàõ îäè-
íàêîâûå çíàêè; çíàê “+”, åñëè m ïîëîæèòåëüíî, çíàê “–”, åñëè
m îòðèöàòåëüíî.
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Åñëè n îòðèöàòåëüíî, òî â îáåèõ ñêîáêàõ ðàçíûå çíàêè;
åñëè m ïîëîæèòåëüíî, çíàê “+” îêàçûâàåòñÿ ïðè áîëüøåì
÷èñëå, åñëè m îòðèöàòåëüíî, çíàê “–” îêàçûâàåòñÿ ïðè ìåíü-
øåì ÷èñëå.

Ñïåöèàëüíûå ñëó÷àè:Ñïåöèàëüíûå ñëó÷àè:Ñïåöèàëüíûå ñëó÷àè:Ñïåöèàëüíûå ñëó÷àè:Ñïåöèàëüíûå ñëó÷àè:
òðè áèíîìèíàëüíûõ ôîðìóëûòðè áèíîìèíàëüíûõ ôîðìóëûòðè áèíîìèíàëüíûõ ôîðìóëûòðè áèíîìèíàëüíûõ ôîðìóëûòðè áèíîìèíàëüíûõ ôîðìóëû

Åñëè â ñêîáêàõ ñòîÿò äâà îäèíàêîâûõ ÷èñëà, òî äâà ïåð-
âûõ ñëó÷àÿ ïðåâðàùàþòñÿ â äâå ïåðâûå áèíîìèíàëüíûå
ôîðìóëû:

(p = q = b)

1-ÿ áèíîìèíàëüíàÿ ôîðìóëà:
(a + b)(a + b) = a2 + ab + ba + b2

           (a + b)2 = a2 + 2ab + b2

2-ÿ áèíîìèíàëüíàÿ ôîðìóëà:

(a – b)(a – b) = a2 – ab – ba + b2

          (a – b)2 = a2 – 2ab + b2

Èç 3-ãî è 4-ãî ñëó÷àåâ âîçíèêàåò
3-ÿ áèíîìèíàëüíàÿ ôîðìóëà, åñëè g = k = b:

(a + b)(a – b) = a2 – ab + àb – b2

(a + b)(a – b) = a2 – b2

Íå òîëüêî ïåðâàÿ, íî è âòîðàÿ è òðåòüÿ áèíîìèíàëüíàÿ
ôîðìóëà ÷àñòî èñïîëüçóþòñÿ ïðè âû÷èñëåíèÿõ:

252 = (30 – 5)2 = 900 – 300 + 25 = 625
262 = (30 – 4)2 = 900 – 240 + 16 = 676
272 = (30 – 3)2 = 900 – 180 + 9 = 729
282 = (30 – 2)2 = 900 – 120 + 4 = 784
292 = (30 – 1)2 = 900 – 60 + 1 = 841

Òî æå ñàìîå, òîëüêî âû÷èñëåííîå ñ ïîìîùüþ ïåðâîé ôîð-
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ìóëû:

252 = (20 + 5)2 = 400 + 200 + 25 = 6254
262 = (20 + 6)2 = 400 + 240 + 36 = 676
272 = (20 + 7)2 = 400 + 280 + 49 = 729
282 = (20 + 8)2 = 400 + 320 + 64 = 784
292 = (20 + 9)2 = 400 + 360 + 81 = 841
Åñëè íóæíî âû÷èñëèòü êâàäðàò äâóçíà÷íîãî ÷èñëà, åäè-

íèöû êîòîðîãî áîëüøå ÷åì 5, òî óìåñòíî èñïîëüçîâàòü âòî-
ðóþ áèíîìèíàëüíóþ ôîðìóëó:

362 = (40 – 4)2 = 1600 – 320 + 16 = 1296
472 = (50 – 3)2 = 2500 – 300 + 9 = 2209
582 = (60 – 2)2 = 3600 – 240 + 4 = 3364
692 = (70 – 1)2 = 4900 – 140 + 1 = 4761

Òðåòüÿ áèíîìèíàëüíàÿ ôîðìóëà òàêæå íàõîäèò ñâîå ïðè-
ìåíåíèå ïðè âû÷èñëåíèÿõ:

21 · 19 = (20 + 1)(20 – 1) = 400 – 1 = 399
22 · 18 = (20 + 2)(20 – 2) = 400 – 4 = 396
23 · 17 = (20 + 3)(20 – 3) = 400 – 9 = 391

Åñëè êâàäðàòû ÷èñåë äî 322 = 1024 âêëþ÷èòåëüíî âûó÷å-
íû íàèçóñòü, òðåòüþ áèíîìèíàëüíóþ ôîðìóëó ìîæíî ïðèìå-
íÿòü äëÿ âû÷èñëåíèÿ î÷åíü ìíîãèõ ïðîèçâåäåíèé:

24 · 26 = (25 – 1)(25 + 1) = 625 – 1 = 624
21 · 27 = (24 – 3)(24 + 3) = 576 – 9 = 567
17 · 27 = (22 – 5)(22 + 5) = 484 – 25 = 459

2-ÿ ãðóïïà2-ÿ ãðóïïà2-ÿ ãðóïïà2-ÿ ãðóïïà2-ÿ ãðóïïà
Â îáåèõ ñêîáêàõ îäèíàêîâûå çíàêè (ñëó÷àé 1 è 2)

Ðàñêðîé ñêîáêè Ïðåâðàòè òðåõ÷ëåí
â ïðîèçâåäåíèå

1. (x + 3)(x + 8) = 9. x2 + 7x + 10 =
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2.  (x + 11)(x + 4) = 10. x2 + 7x + 12 =
3. (x + 12)(x + 6) = 11. x2 + 8x + 15 =
4. (x + 9)(x + 14) = 12. x2 + 10x + 24 =
5. (x + 15)(x + 16) = 13. x2 + 11x + 24 =
6. (x + 20)(x + 22) = 14. x2 + 14x + 24 =
7. (x + 30)(x + 25) = 15. x2 + 13x + 12 =
8. (x + 35)(x + 40) = 16. x2 + 21x + 20 =
17. (x – 8)(x – 5) = 26. x2 – 10x + 21 =
18. (x – 9)(x – 1) = 27. x2 – 9x + 20 =
19. (x – 11)(x – 9) = 28. x2 – 12x + 27 =
20. (x – 14)(x – 5) = 29. x2 – 13x + 40 =
21. (x – 15)(x – 6) = 30. x2 – 12x + 35 =
22. (x – 19)(x – 2) = 31. x2 – 14x + 33 =
23. (x – 15)(x – 20) = 32. x2 – 15x + 26 =
24. (x – 17)(x – 3) = 33. x2 – 18x + 45 =
25. (x – 18)(x – 6) = 34. x2 – 18x + 17 =

35. (x + 2y)(x + 5y) = 43. x2 + 8xy + 15y2 =
36. (x + 11y)(x + 3y) = 44. x2 + 15xy + 56y2 =
37. (x + 9y)(x + 6y) = 45. x2 + 17xy + 52y2 =
38. (x + 15y)(x + y) = 46. x2 + 11xy + 10y2 =
39. (x – 4y)(x – 7y) = 47. x2 – 9xy + 18y2 =
40. (x – 8y)(x – 9y) = 48. x2 – 11xy + 28y2 =
41. (x – 12y)(x – 4y) = 49. x2 – 17xy + 42y2 =
42. (x – 18y)(x – y) = 50. x2 – 21xy + 20y2 =

33333-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà

Â ñêîáêàõ ðàçëè÷íûå çíàêè (ñëó÷àè 3 è 4)

Ðàñêðîé ñêîáêè Ïðåâðàòè òðåõ÷ëåí
â ïðîèçâåäåíèå

1. (x – 5)(x + 8) = 7. x2 + 5x – 24 =
2.  (x + 10)(x – 2) = 8. x2 + 7x – 18 =
3. (x – 11)(x + 20) = 9. x2 + 4x – 60 =
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4. (x + 15)(x – 8) = 10. x2 + 6x – 55 =
5. (x + 12)(x – 11) = 11. x2 + 5x – 84 =
6. (x + 14)(x – 7) = 12. x2 + 12x – 160 =

13. (x – 10)(x + 3) = 19. x2 – 6x – 40 =
14. (x + 2)(x – 12) = 20. x2 – 6x – 16 =
15. (x + 3)(x – 9) = 21. x2 – 9x – 22 =
16. (x – 11)(x + 4) = 22. x2 – 12x – 13 =
17. (x – 15)(x + 3) = 23. x2 – 100x – 101 =
18. (x + 9)(x – 14) = 24. x2 – x – 30 =

25. (x + 18)(x – 4) = 28. x2 + 11x – 12 =
26. (x – 17)(x + 3) = 29. x2 – 16x – 36 =
27. (x – 6)(x + 12) = 30. x2 – 7x – 120 =

31. (x + 6y)(x – 2y) = 39. x2 + 7xy – 18y2 =
32. (x – 5y)(x + 6y) = 40. x2 + xy – 12y2 =
33. (x + 12y)(x – 10y) = 41. x2 + 10xy – 75y2 =
34. (x + 13y)(x – y) = 42. x2 + 20xy – 21y2 =
35. (x + 7y)(x – 5y) = 43. x2 – 4xy – 12y2 =
36. (x – 8y)(x + 7y) = 44. x2 – xy – 72y2 =
37. (x – 15y)(x + 10y) = 45. x2 – 10xy – 200y2 =
38. (x – 11y)(x + y) = 46. x2 – 8xy – 9y2 =

4-ÿ ãðóïïà4-ÿ ãðóïïà4-ÿ ãðóïïà4-ÿ ãðóïïà4-ÿ ãðóïïà
Íà âñå 4 ñëó÷àÿ

Ðàñêðîé ñêîáêè Ïðåâðàòè òðåõ÷ëåí
â ïðîèçâåäåíèå

1. (a + 7)(a + 3) = 4. a2 + 7a + 12 =
2. (a + 11)(a + 2) = 5. a2 + 15a + 50 =
3. (x + 4)(x + 1) = 6. x2 + 9x + 8 =

7. (x – 4)(x – 6) = 10. x2 – 8x + 15 =
8. (x – 7)(x – 4) = 11. x2 – 12x + 20 =
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9. (a – 1)(a – 11) = 12. 12. x2 – 10x + 9 =

13. (a – 5)(a + 6) = 16. a2 + 5a – 14 =
14. (a – 9)(a + 10) = 17. a2 + a – 42 =
15. (a – 5)(a + 9) = 18. a2 + 4a – 45 =

19. (a – 12)(a + 3) = 22. a2 – 5a – 36 =
20. (x – 15)(x + 9) = 23. x2 – 13x – 30 =
21. (x – 7)(x + 6) = 24. x2 – 8x – 33 =
25. (x + 3y)(x – 5y) = 28. x2 – 3xy – 28y2 =
26. (a + 6b)(a + 13b) = 29. a2 + 18ab + 65b2 =
27. (a – 5b)(a – 17b) = 30. a2 – 20ab + 91b2 =

31. (x – 4y)(x + 9y) = 34. x2 + 14xy – 51y2 =
32. (a + 11b)(a – 10b) = 35. a2 + ab – 240b2 =
33. (x – 12y)(x + 3y) = 36. x2 – 13xy – 30y2 =

37. (a – 13b)(a – 6b) = 40. a2 – 22ab + 120b2 =
38. (x – 7y)(x + 14y) = 41. x2 + 6xy – 72y2 =
39. (a – 11b)(a + b) = 42. a2 – 9ab – 10b2 =

5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà
Çàäà÷è íà ïðèìåíåíèå áèíîìèíàëüíûõ ôîðìóë:

1. (2 + 5b)2 = 4. 16 + 24b + 9b2 =
2. (3a + 7)2 = 5. 9a2 + 30a + 25 =
3. (5x + 11)2 = 6. 49x2 + 168x + 144 =

7. (4 – 9b)2 = 10. 36 – 84b + 49b2 =
8. (8a – 3)2 = 11. 121a2 – 66a + 9 =
9. (14x – 13)2 = 12. 225x2 – 480x + 256 =

13. (2x + 3y)2 = 16. 9x2 + 30xy + 25y2 =
14. (5u + 7v)2 = 17. 36u2 + 24uv + 4v2 =
15. (8m + 9n)2 = 18. 49m2 + 56mn+ 16n2 =

19. (6a – 11b)2 = 22. 25a2 – 100ab + 100b2 =
20. (a – 15b)2 = 23. a2 – 24ab + 144b2 =
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21. (10a – 12b)2 = 24. 400a2 – 360ab + 81b2 =

25. (9a + 1)(9a – 1) = 28. 25b2 – 1 =
26. (4a – 5b)(94a + 5b) = 29. 49a2 – 36b2 =
27. (11x – 2y)(11x + 2y) = 30. 169x2 – 16y2 =

Äîïîëíè äî áèíîìèíàëüíûõ ôîðìóë:

31. (...)2 = 4a2 +...+ 9b2

32. (5x +...)2 = ...+...+ 64y2

33. (...–...)2 = 121a2 – 44ab+...
34. (5a – ...)(5a + ...) =...– 49b2

35. (... – 9y)(... + ...) =100x2 – ...
36. (... + ...)(... – 1) = a2 – ...
37.  (... – 5y)2 =...– 90xy + ...
38. (... ...)2 =...– 24xy + 144y2

39. (... ...)2 = 36a2 – ... + 121b2

40. (a + ...)(... – ...) = ... – b2

41. (... + y)(... – ...) = x4 – ...
42. (9a2 + ...)(... – ...) = ... – 25b4 .

6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà

Òðåõ÷ëåíû è áèíîìèíàëüíûå ôîðìóëû âïåðåìåæêó: ïðå-
âðàòè â ïðîèçâåäåíèå äâóõ ñêîáîê:

1. x2 + 11x + 28 = 4. x2 + 18x + 65 =
2. x2 + 12x + 27 = 5. x2 + 12x + 36 =
3. x2 + 15x + 36 = 6. x2 + 10x + 16 =

7. x2 + 12x + 11 = 10. x2 + 25x + 100 =
8. x2 + 8x + 16 = 11. x2 – 11x + 30 =
9. x2 + 14x + 49 = 12. x2 – 18x + 81 =

13. x2 – 9x + 14 = 16. x2 + 5x – 36 =
14. x2 – 24x + 144 = 17. x2 + 12x – 64 =
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15. x2 – 29x + 100 = 18. x2 + 2x – 15 =

19. x2 + x – 20 = 22. x2 – 64 =
20. x2 – 144 = 23. x2 – 4x – 45 =
21. x2 + x – 110 = 24. x2 – 4x – 21 =

25. x2 – 8x – 33 = 28. x2 – 36 =
26. x2 – 32x – 144 = 29. x2 – 16x – 36 =
27. x2 – 12x – 64 = 30. x2 – 100 =
31. x2 + 9xy + 18y2 = 34. x2 – 13xy + 42y2 =
32. x2 + 26xy + 169y2 = 35. x2 – 22xy + 121y2 =
33. 4x2 + 20xy + 25y2 = 36. 9x2 – 24xy + 16y2 =

37. x2 + 3xy – 18y2 = 40. x2 – 9xy – 22y2 =
38. x2 – 225y2 = 41. 9x2 – 100y2 =
39. 4x2 – 49y2 = 42. x2 – xy – 110y2 =

Ñêîáêè, ðàñêðûòèå êîòîðûõ ïðèâîäèòÑêîáêè, ðàñêðûòèå êîòîðûõ ïðèâîäèòÑêîáêè, ðàñêðûòèå êîòîðûõ ïðèâîäèòÑêîáêè, ðàñêðûòèå êîòîðûõ ïðèâîäèòÑêîáêè, ðàñêðûòèå êîòîðûõ ïðèâîäèò
ê ñóììå ÷åòûðåõ îäíî÷ëåíîâ,ê ñóììå ÷åòûðåõ îäíî÷ëåíîâ,ê ñóììå ÷åòûðåõ îäíî÷ëåíîâ,ê ñóììå ÷åòûðåõ îäíî÷ëåíîâ,ê ñóììå ÷åòûðåõ îäíî÷ëåíîâ,
è îáðàùåíèå ñóììû îäíî÷ëåíîâè îáðàùåíèå ñóììû îäíî÷ëåíîâè îáðàùåíèå ñóììû îäíî÷ëåíîâè îáðàùåíèå ñóììû îäíî÷ëåíîâè îáðàùåíèå ñóììû îäíî÷ëåíîâ
â ïðîèçâåäåíèå äâóõ ñêîáîêâ ïðîèçâåäåíèå äâóõ ñêîáîêâ ïðîèçâåäåíèå äâóõ ñêîáîêâ ïðîèçâåäåíèå äâóõ ñêîáîêâ ïðîèçâåäåíèå äâóõ ñêîáîê

Â ãëàâå 2 ìû ðàññìàòðèâàëè òàêèå çàäàíèÿ òîëüêî ñ ïîëî-
æèòåëüíûìè ÷èñëàìè, íàïðèìåð:

(3a + 4b) · (6a + 7) = 18a2 + 21a + 24ab + 28b.

Êàê ìîæíî ïðîäåëàòü îáðàòíîå ïðåîáðàçîâàíèå â ïðîèç-
âåäåíèå äâóõ ñêîáîê?

1-é ïóòü:

18a2 + 21a + 24ab + 28b = 3a(6a + 7) + 4b(6a + 7).

Èç äâóõ ïåðâûõ ñëàãàåìûõ ìû ìîæåì âûíåñòè çà ñêîáêè
3a, èç äâóõ äðóãèõ 4b. Â îáåèõ ñêîáêàõ ñòîèò îäíà è òà æå
ñóììà 6a + 7. Ýòó ñêîáêó ìû è ìîæåì âûíåñòè çà ñêîáêè:
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3a(6a + 7) + 4b(6a + 7) = (6a + 7) · (3a + 4b).

Ñêîáêè ïîìåíÿëèñü ìåñòàìè ïðîòèâ ïåðâîíà÷àëüíîãî èõ
ïîëîæåíèÿ; íî ýòî, ðàçóìååòñÿ, èõ ïðàâî.

2-é ïóòü:
Èç ïåðâîãî è òðåòüåãî ñëàãàåìîãî âûíîñèì çà ñêîáêè

6a, èç âòîðîãî è ÷åòâåðòîãî 7.

18a2 + 21a + 24ab + 28b = 6a · (3a + 4b) + 7 · (3a + 4b).
Äàëåå:

6a · (3a + 4b) + 7 · (3a + 4b) = (3a + 4b) · (6a + 7).
Òåïåðü ñêîáêè ñíîâà â ïðåæíåì ïîðÿäêå.
Íè÷åãî ïî ñóòè íå ìåíÿåòñÿ, åñëè â ñêîáêàõ îêàçûâàþòñÿ

ðàçíîñòè. Ïóòè ðåøåíèÿ òå æå.

1-é ïðèìåð íà ðàçíîñòè:
Ðàñêðûâàåì ñêîáêè:

(a + 2b) · (a – 3) = a2 – 3a + 2ab – 6b.
Âûíîñèì çà ñêîáêè:

a2 – 3a + 2ab – 6b = a · (a – 3) + 2b · (a – 3) =
       = (a – 3) · (a + 2b).

Èëè:
a2 – 3a + 2ab – 6b = a · (a + 2b) – 3· (a + 2b).

Åñëè èç âòîðîãî è ÷åòâåðòîãî ñëàãàåìîãî ìû âûíåñåì çà
ñêîáêè –3, òîãäà âî âòîðóþ ñêîáêó ïîïàäóò +a è +2b; è ñêîáêà
ñíîâà ìîæåò áûòü âûíåñåíà:

a · (a + 2b) – 3· (a + 2b) = (a + 2b) · (a – 3).
2-é ïðèìåð:

(3a – b) · (2a – 5) = 6a2 – 15a – 2ab + 5b.

Âûíîñèì çà ñêîáêè:
6a2 – 15a – 2ab + 5b = 3a · (2a – 5) – b · (2a – 5).

Èç òðåòüåãî è ÷åòâåðòîãî ñëàãàåìîãî âûíîñèì çà ñêîáêè –
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b: â ñêîáêè ïîïàäàþò +2a è –5. Äëÿ ïðîâåðêè ñíîâà ðàñêðîåì
ñêîáêè è ïîëó÷èì òðåòüå è ÷åòâåðòîå ñëàãàåìîå ñ ïðàâèëü-
íûìè çíàêàìè: – b · (2a – 5) = – 2ab + 5b.

3a · (2a – 5) – b · (2a – 5) = (2a – 5) · (3a – b).

Èëè:

6a2 – 15a – 2ab + 5b = 2a · (3a – b) – 5 · (3a – b) =
            = (3a – b) · (2a – 5).

Â ïðèìåðàõ òàêîãî ðîäà ìû äîëæíû íà ïåðâîì ýòàïå âû-
íåñòè çà ñêîáêè îòðèöàòåëüíûé ìíîæèòåëü. Â ñëåäóþùèõ
ïðèìåðàõ áóäåì ðåøàòü òîëüêî îáðàòíóþ çàäà÷ó, íå çàíèìà-
ÿñü ðàñêðûòèåì ñêîáîê.

3-é ïðèìåð:
5a2 – 15a – 2ab + 6b = 5a · (a – 3) – 2b · (a – 3) =

            = (a – 3) · (5a – 2b).
Èëè:

5a2 – 15a – 2ab + 6b = a · (5a – 2b) – 3 · (5a – 2b) =
            = (5a – 2b) · (a – 3).

4-é ïðèìåð:
12a2 – 4a – 3ab + b = 4a · (3a – 1) – b · (3a – 1) =

          = (3a – 1) · (4a – b).
Èëè:

12a2 – 4a – 3ab + b = 3a · (4a – b) – 1 · (4a – b) =
          = (4a – b) · (3a – 1).

Èç òðåòüåãî è ÷åòâåðòîãî ñëàãàåìîãî ñëåäóåò âûíåñòè çà
ñêîáêè ñîâåðøåííî îñîáåííûé ìíîæèòåëü, à èìåííî –1.

5-é ïðèìåð:
8a2 + 28a – 10ab – 35b = 4a · (2a + 7) – 5b · (2a + 7) =

   = (2a + 7) · (4a – 5b).
Èëè:

8a2 + 28a – 10ab – 35b = 2a · (4a – 5b) + 7 · (4a – 5b) =
   = (4a – 5b) · (2a + 7).
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7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà

Ðàñêðîé ñêîáêè: Ïðåâðàòè ñóììó
îäíî÷ëåíîâ
â ïðîèçâåäåíèå
äâóõ ñêîáîê:

1. (a + x)(m + n) = 5. ax + ay + bx + by =
2. (b + y)(p + q) = 6. mp + mq + np + nq =
3. (u + v)(a – b) = 7. ra – rb + sa – sb =
4. (k – z)(r – s) = 8. ux – uy – vx + vy =

9. (a + 2)(u + v) = 13. ax + bx + 3a + 3b =
10. (x + y)(a – 4) = 14. ax – 5a + bx – 5b =
11. (a + 1)(b + 2) = 15. xy + 2x + y + 2 =
12. (2a + 1)(3b + 4) = 16. 10xy + 14x + 15y + 21

=

17. (8a + 2b)(3a + 6) = 21. 8a2 + 10a + 12ab + 15b
=

18. (6x – 2y)(5x – 4) = 22. 35x2 – 15x – 21xy + 9y
=

19. (9a – 3)(4a – b) = 23. 10a2 – 5ab – 8a + 4b =
20. (9x – y)(5 + 3y) = 24. 49x + 35xy – 7y – 5y2 =

25. (5x + 9)(6x2 + 11) = 29. 15a3 + 20a2 + 21a + 28 =
26. (11a + 7)(3a2 + 2) = 30. 36x3 + 63x2 + 20x + 35

=
27. (9b – 4)(2b2 + 6) = 31. 9b3 – 6b2 + 15b – 10 =
28. (13a2 – 7)(5a – 4) = 32. 32a3 – 56a2 – 20a + 35

=

Ðàçëîæåíèå íà ìíîæèòåëè èÐàçëîæåíèå íà ìíîæèòåëè èÐàçëîæåíèå íà ìíîæèòåëè èÐàçëîæåíèå íà ìíîæèòåëè èÐàçëîæåíèå íà ìíîæèòåëè è
ñîêðàùåíèå àëãåáðàè÷åñêèõ äðîáåéñîêðàùåíèå àëãåáðàè÷åñêèõ äðîáåéñîêðàùåíèå àëãåáðàè÷åñêèõ äðîáåéñîêðàùåíèå àëãåáðàè÷åñêèõ äðîáåéñîêðàùåíèå àëãåáðàè÷åñêèõ äðîáåé

Îñîáåííî âàæíî ðàçëîæåíèå íà ìíîæèòåëè ïðè ñîêðàùå-
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íèè àëãåáðàè÷åñêèõ äðîáåé, ïîñêîëüêó ñîêðàùàòü ìîæíî
òîëüêî ìíîæèòåëè, íî íå ñëàãàåìûå.

Ïðèìåð: 3
10

13
25

43
85

12
40 =

⋅
⋅

=
⋅
⋅

=

Ïîñêîëüêó 8 è 4, íàõîäÿñü â ÷èñëèòåëå è çíàìåíàòåëå,
ÿâëÿþòñÿ ìíîæèòåëÿìè, èõ ìîæíî ñîêðàòèòü.

Àíòèïðèìåð: 7
13

43
85
=

+
+

Åñëè â ýòîì ïðèìåðå “ñîêðàùàþòñÿ” 8 è 4, òî ðåçóëüòàò
îêàçûâàåòñÿ íåïðàâèëüíûì:

4
7

13
25

43
85

=
+
+

≠
+
+

Ìåæäó ïåðâîé è âòîðîé äðîáüþ íåëüçÿ ïîñòàâèòü çíàê
ðàâåíñòâà; ìû äîëæíû çàìåíèòü åãî çíàêîì ≠ (íåðàâåíñòâà).

Åñëè â ÷èñëèòåëå è çíàìåíàòåëå àëãåáðàè÷åñêîé äðîáè
âñòðå÷àþòñÿ ñóììû èëè ðàçíîñòè, íàì ïîòðåáóåòñÿ ñïåðâà
ïðåîáðàçîâàòü èõ â ïðîèçâåäåíèÿ, è òîëüêî ïîñëå ýòîãî ðàâ-
íûå ñîìíîæèòåëè ìîæíî áóäåò ñîêðàòèòü.

Ïðèìåðû:

abaa
ba

aba
ba 3

)(
)(333

2
=

+
+

=
+
+

)(2)(10
)(5

1010
55

dc
ba

dc
ba

dc
ba

+
+

=
+
+

=
+
+

7
3

)152(7
)152(3

73514
3156

=
++
++

=
++
++

yx
yx

yx
yx

5)1(5
)1(

55

2 a
a
aa

a
aa

=
+
+

=
+
+

Âî âñåõ ïðèâåäåííûõ ïðèìåðàõ â ÷èñëèòåëå è çíàìåíàòå-
ëå çà ñêîáêè ìîæíî áûëî âûíåñòè îäíî îòäåëüíîå ÷èñëî. Â
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ñêîáêàõ òîãäà îêàçûâàëèñü ñóììû, è, åñëè â ÷èñëèòåëå è
çíàìåíàòåëå îêàçûâàëèñü îäèíàêîâûå ñóììû, èõ ìîæíî áûëî
ñîêðàòèòü, ïîñêîëüêó ñêîáêè â äàííîì ñëó÷àå — ýòî
ñîìíîæèòåëè. Â ðåçóëüòàòå âûíåñåíèÿ çà ñêîáêè ïðîèñõî-
äèò âàæíàÿ ìåòàìîðôîçà — ñóììû (èëè ðàçíîñòè) ïðåâðà-
ùàþòñÿ â ïðîèçâåäåíèÿ.

Ìîæåò òàê îêàçàòüñÿ, ÷òî ÷èñëèòåëü èëè çíàìåíàòåëü (èëè
îáà âìåñòå) ñîäåðæàò òðåõ÷ëåíû, êîòîðûå ìîæíî ïðåäñòà-
âèòü â âèäå ïðîèçâåäåíèÿ äâóõ ñêîáîê:

3
5

)3(3
)3)(5(

93
1582 +

=
+
++

=
+
++ a

a
aa

a
aa

2)4)(2(
)4(

86

4
2

2

+
=

++
+

=
++

+
a

a
aa

aa
aa

aa

2
3

)7)(2(
)7)(3(

149

2110
2

2

+
+

=
++
++

=
++
++

a
a

aa
aa

aa
aa

Âî âñåõ ïðèìåðàõ òðåòüÿ äðîáü ñóùåñòâåííî ïðîùå ïåð-
âîé. Ïîäñòàâèì â ïîñëåäíèé ïðèìåð âìåñòî a ÷èñëà 1, 2, 3...
(â ïåðâóþ è òðåòüþ äðîáü):

149

2110
2

2

++
++

aa
aa

2
3

+
+

a
a

a=1 3
4

24
32

1491

21101
2

2

==
++
++

3
4

21
31
=

+
+

a=2 4
5

36
45

14182

21202
2

2

==
++
++

4
5

22
32
=

+
+

a=3 5
6

50
60

14273

21303
2

2

==
++
++

5
6

23
33
=

+
+

Ìû âèäèì: òðåòüÿ äðîáü âñåãäà îêàçûâàåòñÿ ñîêðàùåí-
íîé ôîðìîé ïåðâîé. È òàê äëÿ ëþáîãî a.
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Ïðèìåðû ñ âû÷èòàíèåì:

7
2

)5(7
)5)(2(

357
1072 −

=
−
−−

=
−
+− a

a
aa

a
aa

4
5

)4)(3(
)3(5

127

155
2 −

=
−−

−
=

+−
−

aaa
a

aa
a

4
3

)4)(2(
)3)(2(

86

65
2

2

−
−

=
−−
−−

=
+−
+−

a
a

aa
aa

aa
aa

Ïîäñòàâèì â ïîñëåäíèé ïðèìåð âìåñòî a ÷èñëà 5, 6, 7...:

86

65
2

2

+−
+−

aa
aa

4
3

−
−

a
a

a=5 2
3
6

18305

6255
2

2

==
+−
+−

1
2

45
35
=

−
−

a=6 2
3

8
12

18366

6306
2

2

==
+−
+−

2
3

46
36
=

−
−

a=7 3
4

15
20

18427

6357
2

2

==
+−
+−

3
4

47
37
=

−
−

Â ÷èñëèòåëå è çíàìåíàòåëå ìîãóò îêàçàòüñÿ è áèíîìèíàëü-
íûå ôîðìóëû:

3
5

)5(3
)5(

153
2510 22 +

=
+
+

=
+

++ a
a

a
a

aa

10
2

)10(

)10(2

10020

202
22 +
=

+
+

=
++

+
aa

a
aa

a

4
4

)4)(4(
)4(

16

168 2

2

2

+
−

=
+−

−
=

−
+−

a
a

aa
a

a
aa
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3
3

)3(

)3)(3(

96

9
22

2

+
−

=
+

+−
=

++
−

a
a

a
aa

aa
a

Ïîäñòàâèì â ïîñëåäíèé ïðèìåð âìåñòî a ÷èñëà 4, 5, 6...:

96
9

2

2

++
−
aa

a
3
3

+
−

a
a

a=4 7
1

49
7

9244

94
2

2

==
++

−
7
1

34
34
=

+
−

a=5 4
1

64
16

9305

95
2

2

==
++

−
4
1

8
2

35
35

==
+
−

a=6 3
1

81
27

9366

96
2

2

==
++

−
3
1

9
3

36
36

==
+
−

Â äàííîì ñëó÷àå òðåòüÿ äðîáü ñîêðàùåíà àëãåáðàè÷åñêè.
Îäíàêî äëÿ îïðåäåëåííûõ çíà÷åíèé a åå ìîæíî ñîêðàùàòü è
äàëåå.

Òðåõ÷ëåíû è áèíîìèíàëüíûå ôîðìóëû ìîãóò âñòðå÷àòüñÿ
â îäíîé è òîé æå äðîáè.

2
10

)2)(10(
)10(

2012

10020 2

2

2

−
−

=
−−

−
=

+−
+−

a
a

aa
a

aa
aa

3
5

)3)(3(
)5)(3(

9

158
2

2

+
−

=
+−
−−

=
−
+−

a
a

aa
aa

a
aa

2
7

)7)(2(
)7(

149

4914 2

2

2

+
+

=
++

+
=

++
++

a
a

aa
a

aa
aa

Ïîäñòàâèì â ïîñëåäíèé ïðèìåð âìåñòî a ÷èñëà 1, 2, 3...:

149

4914
2

2

++
++

aa
aa

2
7

+
+

a
a

a=1 3
8

24
64

1491
49141

==
++
++

3
8

21
71
=

+
+
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a=2 4
9

36
81

14184
49284

==
++
++

4
9

22
72
=

+
+

a=3 2
50

100
14279
49429

==
++
++

2
5

10
23
73

==
+
+

Ïðèìåðû íà “÷åòûðåõ÷ëåíû” â ÷èñëèòåëå è çíàìå-
íàòåëå:

=
+++
+++

=
+++
+++

)35()35(3
)52()52(3

35915

52156
2

2

abaa
abaa

babaa
babaa

                                   35
52

)3)(35(
)52)(3(

+
+

=
++
++

=
a
a

baa
aba

=
+−+
+−+

=
−−+
−−+

)72(4)72(3
)16(4)16(3

288216

424318
2

2

xyxx
xyxx

yxyxx
yxyxx

                                      72
16

)43)(72(
)43)(16(

+
+

=
−+
−+

=
x
x

yxx
yxx

=
−−−
−−−

=
+−−
+−−

)45(3)45(4
)92(3)92(4

12151620
276368

2

2

23

23

aaa
aaa

aaa
aaa

                                        45
92

)34)(45(

)34)(92(
2

2

−
−

=
−−
−−

=
a
a

aa
aa

Ìîæåò ñëó÷èòüñÿ, ÷òî äëÿ îïðåäåëåííûõ çíà÷åíèé a ïðè
ïîäñòàíîâêå âîçíèêíóò ñëîæíîñòè. Ýòî áóäåò ïðîèñõîäèòü
âñÿêèé ðàç, êîãäà çíàìåíàòåëü îáðàùàåòñÿ â 0.

Ïðèìåð:

2
5

)2)(5(
)5)(5(

107

25
2

2

−
+

=
−−
+−

=
+−

−
a
a

aa
aa

aa
a
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Ïîäñòàâèì öåëûå ÷èñëà îò 1 äî 6:

107

25
2

2

+−
−
aa

a
2
5

−
+

a
a

a=1 6
4
24

1071

251
2

2

−=
−

=
+−

−
6

1
6

21
51

−=
−

=
−
+

a=2
0
21

10142

252
2

2 −
=

+−
−

0
7

22
52
=

−
+

a=3 8
2

16

10213

253
2

2

=
−
−

=
+−

−
8

1
8

23
53

==
−
+

a=4
2
9

2
9

10284

254
2

2

=
−

=
+−

−
2
9

24
54
=

−
+

a=5
0
0

10355

255
2

2

=
+−

−
3

10
25
55
=

−
+

a=6
4

11

10426

256
2

2

=
+−

−
4

11
26
56
=

−
+

Äëÿ a=2 â îáåèõ äðîáÿõ íóëåâûå çíàìåíàòåëè, ÷èñëèòåëè
æå 0 íå ðàâíû. Íè –21/0, íè 1/0 íèêàêîãî îïðåäåëåííîãî ñìûñëà
íå èìåþò.

Äëÿ a = 5 êàê ÷èñëèòåëü, òàê è çíàìåíàòåëü ïåðâîé äðîáè
îáðàùàþòñÿ â íîëü. Âòîðàÿ æå äðîáü ïðåâðàùàåòñÿ âî âïîëíå
îïðåäåëåííîå ÷èñëî 10/3. Êàê ýòî ïîíÿòü? Ïîëíûé îòâåò íà
ýòîò âîïðîñ áóäåò äàí â 12-ì êëàññå, êîãäà ðàññìîòðåíèå
áóäåò äîïîëíåíî ôóíêöèîíàëüíûì ïîäõîäîì è ñðåäñòâàìè
äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ.

Â çàâåðøåíèå ïåðå÷èñëèì âêðàòöå èñïîëüçîâàííûå ìå-
òîäû âûíåñåíèÿ çà ñêîáêè:

1. Âûíåñåíèå îäíîãî-åäèíñòâåííîãî ìíîæèòåëÿ.
2. Ðàçëîæåíèå òðåõ- è ÷åòûðåõ÷ëåíîâ â ïðîèçâåäåíèå

äâóõ ñêîáîê.
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3. Áèíîìèíàëüíûå ôîðìóëû.
Øêîëüíèêè, ëåãêî ñïðàâëÿþùèåñÿ ñ ïðîñòûìè ïðèìåðà-

ìè, ìîãóò ïîëó÷èòü áîëåå ñëîæíûå çàäàíèÿ, â êîòîðûõ ñïåð-
âà íóæíî âûíåñòè çà ñêîáêè îäèí ìíîæèòåëü, à çàòåì óæå
ïðèìåíèòü ìåòîä 2 èëè 3. Íàïðèìåð:

2
5

)5(6
)5(3

)5(6
)2510(3

306
75303 222 +

=
+
+

=
+

++
=

+
++ x

x
x

x
xx

x
xx

)5(7)5)(2(7
)2(

)107(7

)2(

70497

2
22

2

+
=

++
+

=
++

+
=

++
+

x
x

xx
xx

xx
xx

xx
xx

)3(
)3(5

)3)(3(
)3(5

)9(

)96(5

9

45305 2

2

2

3

2

+
−

=
−+

−
=

−
+−

=
−

+−
xx
x

xxx
x

xx
xx

xx
xx

8-ÿ ãðóïïà8-ÿ ãðóïïà8-ÿ ãðóïïà8-ÿ ãðóïïà8-ÿ ãðóïïà

Ñîêðàòè àëãåáðàè÷åñêóþ äðîáü, ïðåîáðàçóÿ ÷èñëèòåëü è
çíàìåíàòåëü â ïðîèçâåäåíèå. Äåéñòâóé, ëèáî âûíîñÿ çà ñêîá-
êè îòäåëüíûé ñîìíîæèòåëü, ëèáî ðàñêëàäûâàÿ íà ìíîæèòå-
ëè òðåõ÷ëåíû:

1. =
+
+

1421
1015

a
a

2. =
+
+

6345
4230

a
a

3. =
+
+
188
9944

a
a

4. =
+
+

2814
4221

a
a

5. =
+
+

77
4242

a
a

6. =
+
+
306
9018

a
a

7. =
+
+

bab
aa 2

8. =
+
+

63
22

a
aa

9. =
+
+

aa
aa

357
204

2

2

10. =
+
+

2

23

22

33

bab
baa

11. =
+
+

2

22

33
99

bab
abba

12. =
+
+

aa
abba

77
1414

2

222
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13. =
++
++
2196
351510

ba
ba

14. =
++
++
112233
71421

yx
yx

15. =
−+
−+

242424
888

22

22

yx
yx

16. =
++
++
107
65

2

2

xx
xx

17. =
++
++

2110
149

2

2

xx
xx

18. =
++
++

45
3613

2

2

xx
xx

19. =
++
++

5415
2410

2

2

xx
xx

20. =
++
++

4518
3017

2

2

xx
xx

21. =
++
++

8018
6016

2

2

xx
xx

22. =
++

+
2811

7
2

2

xx
xx

23. =
++

+
5516

102
2

23

xx
xx

24. =
++

+
232

23

xx
xx

25. =
+

++
243

48142

x
xx

26. =
+

++
xx

xx
303

7017
2

2

27. =
+

++
555

22132

x
xx

9-ÿ ãðóïïà:9-ÿ ãðóïïà:9-ÿ ãðóïïà:9-ÿ ãðóïïà:9-ÿ ãðóïïà:

Ñîêðàòè àëãåáðàè÷åñêèå äðîáè; ñðåäè êîòîðûõ ïîïàäàþò-
ñÿ ïðèìåðû íà áèíîìèíàëüíûå ôîðìóëû è “÷åòûðåõ÷ëåíû”:

1. =
+
+

aba
aba

2015
1510

2. =
+

2

2

6

33

x
xyx

3. =
+ aa
a

2814

21
2

2

4. =
+
+

xyx
yx

43

86
2 5. =

+
+

abb
aa

104
156 2

6. =
+
+

2

23

22 yxy
yxx

7. =
++
++

2

32

642

32

aa
aaa

8. =
++
++

2

2

352515

493521

yy
yy

9. =
++
++

22

22

babab
abbaa

10. =
++
++

158

107
2

2

xx
xx

11. =
++
++

4415

2811
2

2

xx
xx

12. =
++
++

4518

3017
2

2

xx
xx
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13. =
−

++
25

2510
2

2

x
xx

14. =
−

++
22

22

94

9124

ba
baba

15. =
−

++
2

2

491

49141

b
bb

16. =
−+
−+
20

152
2

2

xx
xx

17. =
−+
−+
166

87
2

2

xx
xx

18. =
−+
−−

352

103
2

2

xx
xx

19. =
+++
+++

10452
623

baab
baab

20. =
+++
+++

yxxyy
yxxyx

33

22
2

2

21. =
+++
+++

xyyx
xyyx
5544

22
22. =

−
+−

yx
yxyx

3521
25309 22

23. =
+−

−
22

2

44

105

baba
aba

24. =
−

+−
ba

baba
357

2510 22

25. =
+−
−+

22

22

96

12

yxyx
yxyx

26. =
−

++
22

22

2516

254016

ba
baba

27. =
−+
++

22

22

365

8118

yxyx
yxyx

10-ÿ ãðóïïà:10-ÿ ãðóïïà:10-ÿ ãðóïïà:10-ÿ ãðóïïà:10-ÿ ãðóïïà:

Ñîêðàòè àëãåáðàè÷åñêèå äðîáè. Ñðåäè ïîñëåäíèõ ïðèìå-
ðîâ ïîïàäàþòñÿ è òàêèå, ãäå ñíà÷àëà íóæíî âûíåñòè çà ñêîá-
êè îòäåëüíûå ìíîæèòåëè, à çàòåì ïðèìåíèòü áèíîìèíàëüíûå
ôîðìóëû:

1. =
+
+

2

2

bab
aba

2. =
−
+

aba
aba

2

2

3. =
+
+

yx
yx

2639
3926

4. =
+
+

102
52

x
xx

5. =
+
+

2

2

36

48

yxy
xyx

6. =
+
+

2

23

yyx
yxx
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7. =
−
++

1

12
2

2

x
xx

8. =
−
+

1

99
2x
x

9. =
−
−

12

2

x
xx

10. =
+
++

2211
232

x
xx

11. =
++

+
158

5
2

2

xx
xx

12. =
−
+

12x
yxy

13. =
++
++

xxx
xx

32

21147
23

2

14. =
−+
−+

2

2

5

5

babb
abaa

15. =
++
++

ba
abbaab

333

22

16. =
+
+

abcca
abba

2

22

17. =
+
+

322

223

abba
baba

18. =
−
−

287

105
2x

x

19. =
−
+

259

159
2x

x
20. =

−
+

1

77
2x
x

21. =
−
+

xx
xx

3

2

22. =
−

+−
459

25102

x
xx

23. =
−

++
64

6416
2

2

x
xx

24. =
−

++
94

9124
2

2

x
xx

25. =
+

++
xx

xxx
2

23 2
26. =

−
++
32

32 2

yyx
yxyyx

27. =
++

−
4224

44

2 yyxx
yx

11-ÿ ãðóïïà:11-ÿ ãðóïïà:11-ÿ ãðóïïà:11-ÿ ãðóïïà:11-ÿ ãðóïïà:

Áîëåå òðóäíûå ïðèìåðû íà ñîêðàùåíèå àëãåáðàè÷åñêèõ
äðîáåé. Âî âñåõ çàäàíèÿõ, ïðåæäå ÷åì áóäóò ïðèìåíåíû áè-
íîìèíàëüíûå ôîðìóëû èëè ïðèåìû ðàçëîæåíèÿ òðåõ÷ëåíîâ,
ñëåäóåò ñïåðâà âûíåñòè çà ñêîáêè îòäåëüíûé ìíîæèòåëü.

1. =
−
++
32

223 2

bba
abbaa

2. =
−

+−
22

22

55

363

ba
baba
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3. =
−

++
33

322

22

7147

abba
babba

4. =
−

++
22

22

375

22050

yx
yxyx

5. =
++
++

30255

127
2

23

xx
xxx

6. =
−−
−−

xxx
xx

183

8477
23

2

7. =
−
++

1111

18213
2

23

x
xxx

8. =
−−

−
150355

9
2

3

xx
xx

9. =
−

++
22

223

2712

9124

ba
abbaa

10. =
−

+−
23

322

580

32448

aba
babba

11. =
−

+−
23

322 2

aba
babba

12. =
−

++
22

22

77

132613

ba
baba

13. =
+

++
22

223

55

363

xyyx
xyyxx

14. =
−
+

22

22

763

42436

yx
yxyx

15. =
++

++
90486

107
2

23

aa
aaa

16. =
−+
−+

aaa
aa

82

3093
23

2

17. =
−
++

1313

15205
2

23

a
aaa

18. =
−+

−
1103311

25
2

3

aa
aa

19. =
−

++
22

223

5018

25309

yx
xyyxx

20. =
−

+−
23

322

375

550125

xyx
yxyyx

Ïðèìåðû íà ïîâòîðåíèå ñîêðàùåíèÿÏðèìåðû íà ïîâòîðåíèå ñîêðàùåíèÿÏðèìåðû íà ïîâòîðåíèå ñîêðàùåíèÿÏðèìåðû íà ïîâòîðåíèå ñîêðàùåíèÿÏðèìåðû íà ïîâòîðåíèå ñîêðàùåíèÿ
àëãåáðàè÷åñêèõ äðîáåéàëãåáðàè÷åñêèõ äðîáåéàëãåáðàè÷åñêèõ äðîáåéàëãåáðàè÷åñêèõ äðîáåéàëãåáðàè÷åñêèõ äðîáåé

1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà

1. =
+
+

ba
ba

2211
105

2. =
++
++

cba
cba

15105
963

3. =
+
+

ba
ba

714
147

4. =
+
+

xx
xx

2828

2121
2

2

5. =
+
+

2

2

99

66

yxy
xyx

6. =
+
+

2

2

99

66

yxy
xyx
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Àëãåáðàè÷åñêîå äåëåíèåÀëãåáðàè÷åñêîå äåëåíèåÀëãåáðàè÷åñêîå äåëåíèåÀëãåáðàè÷åñêîå äåëåíèåÀëãåáðàè÷åñêîå äåëåíèå

Äåëåíèå — ýòî îïåðàöèÿ, ïðîòèâîïîëîæíàÿ óìíîæåíèþ.
Â ãëàâå 5 ìû âûâåëè äëÿ äåëåíèÿ ïðàâèëî çíàêîâ:

+ : + = +
– : + = –
+ : – = –
– : – = +

Ðàçóìååòñÿ, äàííóþ òàáëèöó íóæíî ïîíèìàòü ñèìâîëè÷åñ-
êè. Ïðîñòûå çíàêè, åñòåñòâåííî, íåëüçÿ äåëèòü äðóã íà äðóãà.

Êðîìå ïðàâèëà çíàêîâ ñëåäóåò èìåòü â âèäó ïðàâèëî äå-
ëåíèÿ ñòåïåíåé ñ îäèíàêîâûì îñíîâàíèåì:

am : an = am–n (m>n)

Òî æå ñàìîå â äðîáíîì âèäå:

nm
n

m

a
a
a −= (m>n)

Ñëîâîì, äëÿ òîãî, ÷òîáû ðàçäåëèòü äâå ñòåïåíè ñ îäèíà-
êîâûì îñíîâàíèåì, íåîáõîäèìî èç ïîêàçàòåëÿ äåëèìîãî
âû÷åñòü ïîêàçàòåëü äåëèòåëÿ.

Ïðèìåðû:

a5 : a3 = a2 27 : 23 = 24 36 : 3 = 36 : 31 = 35

Åñëè çàïèñàòü ýòè ïðèìåðû â äðîáíîì âèäå, òî âñå ñðàçó
ñòàíåò ÿñíî:

2
3

5

a
aaa

aaaaa
a
a

=
/⋅/⋅/
⋅⋅/⋅/⋅/=

Òðè ìíîæèòåëÿ a ìîæíî ñîêðàòèòü — ïðè ýòîì è â ÷èñëè-
òåëå, è â çíàìåíàòåëå ïîñëå êàæäîãî ñîêðàùåíèÿ ïî ñóòè
ñëåäîâàëî áû ïèñàòü ïî îäíîìó ñîìíîæèòåëþ 1, — è äâà
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ìíîæèòåëÿ a îñòàþòñÿ â ÷èñëèòåëå.
Òîò æå ïðèìåð, íî óæå ñîâåðøåííî êîððåêòíî:

2
3

5

111
111 aaa

aaa
aaaaa

a
a

=
⋅⋅
⋅⋅⋅⋅

=
/⋅/⋅/
⋅⋅/⋅/⋅/=

Ïî îïûòó ìû çíàåì, ÷òî 1 ïðè ñîêðàùåíèè â îäíèõ ñëó÷à-
ÿõ ìîæåò áûòü îïóùåíà, â äðóãèõ — îáÿçàòåëüíî äîëæíà áûòü
ñîõðàíåíà. Ïðèìåðû:

2
4

2
8

4
8

=
/
/

= 2
1

2
8

1
4

8
4

=
/
/

=

Âî âòîðîì ïðèìåðå ÷èñëî 1, êîíå÷íî æå, íåëüçÿ îïóñòèòü.
Ó ó÷åíèêîâ äîëæíî âîçíèêíóòü ïîíèìàíèå, êîãäà 1 íóæíî
îñòàâèòü, à êîãäà ìîæíî ïðîïóñòèòü.

Ïðèìåðû íà äðîáè ñî ñòåïåíÿìè:

5
3

25
15 23 a

a
a

= a
a
a

3
7

21
3

4

=
212

6 3

2

5 a
a
a

=
7

3

28

12 35

32

67 ba
ba
ba

=

Â âèäå äåëåíèÿ:

24a6 : 6a4 = 4a2 45a3 : 9a2 = 5a 22a8b5 : 11a4b4 = 2a5b

Åñëè ïîêàçàòåëü çíàìåíàòåëÿ ïðåâîñõîäèò ïîêàçàòåëü
÷èñëèòåëÿ, òî ñòåïåíü îñòàåòñÿ â çíàìåíàòåëå:

35

2 1
11

11

aaaaaaaaa
aa

a
a

=
⋅⋅⋅⋅

⋅
=

⋅⋅⋅/⋅/
/⋅/=

Åñëè m < n, òî â îáùåì ñëó÷àå âåðíî:

mnn

m

aa
a

−=
1

Ïðèìåðû:

aa
a

4
7

25

35
3

2

=
37

4 2

13

26

aa
a

= 353

24

2

3

14

21

b
a

ba
ba

= 2324

25

2

3

10

215

c
a

cba
cba
=

Äåëåíèå, ïðè êîòîðîì ïîÿâëÿþòñÿ îòðèöàòåëüíûå ÷èñëà:
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(–6a3) : (+3a2) = –2a (12a4) : (–3a) = –4a3

(21a5) : (–7a3) = –3a2

3
4

6
2
12 a

a
a

−=
−

226

4 44

7

28

aaa
a

−=
−

=
−

8
7

8
7

40
35 223 aa

a
a

−=
−

=
−

Åñëè ÷èñëèòåëü èëè çíàìåíàòåëü äðîáè (íî íå îáà ñðàçó!)
îòðèöàòåëåí, òî è âñÿ äðîáü îòðèöàòåëüíà. Çíàê “ìèíóñ”
ìîæíî â ýòîì ñëó÷àå íàïèñàòü íà óðîâíå äðîáíîé ÷åðòû ïå-
ðåä äðîáüþ.

35

2

10

9

70

63

aa
a

=
−
−

226

24 33

9

27

a
b

a
b

ba
ba

−=
−

=
−

ababba
ab 44

9

36
32

2

−=
−

=
−

Ìîæíî äåëèòü è ñóììû. Âîò ïðàâèëî:
Äëÿ äåëåíèÿ ñóììû íåîáõîäèìî äåëèòü êàæäîå ñëà-

ãàåìîå.

(35x2 + 42x) : 7 = 5x2 + 6x 7(5x2 + 6x) = 35x2 +
42x

(21a4 + 12a) : 3a = 7a3 + 4 3a(7a3 + 4) = 21a4 +
12a

(30a2b + 25ab2) : 5ab = 6a + 5b 5ab(6a + 5b) = 30a2b +
25ab2

Ïîäåëèâ, ìû ìîæåì ïðîèçâåñòè ïðîâåðêó, óìíîæèâ ðåçóëü-
òàò íà äåëèòåëü; â ðåçóëüòàòå äîëæíî ïîÿâèòüñÿ äåëèìîå.

Òàêèì æå îáðàçîì ìîæíî äåëèòü è àëãåáðàè÷åñêèå ñóì-
ìû, â êîòîðûõ âû÷èòàþòñÿ è ñêëàäûâàþòñÿ áóêâåííûå
âûðàæåíèÿ.
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 (35x5 + 40x4 – 5x2) : 5x2 = 7x3 + 8x2 – 1
Ïðîâåðêà:  5x2 (7x3 + 8x2 – 1) = 35x5 + 40x4 – 5x2

  (9 x3y2 – 18 x2y3 + 15 x2y2) : 3x2y2 = 3x – 6y +5
Ïðîâåðêà:   3x2y2 (3x – 6y +5) = 9x3y2 – 18x2y3 + 15x2y2

Ìîæíî äåëèòü è ñóììû íà ñóììû:

Ïðèìåð 1:

(40a2 + 62a +24) : (5a + 4) = 8a + 6
          – (40a2 + 32a)

      0   + 30a
           –(30a + 24)
                   0 + 0

Íà òàêèõ ïðèìåðàõ ó÷åíèêè ìîãóò îñâîèòü â îáùåé ôîðìå
âñå øàãè ïèñüìåííîãî äåëåíèÿ.

Âíà÷àëå ìû äåëèì òîëüêî ïåðâîå ÷èñëî ïåðâîé ñêîáêè íà
ïåðâîå ÷èñëî âòîðîé ñêîáêè: 40a2 : 5a = 8a. Çàòåì âåñü
äåëèòåëü óìíîæàåòñÿ íà 8a: 8a · (5a + 4) = 40a2 + 32a. Ðåçóëü-
òàò ïèøåòñÿ ïîä äåëèìûì è âû÷èòàåòñÿ:

(40a2 + 62a +24) : (5a + 4) = 8a + 6
          – (40a2 + 32a)

      0   + 30a

Îñòàòîê 30a + 24; ÷èñëî “24”, òàêæå îòíîñÿùååñÿ ê îñòàò-
êó, ñòîèò â ïåðâîé ñòðîêå.

Âòîðîå äåëåíèå — ýòî äåëåíèå 30a : 5a = 6. Çàòåì âåñü
äåëèòåëü ìû óìíîæàåì íà 6: 6 · (5a + 4) = 30a + 24. Ðåçóëüòàò
ýòîãî óìíîæåíèÿ ìû ïèøåì ïîä ïåðâûì îñòàòêîì è çàíîâî
âû÷èòàåì:

(40a2 + 62a +24) : (5a + 4) = 8a + 6
          – (40a2 + 32a)

      0   + 30a
           –(30a + 24)
                   0 + 0
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Ïîñëå âòîðîãî äåëåíèÿ íå îñòàåòñÿ íèêàêîãî îñòàòêà —
äåëåíèå ïðîèñõîäèò íàöåëî. Íàêîíåö, ïðîâåðêà:

(8a + 6) · (5a + 4) = 40a2 + 32a + 30a + 24 = 40a2 + 62a +24
Ïðîâåðêà äàåò íóæíûé ðåçóëüòàò; óìíîæåíèå äàåò ÷àñò-

íîå. Íà òàêèõ ïðèìåðàõ ó÷åíèêè ïåðåæèâàþò ïðîòèâîïîëîæ-
íûé õàðàêòåð äåëåíèÿ è óìíîæåíèÿ.

Ïðèìåð 2:
(15a2 + 47a + 28) : (3a + 7) = 5a + 4

          – (15a2 + 35a)
      0   + 12a

×òîáû ïîëó÷èòü ïåðâûé îñòàòîê, íåîáõîäèìî ïðåäïðèíÿòü
òðè øàãà:

1. Äåëåíèå 15a2 : 3a = 5a.
2. Óìíîæåíèå 5a · (3a + 7) = 15a2 + 35a.
3. Âû÷èòàíèå 15a2 + 35a.
Îñòàåòñÿ 0 + 12a + 28 (28 èç ïåðâîé ñòðîêè).
Çàòåì òðè âûøåíàçâàííûõ øàãà ñëåäóåò ïîâòîðèòü:

(15a2 + 47a + 28) : (3a + 7) = 5a
          – (15a2 + 35a)

      0   + 12a
          – (12a + 28)
                   0 + 0

1. Äåëåíèå 12a : 3a = 4.
2. Óìíîæåíèå 4 · (3à + 7) = 12a + 28
3. Âû÷èòàíèå 12a + 28.
Äåëåíèå âûïîëíÿåòñÿ áåç îñòàòêà.
Ïðîâåðêà:
(5a + 4) · (3a + 7) = 15a2 + 35a + 12a + 28 = 15a2 + 47a + 28
Ïðîâåðêà äàåò ïðàâèëüíûé ðåçóëüòàò.

Ïðèìåð 3:
(16a2 + 46a + 33) : (8a + 11) = 2a + 3

          – (16a2 + 22a)
     0   + 24a
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         – (24a + 33)
     0 + 0

Ïðîâåðêà:

(2a + 3) · (8a + 11) = 16a2 + 22a + 24a + 33 = 16a2 + 46a + 33

Ïðèìåð 4:

(18a2 + 33ab +14b2) : (6a + 7b) = 3a + 2b
          – (18a2 + 21ab)

      0   + 12ab
         – (12ab + 14b2)

       0 + 0

Ïðîâåðêà:

(6a + 7b) · (3a + 2b) = 18a2 + 12ab + 21ab + 14b2 =
   = 18a2 + 33ab +14b2

Ïðèìåð 5:

(6a3 + 31a2 + 47a + 42) : (2a + 7) = 3a2 + 5a + 6
                 – (6a3 + 21a2)

    0  + 10a2

        – (10a2 + 35a)
   0   + 12a
      – (12a + 42)

  0 + 0

Ïðîâåðêà:

(2a + 7) · (3a2 + 5a + 6)
            21a2 + 35a + 45
 6a3 + 10a2 + 12a 
 6a3 + 31a2 + 47a + 42

Ïðè óìíîæåíèè ìû ïèøåì ðàâíûå ñòåïåíè äðóã ïîä äðó-
ãîì, òàê ÷òîáû ëåãêî áûëî ñêëàäûâàòü. Òàêîé ïîðÿäîê â òî÷-
íîñòè ñîâïàäàåò ñ ïîðÿäêîì ïðè ïèñüìåííîì óìíîæåíèè. Ìû
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óìíîæàåì ñíà÷àëà 7 · 6, çàòåì 7 · 5a è ò.ä.
Åñòåñòâåííî, â êîíöå ìîæåò ïîëó÷èòüñÿ îñòàòîê:
Ïðèìåð 6:

(27a2 + 42a +13) : (3a + 4) = 9a + 2. Îñòàòîê = 5
                 – (27a2 + 36a)

      0   +  6a
            – (6a + 8)

    0 + 5
Ïðîâåðêà:
(9a + 2) · (3a + 4) = 27a2 + 36a + 6a + 8 = 27a2 + 42a + 8
Ñîâïàäàåò? Äà, åñëè ìû ïðèïëþñóåì îñòàòîê “5”.

Ïðèìåð 7:
(12a3 + 55a2 + 103a + 101) : (4a + 9) = 3a2 + 7a + 10.

    – (12a3 + 27a2)            Îñòàòîê = 11
      0   + 28a2

          – (28a2 + 63a)
      0  + 40a
         – (40a + 90)

     0 + 11
Ïðîâåðêà:

(4a + 9) · (3a2 + 7a + 10)
              27a2 + 63a + 90
 12a3 + 28a2 + 40a

           11 (îñòàòîê)
12a3 + 55a2 + 103a + 101

Îñîáåííî õîðîøè äëÿ âûðàáîòêè íàâûêîâ òàêèå ïðèìåðû
äåëåíèÿ, ïðè êîòîðûõ âîçíèêàþò îòðèöàòåëüíûå ÷èñëà. Îíè
òðåáóþò îò ó÷åíèêîâ ïîâûøåííîãî âíèìàíèÿ ïðè âû÷èòàíèè.

Ïðèìåð 8:
(35a2 + 13a – 12) : (5a + 4) = 7a – 3

         – (35a2 + 28a)
      0  – 15a
      – (–15a – 12)
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                  0 + 0
Ïîñëåäîâàòåëüíîñòü øàãîâ â òî÷íîñòè òàêàÿ æå. Â îáîèõ

âû÷èòàíèÿõ ó÷àñòâóþò îòðèöàòåëüíûå ÷èñëà. Âñïîìèíàåì
íàøè ïðàâèëà: âû÷åñòü îòðèöàòåëüíîå ÷èñëî — çíà÷èò ïðè-
áàâèòü ðàâíîå åìó ïîëîæèòåëüíîå.

Ïðîâåðêà:

(7a – 3) · (5a + 4) = 35a2 + 28a – 15a – 12 = 35a2 + 13a – 12

Ïðèìåð 9:

(42a2 – 41a + 5) : (6a – 5) = 7a – 1
          – (42a2 – 35a)

      0   – 6a
      – (–6a + 5)

   0 + 0

Ïðîâåðêà:

(7a – 1) · (6a – 5) = 42a2 – 35a – 6a + 5 = 42a2 – 41a + 5

Ïðèìåð 10:

(20a2 – 63a + 25) : (4a – 11) = 5a – 2. Îñòàòîê = 3
    – (20a2 – 55a)

      0   – 8a
       – (–8a + 22)

  0 + 3

Ïðîâåðêà:

(5a – 2) · (4a – 11) = 20a2 – 55a – 8a + 22
                                                                    + 3 (îñòàòîê) =
                                  = 20a2 – 63a + 25
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12-ÿ ãðóïïà: äåëåíèå12-ÿ ãðóïïà: äåëåíèå12-ÿ ãðóïïà: äåëåíèå12-ÿ ãðóïïà: äåëåíèå12-ÿ ãðóïïà: äåëåíèå

1. 21a3 : 7a2 = 4. 72a3b2 : 9a2b2 =
2. 42a2 : 6a2 = 5. 85ab3 : 5ab2 =
3. 26a3 : 13 = 6. 90 a2b3c : 15a2b2c =

7. (–8a4) : (4a3) = 10. (18a2b) : (–6ab) =
8. (–15a2b3) : (3ab2) = 11. (–33a2) : (–11a) =
9. (12a4) : (–3a) = 12. (–25a2b3) : (–5a2b2) =

13. =
a
a

33
22 2

16. =
−

a
a

7
14 3

19. =
− 3

2

6

24

a
a

22. =
−
−

215

60

a
a

14. =
38

24

a
a

17. =
−

335

30

a
a

20. =
− a

a
14

21 3

23. =
−
−

2

3

81

72

a
a

15. =
ba

ab
2

2

32

28
18. =

ba
ba
3

32

28

21
21. =

− 3

3

33

22

ab
ba

24. =
−
−

42

32

49

63

ba
ba

25. (12a2 + 15a + 9) : 3 = 28. (35a3 + 20a2 + 15a) : 5a
=

26. (14a2 – 28a + 49) : 7 = 29. (18a3 + 30a2 + 54a) : 6a
=

27.  (45a2 + 36a – 9) : 9 = 30. (28a3 – 20a2 – 12a) : 4a
=

31. (24a2b + 32ab2) : 8ab = 34. (75x3y2 + 165x2y) : 15xy
=

32. (10a4b3+14a2b) : 2a2b = 35. (34x4–85x3+187x2):17x2

=
33. (18ab3 – 15a2b4) : 3ab2 = 36. (69y3–115y2–207y) : 23y

=

1313131313-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
Äåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììó
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Ïðèìåðû ñ ïîëîæèòåëüíûìè ÷èñëàìè áåç îñòàòêà
1. (15a2 + 22a + 8):(3a + 2) =
2. (24a2 + 38a + 15):(6a + 5) =
3. (21a2 + 62a + 16):(7a + 2) =
4. (8a3 + 26a2 + 43a + 21):(4a + 3) =
5. (15a3 + 26a2 + 38a + 12):(5a + 2) =
6. (44a3 + 78a2 + 95a + 21):(11a + 3) =

Ïðèìåðû ñ ïîëîæèòåëüíûìè ÷èñëàìè ñ îñòàòêîì
7. (18a2 + 39a + 23):(6a + 5) =
8. (40a2 + 76a + 30):(8a + 4) =
9. (77a2 + 130a + 53):(11a + 6) =
10. (15a3 + 36a2 + 24a + 27):(3a + 6) =
11. (18a3 + 71a2 + 100a + 33):(9a + 4) =
12. (56a3 + 123a2 + 83a + 49):(7a + 11) =

Ïðèìåðû ñ îòðèöàòåëüíûìè ÷èñëàìè áåç îñòàòêà
13. (12a2 – 32a – 35):(6a + 5) =
14. (18a2 – 45a + 28):(3a – 4) =
15. (32a2 + 28a – 15):(8a – 3) =
16. (8a3 – 22a2 + 27a – 18):(2a – 3) =
17. (15a3 + 4a2 – 53a – 30):(3a + 5) =
18. (21a3 – 34a2 – 48a + 16):(7a – 2) =

Ïðèìåðû ñ îòðèöàòåëüíûìè ÷èñëàìè ñ îñòàòêîì
19. (20a2 + 17a – 22):(4a – 3) =
20. (27a2 – 66a – 13):(9a + 2) =
21. (16a2 – 78a + 28):(2a – 9) =
22. (6a3 – 32a2 + 53a – 27):(3a – 4) =
23. (21a3 – 47a2 – 22a + 22):(7a – 4) =
24. (27a3 – 63a2 + 6a + 37):(3a – 5) =
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8. 8. 8. 8. 8. ÓðàâíåíèÿÓðàâíåíèÿÓðàâíåíèÿÓðàâíåíèÿÓðàâíåíèÿ
êàê îáëàñòü ìàòåìàòèêèêàê îáëàñòü ìàòåìàòèêèêàê îáëàñòü ìàòåìàòèêèêàê îáëàñòü ìàòåìàòèêèêàê îáëàñòü ìàòåìàòèêè

Óðàâíåíèÿ — ýòî òå æå ñàìûå âû÷èñëåíèÿ, òîëüêî â íèõ
íåèçâåñòíîå ÷èñëî ñïðÿòàíî. “Ðåøèòü óðàâíåíèå” — ýòî çíà-
÷èò íàéòè íåèçâåñòíîå ÷èñëî. Ýòî ìîæåò ïðîèçîéòè äâóìÿ
ñïîñîáàìè. Ìîæíî âûó÷èòü îïðåäåëåííûå ïðàâèëà, íà îñíî-
âàíèè êîòîðûõ ïðåîáðàçóåòñÿ äàííîå óðàâíåíèå, è â êîíöå
ýòèõ ïðåîáðàçîâàíèé íåèçâåñòíîå ÷èñëî ïðîÿâèòñÿ ñàìî
ñîáîé. Òåõíèêó ðàáîòû ñ ýòèìè ïðàâèëàìè, òåõíèêó ïðåîáðà-
çîâàíèé, óâåðåííîñòü è íàâûê âïîëíå ìîæíî ïðèîáðåñòè; è
íå òîëüêî ìîæíî, íî è íóæíî. Îäíàêî ñóùåñòâóåò èçâåñòíàÿ
îïàñíîñòü, ÷òî ýòè ïðåîáðàçîâàíèÿ ïðåâðàòÿòñÿ â ïðîñòîé
“àïïàðàò”, â ïðîñòûå ïðèïèñûâàíèå è ïåðåíîñ ÷èñåë. Ýòîé
îïàñíîñòè ìû, ðàçóìååòñÿ, îáÿçàíû ïðîòèâîäåéñòâîâàòü,
ñëåäÿ çà òåì, ÷òîáû îòäåëüíûå ïðåîáðàçîâàíèÿ ó÷åíèêè
âûïîëíÿëè ñ ïîíèìàíèåì.

Îäíàêî åñòü è äðóãîé ñïîñîá ðåøàòü óðàâíåíèÿ, è ïðåæäå
âñåãî ñàìûå ïðîñòûå: èñõîäÿ èç äîâåðèÿ ê ÷èñëàì è ê ñ÷åòó.
Åñëè äàíî óðàâíåíèå

9
5
=

x
,

òî ïî ñóòè ýòèì çàäàí âîïðîñ: êàêîå ÷èñëî, áóäó÷è ðàçäåëåí-
íûì íà 5, äàåò 9? Ýòî ìû çíàåì: òàêîå ÷èñëî x = 45.

Èëè, åñëè äàíî óðàâíåíèå

x + 7 = 15,

òî íåìåäëåííûõ ïðåîáðàçîâàíèé ñ öåëüþ âûäåëèòü x íå òðå-
áóåòñÿ, íå ïðàâäà ëè? Ñàìî óðàâíåíèå — ýòî óæå âîïðîñ:
êàêîå ÷èñëî ïëþñ 7 äàåò 15? È îïÿòü-òàêè âñå ÿñíî: x = 8.
Òàêèì îáðàçîì, ìíîãèå óðàâíåíèÿ ìîãóò áûòü ðåøåíû, ïðî-
ñòî èñõîäÿ èç äîâåðèÿ ê ñèëàì. Íóæíî òîëüêî îñîçíàòü, êàêîé
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âû÷èñëèòåëüíûé âîïðîñ ñòàâèò ïåðåä íàìè óðàâíåíèå?
Âîçüìåì ïðèìåð:

5x = 20.

Êàêîå ÷èñëî, óìíîæåííîå íà 5, äàåò 20? Íåìåäëåííî îòûñ-
êèâàåòñÿ îòâåò:

x = 4.

Èëè

6
18

=
x

.

Íà ÷òî íóæíî ðàçäåëèòü 18, ÷òîáû ïîëó÷èòü 6? Åñòåñòâåí-
íî, íà 3; x = 3.

Åñëè ìû îñîçíà¸ì âîïðîñ, ïîñòàâëåííûé ïåðåä íàìè óðàâ-
íåíèåì, òî ìû ìûñëåííî âæèâàåìñÿ â íåãî è ïðåîáðàçóåì
äàííîå óðàâíåíèå íå èçâíå, à èçíóòðè. Òàêàÿ ðàáîòà ñ
óðàâíåíèÿìè äàåò ïðåêðàñíóþ âîçìîæíîñòü åùå áîëåå óãëó-
áèòü ÷óâñòâî ÷èñëà. Ìû âîçâðàùàåìñÿ ê ñòàðîìó íà íîâîì
óðîâíå.

Òðóäíûå ñëó÷àè äîëæíû, ðàçóìååòñÿ, ðåøàòüñÿ ïðåîáðà-
çîâàíèÿìè. Îäíàêî åñëè âû íå çàáûâàåòå ðàáîòàòü ïåðâûì
ñïîñîáîì, òî è ïðåîáðàçîâàíèÿ ïðîäåëûâàþòñÿ ó÷åíèêàìè ñ
âíóòðåííèì ïîíèìàíèåì, à íå ïðîñòûì æîíãëèðîâàíèåì
ïðàâîé è ëåâîé ÷àñòüþ. Â òå÷åíèå ãîäà ïðåîáðàçîâàíèå
óðàâíåíèé ìîæåò áûòü äîâåäåíî äî óðîâíÿ èñêóññòâà: ìàòå-
ìàòèê, ïðåîáðàçóþùèé óðàâíåíèÿ, ïî ñóòè ëåïèò, ïðèäàâàÿ
êàæäûé ðàç óðàâíåíèþ íîâóþ ôîðìó, îòêðûâàÿ êàæäûé ðàç
âñå íîâûå è íîâûå åãî ãðàíè. Â ñòàðøèõ êëàññàõ ó÷åíèêè óæå
â ñîñòîÿíèè ïåðåæèòü ïðåëåñòü òàêèõ îòêðûòèé.

Êëàññíûé ó÷èòåëü, îäíàêî, íà÷èíàåò ñ óðàâíåíèé äðóãîãî
ðîäà, ïîñòåïåííî ïîäâîäÿ äåòåé ê ïðåîáðàçîâàíèÿì.

Íà ïåðâîé ñòóïåíè ïîëåçíî óñòíî ñîñòàâëÿòü ñ ó÷åíè-
êàìè óðàâíåíèÿ, ïîñêîëüêó ïðè ýòîì íà ïåðâûé ïëàí âûñ-
òóïàåò ñ÷åò. Ñïåðâà, êîíå÷íî, ïðèìåðû ñ íåáîëüøèìè ÷èñ-
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ëàìè. Íàïðèìåð, ìû îáðàùàåìñÿ ê êëàññó ñ òàêèìè ñëîâà-
ìè: “ß çàäóìàë ÷èñëî. Åñëè ÿ ïðèáàâëþ ê íåìó 8, òî ÿ
ïîëó÷ó 17”. Ñëûøà òàêîé âîïðîñ, ó÷åíèêè ñàìè íà÷èíàþò
äåéñòâîâàòü. “Èòàê, îí ïðèáàâèë 8 è ïîëó÷èë 17, çíà÷èò,
çàäóìàíî 9, èáî 9 + 8 = 17”. Ëó÷øå âñåãî, åñëè ìû íàó÷à-
åìñÿ ïðèäóìûâàòü òàêèå ïðèìåðû ñõîäó. Ýòî òðåáóåò èç-
âåñòíîãî ïðèñóòñòâèÿ äóõà, îäíàêî è ó÷åíèêè, ÷óâñòâóÿ, ïðî-
ñûïàþòñÿ. Ïðèìåðû ñ áîëüøèìè ÷èñëàìè ëó÷øå çàïèñàòü
çàðàíåå.

Ìû ìîæåì äàòü öåëûé ðÿä òàêèõ óñòíûõ ïðèìåðîâ, óñëîæ-
íÿÿ èõ îò óðîêà ê óðîêó ïîíà÷àëó ïðîñòûì óâåëè÷åíèåì ÷èñåë.

ß çàäóìûâàþ ÷èñëî;
åñëè ÿ ïðèáàâëþ ê íåìó  4, òî ÿ ïîëó÷ó 21. (17)
“ “ “ “ 6, “ “ 31. (25)
“ “ “ “ 8, “ “ 19. (11)
“ “ “ “ 17, “ “ 31. (14)
“ “ “ “ 23, “ “ 45. (22)
“ “ “ “ 28, “ “ 53. (25)
Ñîâñåì ìàëåíüêèå ÷èñëà íå çàñòàâÿò ó÷åíèêîâ äàæå çà-

äóìàòüñÿ — îíè ïðîñòî “óâèäÿò” îòâåò. Êîãäà ÷èñëà âîçðàñ-
òóò (ïîñëåäíèé ïðèìåð), ïîÿâèòñÿ ìûñëü: “Åñëè îí ïðèáàâ-
ëÿåò ê çàäóìàííîìó ÷èñëó 28 è ïîëó÷àåò 53, òî ÿ äîëæåí îò 53
îòíÿòü 28”. Ïðèáàâëåíèå 28 äîëæíî áûòü îòûãðàíî íàçàä: 53
– 28 = 25.

Îò çàäóìàííîãî ÷èñëà ìîæíî è âû÷èòàòü:
ß çàäóìûâàþ ÷èñëî;
åñëè ÿ âû÷òó èç íåãî         5, òî ÿ ïîëó÷ó 18. (23)
“ “ “ “ 9, “ “ 12. (21)
“ “ “ “ 13, “ “ 15. (28)
“ “ “ “ 16, “ “ 21. (37)
“ “ “ “ 22, “ “ 43. (65)
“ “ “ “ 33, “ “ 59. (92)
×òîáû íàéòè çàäóìàííîå ÷èñëî, íóæíî îáðàòèòü âû÷èòà-

íèå ñ ïîìîùüþ ñëîæåíèÿ: 59 + 33 = 92.
Åñëè óæå ïðîéäåíî ñëîæåíèå ñ îòðèöàòåëüíûìè ÷èñëàìè,
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òî îíè ìîãóò èãðàòü ðîëü çàäóìûâàåìîãî ÷èñëà èëè ðåçóëüòà-
òà:

ß çàäóìûâàþ ÷èñëî;
åñëè ÿ ïðèáàâëþ ê íåìó   8, òî ÿ ïîëó÷ó 3. (–5)
“ “ “ “ 10, “ “ 7. (–3)
“ “ “ “ 25, “ “ 19. (–6)
“ “ “ “ 35, “ “ 0. (–35)
“ “ “ “ 7, “ “ –2. (–9)
“ “ “ “ 15, “ “ –14. (–29)
ß çàäóìûâàþ ÷èñëî;
åñëè ÿ âû÷òó èç íåãî         8, òî ÿ ïîëó÷ó –2. (6)
“ “ “ “ 12, “ “ –11. (1)
“ “ “ “ 14, “ “ –6. (8)
“ “ “ “ 3, “ “ –12. (–9)
“ “ “ “ 15, “ “ –19. (–4)
“ “ “ “ 21, “ “ –30. (–9)
Ìîæíî çàäóìûâàòü è êðàòíûå íåêîòîðîãî ÷èñëà èëè æå åãî

÷àñòè. ß çàäóìûâàþ ÷èñëî. Åñëè ê óòðîåííîìó çàäóìàííîìó
ÿ ïðèáàâëþ 5, òî ïîëó÷ó 17. Çäåñü ïðåäñòîèò îáðàòèòü óæå
äâå îïåðàöèè, ñëîæåíèå è óìíîæåíèå:

17 – 5 = 12
è 12 : 3 = 4

Ïðîâåðèì, äåéñòâèòåëüíî ëè “4” èñêîìîå ÷èñëî. Äëÿ ýòîãî
âûïîëíèì çàäàííîå âû÷èñëåíèå:

3 · 4 + 5 = 12 + 5 = 17

Ïîëó÷àåì ïðåäïèñàííûé ðåçóëüòàò; çíà÷èò, “4” — ýòî
äåéñòâèòåëüíî çàäóìàííîå ÷èñëî.

Åñëè ÿ ê ó÷åòâåðåííîìó çàäóìàííîìó ÷èñëó ïðèáàâëþ 2,
áóäåò 14. (3)

Åñëè ÿ ê óäâîåííîìó çàäóìàííîìó ÷èñëó ïðèáàâëþ 7, áóäåò
19. (6)

Åñëè ÿ ê óïÿòåðåííîìó çàäóìàííîìó ÷èñëó ïðèáàâëþ 13,
áóäåò 53. (8)

53 – 13 = 40
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40 : 5 = 8
Ïðîâåðêà: 5 · 8 + 13 = 53
Åñëè ÿ îò óòðîåííîãî çàäóìàííîãî ÷èñëà îòíèìó 8, áóäåò

7.  (5)
Åñëè ÿ îò ó÷åòâåðåííîãî çàäóìàííîãî ÷èñëà îòíèìó 7, áóäåò

25.  (8)
Åñëè ÿ îò óäâîåííîãî çàäóìàííîãî ÷èñëà îòíèìó 12, áóäåò

24.  (18)
24 + 12 = 36
36 : 2 = 18

Ïðîâåðêà: 2 · 18 – 12 = 24

Ïðèìåðû ñ ÷àñòüþ:
ß çàäóìûâàþ ÷èñëî;
åñëè ÿ ïðèáàâëþ ê åãî ïîëîâèíå 6, òî ÿ ïîëó÷ó 10. (8)
“ “ “ “                  7, “           19. (24)
“ “ “ “                  10, “            27. (34)

27 – 10 = 17
2 · 17 = 34

Ïðîâåðêà: 34 : 2 + 10 = 27
ß çàäóìûâàþ ÷èñëî;
åñëè ÿ ïðèáàâëþ ê åãî òðåòè  6, òî ÿ ïîëó÷ó 10. (12)
“ “ “ “        8,    “ “ 14. (18)
“ “ “ “        15,    “ “ 25.

(30)
25 – 15 = 10
3 · 10 = 30

Ïðîâåðêà: 30 : 3 + 15 = 25
ß çàäóìûâàþ ÷èñëî;
åñëè ÿ âû÷òó èç åãî ÷åòâåðòè  2, òî ÿ ïîëó÷ó 5. (28)
“ “ “ “        3,    “ “ 7. (40)
“ “ “ “       10,    “ “ 11. (84)

11 + 10 = 21
4 · 21 = 84

Ïðîâåðêà: 84 : 4 – 10 = 11



116

Åñòåñòâåííî, íå âñåì äåòÿì â êëàññå îäèíàêîâî ëåãêî ðå-
øàòü òàêèå çàäà÷è. Îäíàêî åñëè ïðîðåøàòü äîñòàòî÷íîå
êîëè÷åñòâî ïðèìåðîâ ñ ìàëåíüêèìè ÷èñëàìè, òî äàæå ñëà-
áûå ó÷åíèêè íà÷èíàþò ïîíèìàòü, â ÷åì äåëî. È â ýòîì âñå
äåëî. Â êàæäîì ó÷åíèêå áðåçæèò ïîíèìàíèå ïðèðîäû ÷èñåë,
è òàêèå íåñëîæíûå çàäà÷è àïåëëèðóþò è ðàçâèâàþò êàê ðàç
ýòî ÷óâñòâî. Ðàçâèòèå äàííîãî ÷óâñòâà äîëæíî âî âñÿêîì
ñëó÷àå ïðåäøåñòâîâàòü ïèñüìåííîìó ðåøåíèþ óðàâíåíèé ïî
îïðåäåëåííûì ïðàâèëàì. Ðàçóìååòñÿ, ó÷åíèêè ìîãóò è
äîëæíû ñàìè ïðèäóìûâàòü òàêèå ïðèìåðû è ñòàâèòü èõ ïåðåä
êëàññîì.

Êîãäà ìû ïåðåõîäèì ê áîëåå òðóäíûì ïðèìåðàì, ñàìà ñî-
áîé âîçíèêàåò ïîòðåáíîñòü çàïèñàòü ðåøåíèå. ß çàäóìûâàþ
÷èñëî, çàòåì óâåëè÷èâàþ åãî â 7 ðàç. Ê ðåçóëüòàòó ïðèáàâ-
ëÿþ 31 è ïîëó÷àþ 73. Çàäóìàííîå ÷èñëî ïîêà íåèçâåñòíî,
ïîýòîìó ìû íàçûâàåì åãî íåèçâåñòíûì è îáîçíà÷àåì ñèì-
âîëîì x. Èòàê:

7x + 31 = 73
7x = 42
x = 6

Ïðåæäå ÷åì ìû ïåðåéäåì ê òåõíîëîãèè, óìåñòíî îãîâîðèòü
ñëåäóþùåå: åñëè 7x + 31 ðàâíî 73, òî îäíî 7x íà 31 ìåíüøå è
ðàâíî 73 – 31 = 42. Åñëè 7 ðàç x ðàâíî 42, òî ïðîñòî x ðàâíî
ñåäüìîé ÷àñòè îò 42, ò.å. 42 : 7 = 6 = x. Òå æå ñàìûå
ðàññóæäåíèÿ ìû ïðîèçâîäèì, ðåøàÿ óñòíûå çàäà÷è.

 Òåïåðü ìîæíî ïîïðîáîâàòü çàïèñàòü ýòè ðàññóæäåíèÿ íà
áîëåå ôîðìàëüíîì ÿçûêå.

7x + 31 = 73   – 31
7x = 42   : 7
x = 6

Çà óðàâíåíèåì ìû ïðîâîäèì âåðòèêàëüíóþ ÷åðòó è çà íåé
ïèøåì, ÷òî ìû äåëàåì — â äàííîì ñëó÷àå âû÷èòàåì èç îáåèõ
÷àñòåé óðàâíåíèÿ 31. Äëÿ ëåâîé ÷àñòè âñå ïîíÿòíî, ìû ïî
ñóòè îáðàùàåì ñëîæåíèå 31: 7x + 31 – 31 = 7x. Ðåçóëüòàò ýòîãî
äåéñòâèÿ (7x) ìû çàïèñûâàåì ñòðî÷êîé íèæå. Ñïðàâà íóæíî
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âûïîëíèòü âû÷èòàíèå 73 – 31; ðåçóëüòàò (42) òàêæå
çàïèñûâàåòñÿ ñòðî÷êîé íèæå. Åñëè îò îáåèõ ÷àñòåé âû÷èòà-
åòñÿ 31, òî îíè óìåíüøàþòñÿ íà îäíî è òî æå ÷èñëî, ò.å. ëåâàÿ
÷àñòü âñå ðàâíî ðàâíà ïðàâîé. Äàëåå ìû ïðîâîäèì åùå îäíó
âåðòèêàëüíóþ ÷åðòó è ïèøåì ñëåäóþùåå äåéñòâèå, à èìåííî
äåëåíèå îáåèõ ÷àñòåé íà 7. Ëåâàÿ ÷àñòü äåëèòñÿ íà 7 è
ïîëó÷àåòñÿ 7x : 7 = 1x = x. Ïðàâàÿ ÷àñòü äåëèòñÿ íà 7 è
ïîëó÷àåòñÿ 42 : 7 = 6. Ðåçóëüòàòû ìû ñíîâà ïèøåì íà ñòðîêó
íèæå. È ýòà çàïèñü ñàìà ãîâîðèò íàì î òîì, ÷òî çàäóìàííîå
÷èñëî, íàøå íåèçâåñòíîå ðàâíî 6. Èíñòèíêòèâíî ìû çàäàåì
ñåáå âîïðîñ: à ïðàâèëüíî ëè? Ëåãêî ïðîâåðèòü: íà ìåñòî íå-
èçâåñòíîãî x ïîäñòàâèì èçâåñòíîå 6 è ïîñ÷èòàåì:

     ?
7 · 6 + 31 = 73
   42 + 31 = 73

   
Â ïåðâîé ñòðîêå îêîëî çíàêà ðàâåíñòâà ñòàâèòñÿ âîïðî-

ñèòåëüíûé çíàê, ïîñêîëüêó ìû ïîêà åùå íå çíàåì, äåéñòâè-
òåëüíî ëè 7 · 6 + 31 ðàâíî 73. Êîãäà ìû óáåäèëèñü â âåðíîñòè
ðàâåíñòâà, ìû ñòàâèì çíàê ( ).

Âòîðîé ïðèìåð: ÿ çàäóìûâàþ ÷èñëî; åñëè ÿ óìíîæàþ åãî
íà 12 è îò ðåçóëüòàòà îòíèìàþ 23, òî ïîëó÷èòñÿ 61.

12x – 23 = 61

Âíà÷àëå ïîðàññóæäàåì: åñëè 12x – 23 ðàâíî 61, òî 12x
ðàâíî 84. Åñëè 12x ðàâíî 84, òîãäà ïðîñòî x ðàâíî 7. Òåïåðü
çàïèøåì:

12x – 23 = 61   + 23
         12x = 84   : 12
             x = 7

Ïåðâûì äåéñòâèåì â ëåâîé ÷àñòè ìû îáðàùàåì âû÷èòà-
íèå 23: 12x – 23 + 23 = 12x; â ïðàâîé ÷àñòè ìû óâåëè÷èâàåì
61 íà 23 è ïîëó÷àåì 84. ×òîáû íàéòè ïðîñòî x, ìû äåëèì ëåâóþ
è ïðàâóþ ÷àñòü íà 12. Ëåâàÿ ÷àñòü: 12x : 12 = 1x = x; ïðàâàÿ
÷àñòü: 84 : 12 = 7.
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Ïðîâåðêà:
       ?

12 · 7 – 23 = 61
     84 – 23 = 61

    
Òðåòèé ïðèìåð: ÿ çàäóìûâàþ ÷èñëî; îò åãî ïÿòîé ÷àñòè ÿ

îòíèìàþ 6 è ïîëó÷àþ 9.

96
5

=−
x

Âíà÷àëå ðàññóæäàåì: 
5
x

 äîëæíî ðàâíÿòüñÿ 15; 15 – 6 = 9.

Ïðîñòî x äîëæíî áûòü â 5 ðàç áîëüøå, ò.å. 75.

96
5

=−
x

  + 6

     15
5
=

x
  · 5

      x = 75

Íåèçâåñòíîå íàõîäèòñÿ ïðîñòûì îáðàùåíèåì ïðîèçâåäåí-
íûõ íàä íèì îïåðàöèé (äåëåíèÿ íà 5 è âû÷èòàíèÿ 6):

            
?

96
5

75
=−

15 – 6 = 9
          

Â ïðåäûäóùèõ ïðèìåðàõ íåèçâåñòíîå áûëî òîëüêî ñ îä-
íîé ñòîðîíû; ðàçóìååòñÿ, îíî ìîæåò áûòü ñ îáåèõ ñòîðîí: ÿ
çàäóìûâàþ ÷èñëî; åñëè ÿ óìíîæàþ åãî íà 5 è ïðèáàâëÿþ 18,
òî ïîëó÷àåòñÿ âîñüìèêðàòíîå çàäóìàííîå ÷èñëî:

5x + 18 = 8x

Â ïðàâîé ÷àñòè íà 3x áîëüøå, ÷åì â ëåâîé ÷àñòè. Ýòîò
ïåðåâåñ íà 3x äîëæåí ðàâíÿòüñÿ 18; ò.å. x = 6. ×òîáû îò÷åòëè-
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âî ïðîäåìîíñòðèðîâàòü ýòîò ïåðåâåñ â x, ðàçëîæèì 8x íà 5x
+ 3x:

5x + 18 = 5x + 3x

Ïîñêîëüêó â ïðàâîé è ëåâîé ÷àñòÿõ 5x, çíà÷èò, 3x ðàâíî 18.
18 = 3x   : 3
   6 = x

(Íåèçâåñòíîå x ìîæåò ñòîÿòü â êîíöå êàê ñïðàâà, òàê è
ñëåâà îò çíàêà ðàâåíñòâà.)

Ïåðåèçáûòîê x îò÷åòëèâî âèäåí, åñëè îò îáåèõ ÷àñòåé îò-
íÿòü 5x:

Ëåâàÿ ñòîðîíà: 5x + 18 – 5x = 18
Ïðàâàÿ ñòîðîíà: 8x – 5x = 3x
Êîðî÷å:

5x + 18 = 8x   – 5x
        18 = 3x   : 3
           6 = x

Òåïåðü ïðîâåðèì:
     ?

5 · 6 + 18 =  8 · 6
   30 + 18 = 48
            48 = 48

    
Íàó÷èâøèñü ðàáîòàòü ñ “ïåðåèçáûòêîì” x, ìû íàó÷èìñÿ

ðåøàòü óðàâíåíèÿ ñ ïîíèìàíèåì.
ß çàäóìûâàþ ÷èñëî; åñëè ÿ óìíîæó åãî íà 7 è ïðèáàâëþ 8,

òî ïîëó÷àåòñÿ ñòîëüêî æå, ñêîëüêî áóäåò, åñëè ê óòðîåííîìó
íåèçâåñòíîìó ïðèáàâèòü 28:

7x + 8 = 3x + 28

Ñëåâà “ïåðåâåñ” â 4x; ñïðàâà ÷èñòîå ÷èñëî “28” ïðåâîñõî-
äèò 8 íà 20. Ýòè äâà “ïåðåâåñà” âçàèìíî óðàâíèâàþò äðóã
äðóãà:

4x = 20
x = 5
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7x ðàñêëàäûâàåòñÿ íà 3x + 4x, à 28 ðàñêëàäûâàåòñÿ íà
20 + 8, è “ïåðåèçáûòîê” ñòàíîâèòñÿ îñîáåííî ÿñåí:

3x + 4x + 8 = 3x + 20 + 8

Âû÷òåì èç îáåèõ ÷àñòåé 3x, à çàòåì è 8:

7x + 8 = 3x + 28   –3x
4x + 8 = + 28   –8
      4x = + 20   :4
         x = 5

Ýòîò ïîñëåäíèé ñïîñîá ðåøåíèÿ óðàâíåíèé íàçîâåì ïðå-
îáðàçîâàíèåì óðàâíåíèé; â êîíöå êîíöîâ îí äîëæåí ïðåâðà-
òèòüñÿ â íàâûê! Ïîñëå öåëîãî ðÿäà óïðàæíåíèé ìû ïåðåñòà-
åì îñîáåííî äóìàòü. Â ýòîì íåäîñòàòîê íàâûêà — íî îäíî-
âðåìåííî è äîñòîèíñòâî: ñèëà ìûøëåíèÿ ñâîáîäíà òåïåðü
äëÿ äðóãîãî — ìîæåò áûòü, ÷åãî-òî áîëåå ñóùåñòâåííîãî.

Íåäîñòàòêè æå ìîæíî ïîïûòàòüñÿ ñãëàäèòü, ñíîâà è ñíî-
âà òðåíèðóÿ îöåíêó è óðàâíèâàíèå.

5x + 56 = 7x + 40

Ñðàâíèì ÷èñëà ñïðàâà è ñëåâà: íà ïðàâîé ñòîðîíå ïåðå-
èçáûòîê â 2x, â ëåâîé ñòîðîíå — â 16. Èòàê:

16 = 2x
   8 = x

Ðåøåíèå âû÷èòàíèåì:
5x + 56 = 7x + 40   – 5x
         56 = 2x + 40   – 40
         16 = 2x   : 2
           8 = x

Âòîðîå âû÷èòàíèå ìîæåò áûòü è ïåðâûì:
5x + 56 = 7x + 40   – 40
 5x + 16 = 7x   – 5x
         16 = 2x   : 2
           8 = x
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Ïðîâåðêà:
     ?

5 · 8 + 56 = 7 · 8 + 40
   40 + 56 = 56 + 40
            96 = 96
               

ß çàäóìûâàþ ÷èñëî; åñëè ÿ óäåñÿòåðþ åãî è âû÷òó èç ðå-
çóëüòàòà 9, ÿ ïîëó÷ó ñòîëüêî æå, ñêîëüêî äàñò óìíîæåíèå
íåèçâåñòíîãî íà 6 è ïðèáàâëåíèå ê ðåçóëüòàòó 27.

10x – 9 = 6x + 27

Ïåðåâåñ? Ñ ëåâîé ñòîðîíû 4x. À ñ ïðàâîé? Íà ñêîëüêî 27
áîëüøå, ÷åì –9? Íà ñêîëüêî íóæíî óâåëè÷èòü –9, ÷òîáû ïîëó-
÷èòü 27? Íà 36. Èòàê,

4x = 36
  x = 9

Ðåøåíèå ñ ïîìîùüþ îáðàòíûõ äåéñòâèé:

10x – 9 = 6x + 27   – 6x
    4x – 9 = 27   + 9
         4x = 36   : 4
           x = 9

ß çàäóìûâàþ ÷èñëî; åñëè ÿ óìíîæó åãî íà 8 è âû÷òó 30, òî
ÿ ïîëó÷ó ñòîëüêî æå, êàê åñëè áû ÿ èç óïÿòåðåííîãî ÷èñëà
âû÷åë 12.

8x – 30 = 5x – 12

Ïåðåâåñ: x áîëüøå íà ëåâîé ñòîðîíå íà 3x. À ñïðàâà? Êà-
êîå èç “÷èñòûõ” ÷èñåë áîëüøå? ×èñëî “–12” áîëüøå, ÷åì
“–30”. Ñ óðîâíÿ –30 ìû äîëæíû ïîäíÿòüñÿ äî –12 íà 18; èäå-
àëüíî ðàáîòàåò ïðåäñòàâëåíèå î òåðìîìåòðå. Èòàê, ïåðåâåñ
â 18 íà ïðàâîé ñòîðîíå:

3x = 18
  x = 6
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Ðåøåíèå ÷åðåç îáðàòíûå îïåðàöèè:
8x – 30 = 5x – 12   – 5x
3x – 30 = – 12   + 30
         3x = 18   : 3
           x = 6

Ïðîâåðêà:
     ?

8 · 6 – 30 = (?) 5 · 6 – 12
   48 – 30 = 30 – 12
            18 = 18
               

Ïðåäûäóùèå ïðèìåðû áûëè ïîñòðîåíû òàêèì îáðàçîì,
÷òîáû â îòâåòå ïîëó÷àëèñü öåëûå ïîëîæèòåëüíûå ÷èñëà.
Ïóñòü ó÷åíèêè ðåøàò äîñòàòî÷íîå êîëè÷åñòâî òàêèõ ïðèìå-
ðîâ è ïðèîáðåòóò îïðåäåëåííóþ óâåðåííîñòü. Îòðèöàòåëü-
íûõ ÷èñåë è äðîáåé ïîíà÷àëó áóäåì èçáåãàòü, ÷òîáû íå óñ-
ëîæíÿòü äåëî ïîñòîðîííèìè òðóäíîñòÿìè.

Åñëè ñïðàâà èëè ñëåâà âîçíèêàåò íåñêîëüêî ÷èñåë èëè
îäíî÷ëåíîâ, òî ìîæíî ñîáðàòü èõ âìåñòå.

18 + 5x + 17 = 2x + 3 + 11x   (ïðèâåäåì ïîäîáíûå)
         35 + 5x = 13x + 3   – 5x
                  35 = 8x + 3   – 3
                  32 = 8x   : 8
                    4 = x

Ïðîâåðêà:
           ?

18 + 20 + 17 = 8 + 3 + 44
                  55 = 55

        

63 + 4x – 21 = 15x + 28 – 4x   (ïðèâåäåì ïîäîáíûå)
         42 + 4x = 11x + 28   – 4x
                 42 = 7x + 28   – 28
                 14 = 7x   : 7
                   2 = x
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Ïðîâåðêà:
63 + 8 – 21 =?  30 + 28 – 8
                50 = 50
                   

Ïðèìå÷àíèå. Óðàâíåíèÿ, êîòîðûå ìû ðàññìàòðèâàëè,
íàçûâàþòñÿ îïðåäåëåííûìè óðàâíåíèÿìè, ïîñêîëüêó â îòâå-
òå îíè îïðåäåëÿþò îäíî îïðåäåëåííîå ÷èñëî.

Åñòü è òàêèå âûðàæåíèÿ, â êîòîðûå ìîæíî, íå íàðóøàÿ
ðàâåíñòâà, ïîäñòàâèòü ëþáîå ÷èñëî. Íàïðèìåð:

5(x + 7) = 5x + 35
Ïî ñóòè çäåñü ïî èçâåñòíîìó íàì ïðàâèëó ÷èñëî óìíîæà-

åòñÿ íà ñóììó. Âìåñòî x ìîæíî ïîäñòàâèòü ëþáîå ÷èñëî, ïðà-
âèëî îò ýòîãî íå ïåðåñòàíåò áûòü ïðàâèëîì. Òî æå ñàìîå ïðî-
èñõîäèò ñ áèíîìèíàëüíûìè ôîðìóëàìè:

(x + 1)2 ≡ x2 + 2x + 1
Ïðàâàÿ ñòîðîíà âñåãäà ðàâíà ëåâîé, êàêîå áû ÷èñëî ìû

íè ïîäñòàâèëè. Òàêèå ïðèìåðû íàçûâàþòñÿ òîæäåñòâàìè,
îáå ñòîðîíû â íèõ âñåãäà òîæäåñòâåííû (äëÿ ëþáîãî, à íå
êàêîãî-òî îïðåäåëåííîãî ÷èñëà). Ýòîò ôàêò èíîãäà ôèêñèðó-
åòñÿ îïðåäåëåííûì çíàêîì — çíàêîì “òîæäåñòâà”:

(x + 1)2 ≡ x2 + 2x + 1
È íàêîíåö, åñòü òðåòèé ñîðò “óðàâíåíèé”:

5x + 2 = 5x
Òàêîå óðàâíåíèå ïðîòèâîðå÷èâî, ïîñêîëüêó íåò òàêîãî x,

äëÿ êîòîðîãî äàííîå âûðàæåíèå ïðåâðàùàëîñü áû â ðàâåí-
ñòâî; 5x + 2 âñåãäà áîëüøå, ÷åì 5x. Ìû äîëæíû íàïèñàòü:

5x + 2 > 5x
Çíàê  >  ÷èòàåòñÿ êàê “áîëüøå ÷åì”. Òàêîå âûðàæåíèå íàçûâà-

åòñÿ íåðàâåíñòâîì. Â äàííîì ñëó÷àå âìåñòî x ìîæíî ïîäñòà-
âèòü ëþáîå ÷èñëî, è íåðàâåíñòâî âñåãäà áóäåò âûïîëíÿòüñÿ.

Èòàê, äàëåêî íå âñåãäà ìû èìååì äåëî ñ îïðåäåëåííûì
óðàâíåíèåì. Ìû ìîæåì âñòðåòèòüñÿ è ñ òîæäåñòâîì, è ñ íå-
ðàâåíñòâîì.
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Óïðàæíåíèÿ: óðàâíåíèÿ, ðåøàåìûåÓïðàæíåíèÿ: óðàâíåíèÿ, ðåøàåìûåÓïðàæíåíèÿ: óðàâíåíèÿ, ðåøàåìûåÓïðàæíåíèÿ: óðàâíåíèÿ, ðåøàåìûåÓïðàæíåíèÿ: óðàâíåíèÿ, ðåøàåìûå
â ïîëîæèòåëüíûõ öåëûõ ÷èñëàõâ ïîëîæèòåëüíûõ öåëûõ ÷èñëàõâ ïîëîæèòåëüíûõ öåëûõ ÷èñëàõâ ïîëîæèòåëüíûõ öåëûõ ÷èñëàõâ ïîëîæèòåëüíûõ öåëûõ ÷èñëàõ

1. 5x + 6 = 3x + 14 7. 2x + 3 + 8x = 3x + 18 + 4x
2. 7x + 11 = 2x + 21 8. 5x + 17 + 3x = 2x + 35 + 3x
3. 9x + 2 = 7x + 12 9. 7x + 21 + 2x = 5x + 41 + 2õ
4. 3x + 21 = x + 39 10.13 + 4x + 17 = 21 + 3x + 15
5. 10x + 14 = 3x + 21 11.7 + 5x + 16 = 3 + 2x + 29
6. 15x + 11 = 9x + 53 12.2x + 5 + 8x = 7 + 6x + 14

13. 3x – 2 = x + 8 19.15x + 3 – 6x = 16x + 7 –9x
14. 5x – 6 = 2x + 15 20.21x + 6 – 17x = 15x + 16 –

13x
15. 6x – 11 = 2x + 21 21.32x + 11 –28x = 17x + 22 –14x
16. 8x – 24 = 5x + 9 22.18 + 13x – 7 = 25 + 10x – 2
17. 9x – 4 = 2x + 10 23.31 + 17x – 21 = 16 + 14x + 12
18. 21x – 14 = 15x + 16 24.25 + 24x – 21 = 17x + 40 + 3x

25. 5x – 3 = 7x – 7 31.14x + 7 – 11x = 6x – 35 + 18x
26. 11x – 21 = 18x – 49 32.21x – 9 – 5x = 2x + 21 + 8x
27. 13x – 15 = 15x – 29 33.42x – 18 – 36x = 21x – 114 +

9x
28. 15x – 3 = 20x – 58 34.15x + 21 –7x = 13 + 6x + 32
29. 5x – 6 = 18 – 3x 35.13x – 12 + 5x = 7x + 48 – 9x
30. 8x – 10 = 90 – 12x 36.7x – 8 + 2x = 8x + 32 – 9x

37. 2x – 7 = 9x – 35 43.3x + 7 + 8x = 11 + 5x + 8
38. 11x – 21 = 9 – 4x 44.5x + 70 –2x = 11 + 8x + 44
39. 7x + 6 = 3x + 26 45.21x + 7 –15x = 8x + 15 –4x
40. 18x + 5 = 12x + 11 46.8 + 14x + 6 = 3x + 34 + 9x
41. 9x + 11 = 5x + 23 47.40 + 7x – 15 = 8x + 35 – 3x
42. 6x + 58 = 13x + 9 48.100 + 17x – 45 = 8x + 59 + 7x
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9. Óðàâíåíèÿ ñ äðîáÿìè9. Óðàâíåíèÿ ñ äðîáÿìè9. Óðàâíåíèÿ ñ äðîáÿìè9. Óðàâíåíèÿ ñ äðîáÿìè9. Óðàâíåíèÿ ñ äðîáÿìè

Óæå ñàìûå ïðîñòûå óðàâíåíèÿ ïðèâîäÿò ê äðîáíûì ðå-
øåíèÿì:

7x + 10 = 4x + 11   – 4x
3x + 10 = 11   – 10
         3x = 1

Ïîñëåäíåå óðàâíåíèå ñòàâèò ïåðåä íàìè âîïðîñ: êàêîå
÷èñëî, áóäó÷è óìíîæåíî íà 3, äàåò 1? Ýòî ïî ñóòè îñíîâíîé
âîïðîñ, ïðèâîäÿùèé ê äðîáÿì. Öåëîå òðåáóåòñÿ íå óìíîæàòü,
à äåëèòü! Â ðåçóëüòàòå ââîäèòñÿ ïîíÿòèå 1/3: ýòî òàêîå ÷èñ-
ëî, êîòîðîå ïðè óìíîæåíèè íà 3 äàåò 1. Åñëè âîçíèêàåò âîï-
ðîñ: ÷òî òàêîå 1/2, 1/3, 1/4... ? — îòâåò ñëåäóþùèé: ýòî òàêèå
÷èñëà, êîòîðûå ïðè óìíîæåíèè íà äâà, òðè, ÷åòûðå... äàþò 1.
Èòàê, ïðåäûäóùåå óðàâíåíèå èìååò ðåøåíèå:

x = 
3
1

À ÷òî òàêîå 2/3? Åñòåñòâåííî, 2/3=1/3+1/3. Åñëè ýòó äðîáü
âçÿòü òðèæäû, òî â îòâåòå ïîëó÷èòñÿ äâå öåëûõ, èëè 2. Òàê
ìîæíî ïîíÿòü ñìûñë âñÿêîé äðîáè: 3/5— ýòî òàêîå ÷èñëî, êî-
òîðîå, áóäó÷è âçÿòî 5 ðàç (óìíîæåíî íà 5), äàåò 3. Îíî ÿâëÿ-
åòñÿ ðåøåíèåì óðàâíåíèÿ:

5x = 3

x = 
5
3

Åñëè ìû ðàáîòàåì ñ óðàâíåíèÿìè â öåëûõ ÷èñëàõ, òî ðàíî
èëè ïîçäíî íàì âñòðåòèòñÿ óðàâíåíèå òèïà:

ax = b,

ïðè÷åì a è b — öåëûå ÷èñëà. Îíî ýêâèâàëåíòíî âîïðîñó:
êàêîå ÷èñëî äàåò b, áóäó÷è óìíîæåíî íà a? Ýòî äðîáü b/a.
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Ñíîâà ëó÷øå ïðîÿñíèòü äëÿ ñåáÿ ðåøåíèå, ñíà÷àëà îáðà-
òèâøèñü ê ñìûñëó äðîáè è òîëüêî çàòåì ïåðåéäÿ ê ïðåîáðà-
çîâàíèÿì. Îíè ñîñòîÿò â äàííîì ñëó÷àå â òîì, ÷òîáû äåëèòü
îáå ÷àñòè óðàâíåíèÿ íà a.

ax = b   : a

Ëåâàÿ ñòîðîíà ïðè äåëåíèè íà a äàåò 1x = x.
Ïðàâàÿ ñòîðîíà ïðè äåëåíèè íà a äàåò b : a = 

a
b

Ïðèìåðû óðàâíåíèé ñ äðîáíûìè ðåøåíèÿìè:
Ïðèìåð 1:

8x + 4 = 3x + 5   – 3x
 5x + 4 = 5   – 4
       5x = 1   : 5

         x = 5
1

Ïðîâåðêà äàåò õîðîøèé ïîâîä ïîâòîðèòü îïåðàöèè ñ äðî-
áÿìè: â ïåðâîå óðàâíåíèå âìåñòî x ìû ïîäñòàâëÿåì äðîáü 1/5:    

?
8 · 5

1  + 4 = 3 · 5
1  + 5

      
5
8

 + 4 =?
5
3

 + 5

    
5
3

1  + 4 =?  
5
3

5

         
5
3

5  = 
5
3

5

               
Ïðèìåð 2:

9x – 3 = 5x + 2   – 5x
4x – 3 = 2   + 3
       4x = 5   : 4

         x = 4
5
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Ïðîâåðêà:

9 · 
4
5

 – 3 =?  5 · 
4
5

 + 2

   
4

45
 – 3 =?

4
25

 + 2

 111/4 – 3 =?  61/4 + 2

         81/4 = 81/4
               

Íà ñàìîì äåëå çíàê âîïðîñà äîëæåí ñòîÿòü íàä êàæäûì
óðàâíåíèåì, êðîìå ïîñëåäíåãî; âåäü òîëüêî â ïîñëåäíåé
ñòðî÷êå ñòàíîâèòñÿ î÷åâèäíî, ÷òî íàéäåííîå ÷èñëî äåéñòâè-
òåëüíî óðàâíèâàåò îáå ñòîðîíû.

Ïðèìåð 3:

10x – 11 = 3x – 2   – 3x
   7x – 11 = –2   + 11
           7x = 9   : 7

             x = 7
9

Ïðîâåðêà:

10 · 7
9  – 11 =?  3 · 7

9  – 2

     
7

90
 – 11 =?  

7
27

 – 2

   126/7 – 11 =?  36/7 – 2

             16/7 = 16/7
                  

Êîíå÷íî, ðåçóëüòàò x =9/7 òàêæå ìîæíî çàïèñàòü â âèäå
ñìåøàííîé äðîáè: x = 12/7. Åñëè ïîäñòàâèòü ýòó äðîáü â ïåð-
âóþ ñòðîêó:
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10 · 12/7 – 11 =?  3 · 12/7 – 2
    1020/7 – 11 =?  36/7 – 2
     126/7 – 11 =?  16/7
                16/7 = 16/7
                     

Â ïåðâîì ñëó÷àå ïðîâåðêó äàæå ëåã÷å ïðîèçâåñòè, ÷åì âî
âòîðîì, ñî ñìåøàííûì îòâåòîì. Îäíàêî ïîëåçíî ïîóïðàæíÿòü
è òî è äðóãîå.

À êàê ðåøàòü óðàâíåíèÿ, åñëè äðîáè ïðèñóòñòâóþò óæå â
óñëîâèè?

Ïðèìåð 4:

x +
4
3

 = 6

Êàêîå ÷èñëî ïëþñ 3/4 äàåò 6? Ñ 6 ñïóñòèìñÿ íà 3/4 íàçàä:
6 – 3/4 = 51/4. Ïðåîáðàçîâûâàÿ óðàâíåíèå, ïîëó÷àåì:

x +
4
3

 = 6   –
4
3

        x = 51/4
Ïðèìåð 5:

x +
3
2

 =  
4
3

  –
3
2

       x = 
4
3

– 
3
2

  (ïðèâîäèì
    ê îáùåìó çíàìíàòåëþ)

       x = 
12
9

 – 
12
8

       x = 
12
1
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Ïðîâåðêà:

12
1

 + 
3
2

 =?  
4
3

 
12
1

 + 
12
8

=?  
4
3

         
12
9

=
4
3

             

Ïðèìåð 6:

2x – 
5
3

= 1   + 
5
3

        2x = 1 + 
5
3

        2x = 
5
8

  : 2

          x = 
5
4

Ïðîâåðêà:

2 · 
5
4

 – 
5
3

 =?  1

     
5
8

 – 
5
3

 =?  1

             
5
5

 = 1
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Ïðèìåð 7:

3x – 
4
1

 = 1   +
4
1

          3x = 1 + 
4
1

         3x = 
4
5

  : 3

          x = 
12
5

Ïðîâåðêà:

3 · 
12
5

 – 
4
1

 =?  1

       
4
5

 – 
4
1

 = 1

                  

Êàê âû÷èñëèòü 3 · 5/12? Ìû ìîæåì óìíîæèòü íà 3 ÷èñëè-
òåëü è çàòåì ñîêðàòèòü íà 3: 3 · 5/12 = 15/12 = 5/4. Îäíàêî ïðîùå
ïåðåä óìíîæåíèåì ñîêðàòèòü 3 è 12.

Ïðèìåð 8:

5x + 
3
2

 = 3x + 
5
4

  – 3x

2x + 
3
2

 = 
5
4

  –
3
2

        2x =
5
4

 –  
3
2

  (ïðèâåäåì
    ê îáùåìó çíàìíàòåëþ)

        2x = 
15
12

 – 
15
10

        2x = 
15
2

  : 2

          x = 
15
1



131

Ïðîâåðêà:

5 · 
15
1

 + 
3
2

 =?  3 · 
15
1

 + 
5
4

        
3
1

 + 
3
2

 =?  
5
1

+ 
5
4

                  1 = 1
                   

Òàêèå óðàâíåíèÿ ïðåäîñòàâëÿþò ïðåêðàñíóþ âîçìîæíîñòü
äëÿ ïîâòîðåíèÿ äðîáåé.

Ïðèìåð 9:

5x – 
4
3

 = 3x + 
5
1

  – 3x

2x – 
4
3

 = 
5
1

  +
4
3

        2x = 
5
1

 + 
4
3

  (ê îáùåìó çíàìåíàòåëþ)

        2x = 
20
4

 + 
20
15

        2x = 
20
19

  : 2

           x = 
40
19

Ïðîâåðêà:

5 · 
40
19

 – 
4
3

 =?  3 · 
40
19

 + 
5
1

        
8
6

8
19 −  =?  

40
8

40
57+
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40
65

8
13 =

 
8

13
 = 

8
13

      

Â óðàâíåíèè ìîãóò âîçíèêàòü è äðîáíûå ÷àñòè íåèçâåñò-
íîãî:

Ïðèìåð 10:

3
x

+ 2 = 6

×òîáû ïðåîáðàçîâàíèÿ íå ïðîõîäèëè ÷èñòî ìåõàíè÷åñêè,

ñíîâà ïîðàññóæäàåì: 
3
x

 äîëæíî ðàâíÿòüñÿ 4, ïîñêîëüêó 4 + 2

= 6; x äîëæíî ðàâíÿòüñÿ 12, ïîñêîëüêó 12 : 3 = 4.
Òåïåðü — ðåøåíèå ñ ïîìîùüþ ïðåîáðàçîâàíèé:

3
x

+ 2 = 6   – 2

      
3
x

= 4   · 3

        x = 12

Ïðèìåð 11:

3
x

 – 
2
1

 = 
4
1

  +
2
1

        
3
x

 = 
4
1

 + 
2
1

  (ê îáùåìó çíàìåíàòåëþ)

         
3
x

 = 
4
1

 + 
4
2

       
3
x

 = 
4
3

  · 3

          x = 
4
9
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Ïðîâåðêà:

3
4
9

 – 
2
1

 =?  
4
1

4
3

 – 
2
1

 =?  
4
1

4
3

 – 
4
2

= 
4
1

3
4
9

 = ? Òàêóþ äðîáü ìû íàçûâàåì äâîéíîé.

Åå ñìûñë: 
4
9

 : 3 = 
4
9

 · 
3
1

 = 
4
3

Ïðèìåð 12:

2
3x

 – 
5
2

 = 
2
1

  +
5
2

        
2

3x
 = 

2
1

 + 
5
2

  (ê îáùåìó çíàìåíàòåëþ)

         
2

3x
 = 

10
5

 + 
10
4

         
2

3x
 = 

10
9

  : 3

          
2
x

 = 
10
3

  · 2

            x = 
10
6

 = 
5
3

Ïðîâåðêà:

2
5
3

3 ⋅
 – 

5
2

 =?  
2
1
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Íå íóæíî ïóãàòüñÿ òàêèõ ìîíñòðîâ. Äâèíåìñÿ ñìåëî âïå-

ðåä: 
5
9

5
3

3 =⋅ .

Èòàê: 
2
5
9

 – 
5
2

 =?  
2
1

Ñëåäóþùåå ñîîáðàæåíèå: 
2
5
9

 = 
5
9

: 2 = 
10
9

, ïîñêîëüêó, êîã-

äà äðîáü äåëèòñÿ íà öåëîå ÷èñëî, ÷èñëèòåëü (åñëè îí åñòü)
äåëèòñÿ íà ýòî ÷èñëî, èëè íà ÷èñëî óìíîæàåòñÿ çíàìåíàòåëü.

Èòàê:

  
10
9

 – 
5
2

 =?  
2
1

10
9

 – 
10
4

 =?  
2
1

          
10
5

 = 
2
1

Ïðîâåðêà äàåò âîçìîæíîñòü ïðåîäîëåòü ðîáîñòü â âû÷èñ-
ëåíèÿõ ñ äðîáÿìè è ñìåëî, ñî ñïîêîéíîé ãîëîâîé ïðèìåíèòü
ïðàâèëà. Ñ óäîâîëüñòâèåì îáíàðóæèâàåòñÿ, ÷òî ïðîâåðêà äàåò
âåðíûé ðåçóëüòàò. Ìû ÷óâñòâóåì ïîäòâåðæäåíèå ñâîèì
äåéñòâèÿì.

Äàëåå ñëåäóþò óðàâíåíèÿ ñ äðîáÿìè, âåäóùèå ê öåëî÷èñ-
ëåííûì ðåøåíèÿì.

Ïðèìåð 13:

     
3
x

 + 
4
x

= 14   (ê îáùåìó çíàìå-

íàòåëþ)

12
4x

 + 
12
3x

 = 14
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12
7x

 = 14   : 7

12
x

 = 2   · 12

     x = 24

Ïðîâåðêà:

3
24

 + 
4

24
 =?  14

        8 + 6 = 14
               

Ïðèìåð 14:

3
2x

 + 
4

3x
 = 17   (ê îáùåìó çíàìåíàòå-

ëþ)

             
12
8x

 + 
12
9x

 = 17   (ê îáùåìó çíàìåíàòåëþ)

        
12

17x
 = 17   : 17

          
12
x

 = 1   · 12

              x = 12

Ïðîâåðêà:

3
122⋅

 + 
4
123⋅

 =?  17

                8 + 9 = 17
                      

Ïðèìåð 15:
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2
1+x

 + 
3

4+x
 = 6   (ê îáùåìó çíàìåíàòåëþ)

6
33 +x

 + 
6

82 +x
 = 6

              
6

115 +x
 = 6   · 6

               5x + 11 = 36   – 11
                        5x = 25   : 5
                          x = 5

Ïðîâåðêà:

2
15+

 + 
3

45+
 =?  6

            
2
6

 + 
3
9

 = 6

               3 + 3 = 6
                     

Â îáåèõ ÷àñòÿõ ïåðâîé ñòðîêè ñòîèò ïî ñóììå: ïðè ðàñøè-
ðåíèè äîìíîæàåòñÿ êàæäîå ñëàãàåìîå:

6
33

23
)1(3

2
1 +=

⋅
+⋅=+ xxx

6
82

32
)4(2

3
4 +=

⋅
+⋅=+ xxx

Ïðèìåð 16:

7
2

73
5

52
=

−
+

+ xx
  (ê îáùåìó çíàìåíàòåëþ)

7
10

3515
10

104
=

−
+

+ xx
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7
10

2519
=

−x
  · 10

19x – 25 = 70   + 25
19x = 95   : 19
    x = 5

Ïðîâåðêà:

2
753

5
552 −⋅++⋅

 =?  7

                 
2
8

5
15+  =?  7

                     3 + 4 = 7
                          

Ïðèìåð 17:

     2
6

37
4

95
=

+
−

+ xx
  (ê îáùåìó çíàìåíàòåëþ)

2
12

614
12

2715
=

+
−

+ xx

                    2
12

21
=

+x
  · 12

                    x + 21 = 24   –21
                              x = 3

Ïðîâåðêà:

6
337

4
935 +⋅
−

+⋅
 =?  2

               
6

26
4

24
−  = 2

                      6 – 4 = 2
                           

Ïðè ñëîæåíèè äðîáåé (ïåðåõîäå îò âòîðîé ê òðåòüåé ñòðî-
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êå) íàäî èìåòü â âèäó, ÷òî ñëåäóåò âû÷èòàòü êàæäîå ñëàãàå-
ìîå âòîðîãî ÷èñëèòåëÿ. Äðîáíàÿ ÷åðòà èìååò òî æå äåéñòâèå,
÷òî è ñêîáêè: çíàê âû÷èòàíèÿ ïåðåä äðîáíîé ÷åðòîé äåéñòâóåò
íà îáà ñëàãàåìûõ.

Ïðèìåð 18:

 
3

32
2

63 +
−

− xx
 = 1

6
64

6
189 +

−
− xx

 = 1

              
6

245 −x
 = 1   · 6

               5x – 24 = 6   +24
                       5x = 30   : 5
                          x = 6

Ïðîâåðêà:

3
362

2
663 +⋅
−

−⋅
 =?  1

                
3

15
2

12
−  =?  1

                      6 – 5 = 1
                          

Â ñëåäóþùåì ïðèìåðå â ÷èñëèòåëå âû÷èòàåìîé äðîáè
ñòîèò ðàçíîñòü. Ïðè ñëîæåíèè ïðèâåäåííûõ ê îáùåìó çíà-
ìåíàòåëþ äðîáåé ìû äîëæíû áûòü îñîáåííî âíèìàòåëüíû:
êàæäàÿ ÷àñòü âòîðîãî ÷èñëèòåëÿ äîëæíà âû÷èòàòüñÿ!

Ïðèìåð 19:

       
4

3
5

12 −
−

+ xx
 = 2

  
20

155
20

48 −
−

+ xx
 = 2
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20
)155(48 −−+ xx

 = 2

                
20

193 +x
 = 2   · 20

3x + 19= 40   –19
3x = 21   : 3
x = 7

Ïðîâåðêà:

4
37

5
172 −
−

+⋅
 =?  2

              
4
4

5
15

−  =?  2

                 3 – 1 = 2
                        

Íà ÷òî íóæíî îñîáåííî îáðàòèòü âíèìàíèå? Íà òî, ÷òî
âòîðîå ÷èñëî âòîðîãî ÷èñëèòåëÿ (–15) òàêæå äîëæíî áûòü
âû÷òåíî: 4 – (–15) = 19. Ýòî ìåñòî, ÷ðåâàòîå îøèáêàìè.

Ïðèìåð 20:

  
5

27
2

111 −
−

− xx
 = 4

10
414

10
555 −
−

− xx
 = 4

10
)414(555 −−− xx

 = 4

               
10

141 −x
 = 4   · 10

                41x – 1 = 40   +1
                      41x = 41   : 41
                           x = 1

Ïðîâåðêà:

5
27

2
1111 −
−

−⋅
 =?  4
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5
5

2
10

−  = 4

                   5 – 1 = 4
                         

Îñîáî òðóäíîå ìåñòî:

– 5 – (– 4) = – 1

Âñå ïðèâåäåííûå ïðèìåðû ìîãóò áûòü ðåøåíû è áîëåå
êîðîòêèì ïóòåì: íóæíî óìíîæàòü óðàâíåíèÿ äî òåõ ïîð, ïîêà
íå ïðîïàäóò âñå çíàìåíàòåëè. Òîãäà óæå âî âòîðîé ñòðîêå
èñ÷åçíóò âñå äðîáè. Åñëè äåëî òîëüêî â òîì, ÷òîáû âû÷èñ-
ëèòü x, òîãäà âòîðîé ïóòü ïðåäñòàâëÿåòñÿ, áåç ñîìíåíèÿ, ñà-
ìûì îïðàâäàííûì. Îäíàêî åñëè ìû ðåøàåì óðàâíåíèÿ ñ
êëàññîì, òîãäà âàæíåå íåñêîëüêî äðóãîé âîïðîñ: ÷åìó ó÷àòñÿ
ó÷åíèêè âî âðåìÿ ðåøåíèÿ óðàâíåíèÿ? Êîãäà îíè ðåøàþò
óðàâíåíèÿ ïðåäëîæåííûì íàìè ñïîñîáîì, îíè ó÷àòñÿ ãèáêî
âëàäåòü àïïàðàòîì äðîáåé. È ýòî óæå äîñòèæåíèå! Åñëè
ïðåîáðàçîâàíèÿ íàó÷èëè èõ óâåðåííîñòè è ëåãêîñòè â ðàáîòå
ñ äðîáÿìè, òîãäà ìû ìîæåì è äîëæíû ïîêàçàòü èì äðóãîé
ñïîñîá. Îí ýëåãàíòíåé, îäíàêî ëåãêî ïðåâðàùàåòñÿ â
àëãîðèòì. Ïðîäåìîíñòðèðóåì åãî íà óæå ðåøåííûõ ïðèìåðàõ.

Ïðèìåð 4:

x +
4
3

 = 6

Óìíîæåíèå óðàâíåíèÿ íà 4 ïðèâîäèò ê ïðåâðàùåíèþ äðîáè
3/4 â öåëîå ÷èñëî 3. Îäíàêî íå òîëüêî äðîáü — êàæäûé ÷ëåí
óðàâíåíèÿ íóæíî ïðè ýòîì óìíîæèòü íà 4.

 x + 
4
3

 = 6   · 4

4x + 3 = 24   – 3
       4x = 21   : 4
        x = 51/4

Ïðîâåðêà:
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51/4 + 4
3

 = 6

              
Ïðèìåð 5:

x + 
3
2

 = 
4
3

Îáùèé çíàìåíàòåëü — 12. Ìû ìîæåì âìåñòî ïðèâåäåíèÿ
ê íåìó óìíîæèòü óðàâíåíèå íà 12, è â ðåçóëüòàòå äðîáíûå
÷àñòè ïðîïàäóò.

            x + 
3
2

 = 
4
3

  · 12

12x + 12 · 
3
2

 = 12 · 
4
3

          12x + 8 = 9   – 8

                 12x = 1  : 12

                      x = 
12
1

Ïðîâåðêà:

12
1

 + 
3
2

 =?  
4
3

         
12
9

 = 
4
3

              
Êàê óìíîæàòü äðîáü íà öåëîå ÷èñëî, íàïðèìåð 12 · 

3
2

 èëè
12 · 

4
3

? Ìíîæèòåëü “12” ìîæíî ñðàçó æå ñîêðàòèòü ñî çíàìå-
íàòåëåì (3 è 4). Ýòî îáëåã÷àåò ñ÷åò:

Ïðèìåð 8:

5x + 
3
2

 = 3x + 
5
4

  · 15

     15 · 5x + 15 · 
3
2

 = 15 · 3x + 15 · 
5
4

           75x + 10 = 45x + 12   – 45x – 10
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      30x = 2  : 30

           x = 
30
2

 = 
15
1

Ïðîâåðêà:

5 · 
15
1

 + 
3
2

 =?  3 · 
15
1

 + 
5
4

       
3
1

 + 
3
2

 = 
5

1
 + 

5
4

                 1 = 1
                  

Ïðèìåð 9:

5x – 
4
3

 = 3x + 
5

1
  · 20

    20 · 5x – 20 · 
4
3

 = 20 · 3x + 20 · 
5

1

        100x – 15 = 60x +4   – 60x + 15
      40x = 19   : 40

           x = 
40
19

Ïðîâåðêà èçëèøíÿ, ìû åå ïðîäåëàëè óæå 2 ðàçà.

Ïðèìåð 10:

3
x

 + 2 = 6   · 3

  x + 6 = 18  –6
         x = 12

Ïîñëå íåêîòîðûõ óïðàæíåíèé ìû ïåðåñòàåì ïèñàòü ïåðåä
êàæäûì ÷ëåíîì ìíîæèòåëü “3”. Ìû ïðîñòî ïðåäñòàâëÿåì
ñåáå, ÷òî âñÿêèé ÷ëåí óðàâíåíèÿ óìíîæàåòñÿ íà 3. Â
ñëåäóþùåé ñòðîêå ìû çàïèñûâàåì ðåçóëüòàò óìíîæåíèÿ è
îáíàðóæèâàåì, ÷òî äðîáè èñ÷åçëè.

Ïðèìåð 11:
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3
x

 – 
2
1

 = 
4
1

  · 12

Êàæäàÿ äðîáü äîëæíà áûòü óìíîæåíà íà 12. Ìûñëåííî
ñîêðàùàåì 12 íà çíàìåíàòåëè è ïîëó÷àåì 4, 6 è 3.

3
x

 – 
2
1

 = 
4
1

  · 12

  4x – 6 = 3   + 6
         4x = 9   : 4

           x = 
4
9

Èìååò ñìûñë äî òîé ïîðû çàíèìàòüñÿ óñòíûì óìíîæåíè-
åì è ñîêðàùåíèåì, ïîêà ó÷åíèêè íå íàó÷àòñÿ “âèäåòü”
ðåçóëüòàò. Òîëüêî òàê ìû èçâëå÷åì âñå âûãîäû äàííîãî ìå-
òîäà. Ïîñêîëüêó íà ýòîì ïóòè âî âòîðîé ñòðîêå ïðîïàäàþò
çíàìåíàòåëè, ìåòîä íàçûâàåòñÿ èñêëþ÷åíèå çíàìåíàòåëåé.

Ïðèìåð 12:

2
3x

 – 
5
2

 = 
2
1

  · 10

(Ïðåäñòàâëÿåì ñåáå: 10/2 = 5,  10/5 = 2, 10/2 = 5; èòàê, ïåðâûé
÷èñëèòåëü óìíîæàåòñÿ íà 5, âòîðîé íà 2 è òðåòèé ñíîâà íà 5.)

2
3x

 – 
5
2

 = 
2
1

  · 10

 15x – 4 = 5   + 4
        15x = 9   : 5

            x = 
15
9

= 
5
3

Ïðîâåðêó ìû è äàëåå îïóñêàåì.

Ïðèìåð 13:
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3
x

 + 
4
x

= 14   · 12

(Ìûñëåííî: ïåðâûé ÷èñëèòåëü äîìíîæèòü íà 4, âòîðîé —
íà 3.)

 
3
x

 + 
4
x

= 14   · 12

4x + 3x = 12 · 14
        7x = 12 · 14   : 7
           x = 12 · 2
           x = 24

Êîíå÷íî, ìîæíî ñðàçó âû÷èñëèòü 12 · 14 (168). Îäíàêî
ëåã÷å äåëèòü íà 7   12 · 14, ÷åì 168. Ïðè ýòîì ìû èñïîëüçóåì
ïðàâèëî: ÷òîáû ðàçäåëèòü ïðîèçâåäåíèå, íóæíî ðàçäåëèòü
òîëüêî îäèí èç ñîìíîæèòåëåé. À 14 ëåãêî äåëèòñÿ íà 7.

Ïðèìåð 14:

3
2x

 + 
4

3x
 = 17   · 12

    8x + 9x = 12 · 17
           17x = 12 · 17   : 17
               x = 12

Ïðèìåð 15:

2
1+x

 + 
3

4+x
 = 6   · 6

Ìûñëåííî ñíîâà ïðåäñòàâèì ñåáå, íà ÷òî óìíîæàòü ÷èñ-
ëèòåëè (3 è 2). Äðîáíàÿ ÷åðòà ñíîâà äåéñòâóåò êàê ñêîáêà:
îáà ñëàãàåìûõ äîëæíû áûòü óìíîæåíû:

  
2

1+x
 + 

3
4+x

 = 6   · 6

3x + 3 + 2x + 8 = 36
             5x + 11 = 36   – 11
                      5x = 25   : 5
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                       x = 5

Ïðèìåð 16:

7
2

73
5

52
=

−
+

+ xx
  · 10

   4x + 10 + 15x – 35 = 70
       19x – 25 = 70   + 25
                19x = 95   : 19
                     x = 5

Ïðèìåð 17:

2
6

37
4

95
=

+
−

+ xx
  · 12

    3 · (5x + 9) – 2 · (7x + 3) = 24
       15x + 27 – 14x – 6 = 24

               x + 21 = 24   – 21
                        x = 3

Îñòîðîæíîñòè ðàäè ìû çàêëþ÷àåì ÷èñëèòåëè â ñêîáêè,
÷òîáû íå çàáûòü óìíîæèòü îáà ñëàãàåìûõ, à çàòåì âû÷åñòü
äâà ïðîèçâåäåíèÿ.

Ïðèìåð 18:

 
3

32
2

63 +
−

− xx
 = 1   · 6

       3 · (3x – 6) – 2 · (2x + 3) = 6
 9x – 18 – 4x – 6 = 6
               5x – 24 = 6   + 24
                         5x = 30   : 5

             x = 6

Ïðèìåð 19:

4
3

5
12 −
−

+ xx
 = 2   · 20
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     4 · (2x + 1) – 5 · (x – 3) = 40
          8x + 4 – 5x + 15 = 40

           3x + 19 = 40   – 19
                   3x = 21   : 3
                      x = 7

Ïðèìåð 20:

5
27

2
111 −
−

− xx
 = 4   · 10

    5 · (11x – 1) – 2 · (7x – 2) = 40
           55x – 5 – 14x + 4 = 40

               41x – 1 = 40   + 1
                     41x = 41   : 41
                          x = 1

Â çàâåðøåíèå íåñêîëüêî ïðèìåðîâ íà èñêëþ÷åíèå çíàìå-
íàòåëåé, êîòîðûå ìû åùå íå ðåøàëè.

Ïðèìåð 21:

4
1

6
5

12
5

3
2

+=+
xx

  · 12

   8x + 5 = 10x + 3   – 8x – 3
            2 = 2x   : 2
            1 = x

Ïðîâåðêà:

  
12
5

3
2
+  =?  

4
1

6
5
+

12
5

12
8
+  = 

12
3

12
10

+

         
12
13

 = 
12
13

             

Ïðèìåð 22:
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    15
4

2
2

3
5

+
−

=+
xxx

  · 20

4x + 30x = 5x – 10 + 300
         34x = 5x + 290  –5õ
         29x = 290   : 29
             x = 10

Ïðîâåðêà:

2
30

5
10

+  =?  15
4
8
+

    2 + 15 = 2 + 15
             

Ïðèìåð 23:

2
13

4
53

3
72 +

=
−

+
+ xxx

  · 12
    4 · (2x + 7) + 3 · (3x – 5) = 6 · (3x + 1)

        8x + 28 + 9x – 15 = 18x + 6
          17x + 13 = 18x + 6  – 17x – 6
                        7 = x

Ïðîâåðêà:

4
573

3
772 −⋅
+

+⋅
 =?  

2
173 +⋅

                 
4

16
3
21

+ =
2

22

                                          7 + 4 = 11
                            

Ïðèìåð 24:

6
2

3
1

5
23 +

=
−

−
− xxx

  · 30

 6 · (3x – 2) – 10 · (x – 1) = 5 · (x + 2)
 18x – 12 – 10x + 10 = 5x + 10

            8x – 2 = 5x + 10  – 5x + 10
                   3x = 12  : 3

        x = 4
Ïðîâåðêà:
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3
14

5
243 −
−

−⋅
 =?  

6
24+

               
6
6

3
3

5
10

=−

                                      2 – 1 = 1
                        

Çàäà÷è ê ãëàâå 9Çàäà÷è ê ãëàâå 9Çàäà÷è ê ãëàâå 9Çàäà÷è ê ãëàâå 9Çàäà÷è ê ãëàâå 9

1. Óðàâíåíèÿ ñ öåëî÷èñëåííûìè êîýôôèöèåíòàìè,
äàþùèå äðîáíûå ðåøåíèÿ

1. 5x + 3 = 2x + 10 6. 8x + 11 = 3x + 12
2. 6x + 5 = 4x + 16 7. 9x + 3 = 5x + 6
3. 8x + 4 = 3x + 8 8. 10x + 8 = 7x + 10
4. 11x + 1 = 5x + 2 9. 13x + 5 = 9x + 6
5. 10x + 3 = 3x + 7 10. 12x + 3 = 4x + 6

11. 2x + 7 = 5x + 3 16. 24x – 6 = 20x + 1
12. 5x – 3 = 2x + 4 17. 5x – 7 = 1 – 2x
13. 31x – 17 = 28x + 3 18. 3x – 1 = 7 – 2x
14. 8x – 9 = 3x + 2 19. 3x – 5 = 2 – 5x
15. 13x – 2 = 7x + 1 20. 4x – 2 = 4 – 5x

2. Óðàâíåíèÿ ñ äðîáíûìè êîýôôèöèåíòàìè, äàþùèå
öåëî÷èñëåííûå ðåøåíèÿ

1. 6
42
=+

xx
6. 17

3
4

2
3

=+
xx

2. 33
4

5
2

3
=+

xx
7. 7

3
2

2
=+

xx
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3. 14
52
=+

xx
8. 22

32
3

=+
xx

4. 93
5

3
2

5
=+

xx
9. 13

7
3

2
=+

xx

5. 20
32
=+

xx
10. 19

2
5

3
2

=+
xx

11. 4
5

6
3

2
=

+
+

+ xx
16. 6

5
10

2
1

=
+

+
+ xx

12. 5
5
10

4
3

=
+

+
+ xx

17. 8
5

8
2

3
=

+
+

+ xx

13. 7
7

7
2

3
=

+
+

+ xx
18. 9

4
13

3
52

=
+

+
+ xx

14. 5
6

7
5

1
=

+
+

− xx
19. 1

3
15

2
13

=
−

−
+ xx

15. 5
3

4
4

3
=

+
+

+ xx
20. 1

3
35

2
13

=
−

−
+ xx

21. 7
432
+=+

xxx
26. xxx

+=+
10

18
5

22. 14
562
+=+

xxx
27. xxx

2
10
7

21
5

3
+=+

23. 16
2

3
6

5
5

2
−=+

xxx
28. xxx

+
+

=+
+

3
3

3
2

1

24. 50
4

2
3

+=+
xxx

29. 5
3

3
4

2
+

+
=+

+ xxx

25. 11
4

3
3

2
+=+

xxx
30. xxx

+
+

=+
+

3
32

1
2

13

3. Óðàâíåíèÿ ñ äðîáíûìè êîýôôèöèåíòàìè, äàþùèå
äðîáíûå ðåøåíèÿ

1. 1
3
1

2
1

=++ x 5. xx +=+
12
11

2
6
5
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10. 10. 10. 10. 10. Ïðèêëàäíûå çàäà÷èÏðèêëàäíûå çàäà÷èÏðèêëàäíûå çàäà÷èÏðèêëàäíûå çàäà÷èÏðèêëàäíûå çàäà÷è
íà óðàâíåíèÿíà óðàâíåíèÿíà óðàâíåíèÿíà óðàâíåíèÿíà óðàâíåíèÿ

Â 7-ì è 8-ì êëàññàõ íàøà îñíîâíàÿ çàäà÷à — çàêðåïëåíèå
íà ìàòåðèàëå óðàâíåíèé àðèôìåòè÷åñêèõ íàâûêîâ. Êðîìå
òîãî, óðàâíåíèÿ — ýòî âàæíîå âñïîìîãàòåëüíîå ñðåäñòâî äëÿ
ðåøåíèÿ ìàòåìàòè÷åñêèõ çàäà÷ ñàìîãî ðàçíîãî ðîäà:
àðèôìåòè÷åñêèõ, àëãåáðàè÷åñêèõ, ãåîìåòðè÷åñêèõ,
ôèçè÷åñêèõ è ò.ï. Â öåëîì æå ñîñòàâëåíèå óðàâíåíèÿ ê äàí-
íîé çàäà÷å — äåëî ñóùåñòâåííî áîëåå òðóäíîå, ÷åì ïðîñòîå
ðåøåíèå óæå ãîòîâîãî óðàâíåíèÿ. Øàã îò ïðîñòîãî ðåøåíèÿ ê
ñîñòàâëåíèþ óðàâíåíèé òàèò â ñåáå îïðåäåëåííóþ òðóäíîñòü.
Îäíàêî íàøà çàäà÷à íå èçáåãàòü òðóäíîñòåé, à ñòðåìèòüñÿ
ïðåîäîëåâàòü èõ. Ìû äîëæíû ïðèñòóïèòü ê ýòîìó íå ïîçæå 8-
ãî êëàññà. Â ñòàðøåé øêîëå ó÷åíèêè çíàêîìÿòñÿ ñ öåëûì
ðÿäîì óðàâíåíèé èíîãî ðîäà: óðàâíåíèÿìè ñ íåñêîëüêèìè
íåèçâåñòíûìè, êâàäðàòíûìè óðàâíåíèÿìè, òðèãîíîìåòðè÷åñ-
êèìè óðàâíåíèÿìè.

Íà ñàìîì äåëå ñîñòàâëåíèåì óðàâíåíèé ìû çàíèìàåìñÿ
ñ ñàìîãî íà÷àëà — ðàâíî êàê è óðàâíåíèÿìè êàê òàêîâûìè —
ñ òîãî ìîìåíòà, êîãäà íà÷èíàåì ðåøàòü çàäà÷è óñòíî.

ß çàäóìûâàþ ÷èñëî;
åñëè ÿ ïðèáàâëÿþ ê íåìó 2, ïîëó÷àåòñÿ 72.

x + 25 = 72

Åñëè ê óïÿòåðåííîìó çàäóìàííîìó ÷èñëó ÿ ïðèáàâëÿþ 7,
ïîëó÷àåòñÿ 22.

5x + 7 = 22

Åñëè îò òðåòüåé ÷àñòè çàäóìàííîãî ÷èñëà ÿ îòíèìàþ 4,
ïîëó÷àåòñÿ 11.

114
3

=−
x
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Åñëè, óìíîæèâ çàäóìàííîå ÷èñëî íà 7, ÿ ïðèáàâëÿþ ê íåìó
5, òî ïîëó÷àåòñÿ ðîâíî ñòîëüêî æå, ñêîëüêî áóäåò, åñëè
çàäóìàííîå ÷èñëî óòðîèòü è ê ðåçóëüòàòó ïðèáàâèòü 21.

Òàêèå çàäà÷è — ýòî íå ÷òî èíîå, êàê óðàâíåíèÿ â óñòíîé
ôîðìå. Èõ îñòàåòñÿ òîëüêî ïåðåâåñòè â ïðèâû÷íûé çíàêî-
âûé âèä. Åñòåñòâåííî, ôîðìóëèðîâêè ìîãóò áûòü è ïîçàêî-
âûðèñòåå.

“Åñëè óâåëè÷åííîå íà 2 óòðîåííîå çàäóìàííîå ÷èñëî
óìíîæèòü íà 7, òî ïîëó÷èòñÿ ñòîëüêî æå, ñêîëüêî áóäåò, åñëè
óìíîæèòü çàäóìàííîå ÷èñëî íà 25 è âû÷åñòü èç ðåçóëüòàòà
2”. Íóæíî îò÷åòëèâî ïðåäñòàâèòü ñåáå ñîäåðæàíèå ýòîãî ïðåä-
ëîæåíèÿ:

7 · (3x + 2) = 25x – 2

“Øåñòàÿ ÷àñòü íåêîåãî ÷èñëà íà 5 ìåíüøå åãî ÷åòâåðòè”.
Åñëè ïîðó÷èòü ñîñòàâëåíèå óðàâíåíèÿ ó÷åíèêàì, òî ìíî-

ãèå ïðåäëîæàò:

4
5

6
xx

=−

Îäíàêî ýòî óðàâíåíèå íå ñîîòâåòñòâóåò òåêñòó. Òàì ñêà-

çàíî, ÷òî 
6
x

 ìåíüøå, ÷åì 
4
x

. ×òîáû èç íåðàâåíñòâà âîçíèêëî
ðàâåíñòâî, íóæíî ëèáî óâåëè÷èòü ìåíüøóþ äðîáü, ëèáî
óìåíüøèòü áîëüøóþ.

Èëè
4

5
6

xx
=+

èëè 5
46
−=

xx

Îáà óðàâíåíèÿ ýêâèâàëåíòíû. Ìû ðåøèì ïåðâîå:

4
5

6
xx

=+   −
x
6

       
64

5
xx

−=   (ê îáùåìó çíàìåíàòåëþ)
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12
2

12
3

5
xx

−=

    
12

5
x

=   · 12

 60 = x
Ïðîâåðêà:

15
4

60
4

10
6

60
6

==

==

x

x

Øåñòàÿ ÷àñòü îò 60 è âïðàâäó íà 5 ìåíüøå, ÷åì ÷åòâåðòü.
Òåïåðü îáðàòèìñÿ ê çàäà÷àì, â êîòîðûõ íå ïðîñòî íóæíî

ïåðåâåñòè óðàâíåíèå èç ñëîâåñíîé â çíàêîâóþ ôîðìó, à ãäå
óðàâíåíèå äåéñòâèòåëüíî íóæíî ñîñòàâèòü.

Ïðèìåð 1: Â ðÿäó íàòóðàëüíûõ ÷èñåë ñóùåñòâóþò ÷åòûðå
îïðåäåëåíûõ äðóã çà äðóãîì èäóùèõ ÷èñëà, ñóììà êîòîðûõ
äàåò 666. ×òî ýòî çà ÷èñëà?

Ëó÷øå âñåãî ïðîñòî ïîïðîáîâàòü. Ñîñòàâèì ñóììó êàêèõ-
íèáóäü ïîäðÿä ñòîÿùèõ ÷èñåë, íàïðèìåð:

33 + 34 + 35 + 36 = 138

Ñóììà, îäíàêî, ñëèøêîì ìàëà! Ïîïðîáóåì óâåëè÷èòü
÷èñëà:

120 + 121 + 122 + 123 = 486

Óæå áëèæå, íî òåïåðü ñëèøêîì ìíîãî. Âìåñòî ãàäàíèé
ïîðàññóæäàåì: ÷åòûðå èñêîìûõ ÷èñëà äîëæíû áûòü ãäå-òî â
ðàéîíå ÷åòâåðòè îò 666:

666 : 4 = 166. Îñòàòîê 2

Ïîïðîáóåì äëÿ íà÷àëà 166:

166 + 167 + 168 + 169 = 670



153

Ñóììà áîëüøå íóæíîãî çíà÷åíèÿ íà 4! Åñëè óìåíüøèòü
êàæäîå ÷èñëî íà 1, âñå äîëæíî ñîéòèñü!

165 + 166 + 167 + 168 = 666
Â îáùåì ñëó÷àå ïðàâèëüíåå íå áðîñàòüñÿ ñðàçó æå î÷åð-

òÿ ãîëîâó ñîñòàâëÿòü óðàâíåíèÿ, à ñäåëàòü ðÿä ñèñòåìàòè-
÷åñêèõ ïðîá. Ýòî âîçáóæäàåò ôàíòàçèþ. Â ãîëîâó ïðèõîäÿò
ìûñëè, ïîçâîëÿþùèå íàì ãëóáæå ïîíÿòü ïðîáëåìó.

È â êîíöå êîíöîâ ìîæíî çàäàòüñÿ âîïðîñîì: “Êàê æå öå-
ëåíàïðàâëåííî, áåç ëèøíèõ ïðîá è îøèáîê, ñðàçó æå íàéòè
èñêîìûå ÷èñëà?”

Êàêîâà ñóììà ÷åòûðåõ ïîäðÿä ñòîÿùèõ ÷èñåë, íà÷èíàþ-
ùèõñÿ ñ íåêîåãî x? Çà x ñëåäóþò x + 1, x + 2, x + 3. Ñóììà
âñåõ ÷åòûðåõ äîëæíà ðàâíÿòüñÿ 666:

x + (x + 1) + (x + 2) + (x + 3) = 666
Ñêîáêè íàïèñàíû íàìè äëÿ òîãî, ÷òîáû ÿñíåå îòäåëèòü

÷èñëà äðóã îò äðóãà. Ïðè ñëîæåíèè îò íèõ ìîæíî èçáàâèòü-
ñÿ.

4x + 6 = 666   – 6
      4x = 660   : 4
        x = 165

Òàê ìîæíî ñðàçó æå íàéòè ïåðâîå ÷èñëî 165. Êðîìå òîãî,
ìû çíàåì òåïåðü, ÷òî ñóììà ëþáûõ ÷åòûðåõ ïîäðÿä èäóùèõ
÷èñåë èìååò ñòðóêòóðó 4x + 6, ïðè÷åì èñõîäíîå ÷èñëî — ýòî x.
Ïðîâåðèì ýòî íà ïåðâûõ íàòóðàëüíûõ ÷èñëàõ:

1 + 2 + 3 + 4 = 10 = 4 · 1 + 6
2 + 3 + 4 + 5 = 14 = 4 · 2 + 6
3 + 4 + 5 + 6 = 18 = 4 · 3 + 6
...

Òîëüêî ÷èñëà òàêîé (4x + 6) ñòðóêòóðû ìîãóò áûòü ñóììîé
÷åòûðåõ ïîäðÿä èäóùèõ ÷èñåë.

Ïðèìåð 2: ×åòûðå ïîäðÿä ñòîÿùèõ íå÷åòíûõ ÷èñëà äàþò
â ñóììå 96.
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Ñàìî ñîáîé ðàçóìååòñÿ, ìû áóäåì îïèðàòüñÿ íà ðàñ-
ñóæäåíèÿ ïðåäûäóùåãî ïðèìåðà. Âîçüìåì íåêîå íå÷åòíîå
÷èñëî è íàçîâåì åãî x. ×åìó ðàâíû ñëåäóþùèå çà íèì íå-
÷åòíûå ÷èñëà? Îäíî íå÷åòíîå ÷èñëî îòñòîèò îò äðóãîãî íà
2. Èòàê, ýòî x, x + 2, x + 4, x + 6. Èõ ñóììà äîëæíà áûòü
ðàâíà 96.

x + (x + 2) + (x + 4) + (x + 6) = 96
          4x + 12 = 96   – 12

      4x = 84   : 4
        x = 21

Ïðîâåðêà:
21 + 23 + 25 + 27 = 96

Óðàâíåíèå ñîñòàâëåíî òàê, ÷òî íèîòêóäà íå ñëåäóåò íå-
÷åòíîñòü èñêîìûõ ÷èñåë. Ñ òåì æå óñïåõîì ìû ìîãëè áû íàé-
òè è ÷åòíûå ÷èñëà. Åñòü, îäíàêî, íåêîòîðûé ñïîñîá çàïèñè,
ãàðàíòèðóþùèé íå÷åòíîñòü: åñëè x — ïðîèçâîëüíîå öåëîå
÷èñëî, òî 2x — îáÿçàòåëüíî ÷åòíîå, à 2x + 1 (èëè 2x – 1) —
îáÿçàòåëüíî íå÷åòíîå. Äåéñòâèòåëüíî,

x = 0 2x = 0 2x + 1 = 1
x = 1 2x = 2 2x + 1 = 3
x = 2 2x = 4 2x + 1 = 5
x = 3 2x = 6 2x + 1 = 7
... ... ...

Ïîëó÷àþòñÿ äâà ðÿäà ïîñëåäîâàòåëüíûõ ÷åòíûõ è íå÷åò-
íûõ ÷èñåë. Òåïåðü ìû ìîæåì òàê çàïèñàòü óðàâíåíèå, ÷òîáû
ðå÷ü â íåì øëà î ÷åòûðåõ ïîñëåäîâàòåëüíûõ íå÷åòíûõ
÷èñëàõ:

(2x + 1) + (2x + 3) + (2x + 5) + (2x + 7) = 96
               8x + 16 = 96   – 16

           8x = 80   : 8
x = 10

×åòûðå èñêîìûõ ÷èñëà: 2 · 10 + 1 = 21 2 · 11 + 1 = 23 è ò.ä.
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Ñíîâà ìû ïîëó÷àåì ñòðóêòóðó — íà ýòîò ðàç ñóììû ïîñ-
ëåäîâàòåëüíûõ íå÷åòíûõ ÷èñåë: s = 8x + 16, ïðè÷åì x —
ïðîèçâîëüíîå öåëîå ÷èñëî.

1 + 3 + 5 + 7 = 16 = 8 · 0 + 16
3 + 5 + 7 + 9 = 24 = 8 · 1 + 16
5 + 7 + 9 + 11 = 32 = 8 · 2 + 16
...

Çàäà÷à: Îïðåäåëè ñòðóêòóðó ñóììû ÷åòûðåõ ïîñëåäîâà-
òåëüíûõ ÷åòíûõ ÷èñåë.

Ïðèìåð 3: ×åòûðå ñëåäóþùèõ äðóã çà äðóãîì ÷èñëà,
êðàòíûõ 7, äàþò â ñóììå 182. ×òî ýòî çà ÷èñëà?

Ñíîâà îáîçíà÷èì ïåðâîå x, òîãäà ñëåäóþùèå áóäóò x + 7,
x + 14, x + 21.

x + (x + 7) + (x + 14) + (x + 21) = 182
              4x + 42 = 182   –

42
          4x = 140   : 4
            x = 35

Ïðîâåðêà:

35 + 42 + 49 + 56 = 182

Ïðè ñîñòàâëåíèè óðàâíåíèÿ ìû ó÷èòûâàëè òîëüêî “øàã”
ìåæäó ÷èñëàìè. Åñëè ïåðâîå ÷èñëî íå äåëèòñÿ íà 7, òî è
îñòàëüíûå òîæå. Ñíîâà ïîèùåì ñïîñîá çàäàòü èìåííî êðàò-
íûå 7 ÷èñëà: ïåðâîå ÷èñëî îáîçíà÷èì 7 x (x — ëþáîå öåëîå
÷èñëî).

7x + (7x + 7) + (7x + 14) + (7x + 21) = 182
                     28x + 42 = 182   – 42

                                           28x = 140   : 28
                                               x = 5

×åòûðå èñêîìûõ ÷èñëà:
7 · 5 = 35 7 · 5 + 7 = 42
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7 · 5 + 14 = 49 7 · 5 + 21 = 56

Ïðèìåð 4: Íóæíî òàê ðàçäåëèòü 3000 ìàðîê íà 5 ÷åëîâåê,
÷òîáû êàæäûé ñëåäóþùèé ïîëó÷èë áû íà 20 ìàðîê áîëüøå
ïðåäûäóùåãî.

Íà÷àëî àíàëîãè÷íî. Ïóñòü ïåðâûé ïîëó÷èò x. Òîãäà âòîðîé
ïîëó÷èò íà 20 áîëüøå, ò.å. x + 20 è ò.ä. Óðàâíåíèå:

x + (x + 20) + (x + 40) + (x + 60) + (x + 80) = 3000
            5x + 200 = 3000   – 200

          5x = 2800   : 5
             x = 560

Èòàê, èñêîìûå ÷èñëà: 560, 580, 600, 620, 640.
Åñëè èõ ñëîæèòü, ïîëó÷èòñÿ äåéñòâèòåëüíî 3000. Ñðåä-

íåå ÷èñëî îñîáåííîå — îíî ÿâëÿåòñÿ âî âñåõ ñìûñëàõ ñåðå-
äèíîé ïÿòåðêè. Âûáåðåì â êà÷åñòâå x èìåííî ýòî òðåòüå ÷èñ-
ëî. Òîãäà íóæíî îòíÿòü îò íåãî 20 è 40 è çàòåì ïðèáàâèòü ñíîâà
20 è 40:

(x – 40) + (x – 20) + x + (x + 20) + (x + 40) = 3000
          5x = 3000   : 5

                                                   x = 600

Ñðåäíåå ÷èñëî âû÷èñëÿòü-òî ëåã÷å! Åñëè áû â ïðåäûäó-
ùèõ ïðèìåðàõ ìû ðàáîòàëè ñ 5 èëè ñ ëþáûì äðóãèì íå÷åò-
íûì êîëè÷åñòâîì ÷èñåë, òî èìåëî áû ïðÿìîé ñìûñë áðàòü çà
x ñðåäíåå ÷èñëî.

Ìû çàíèìàëèñü ïîêà òàêèìè ïîñëåäîâàòåëüíîñòÿìè, â
êîòîðûõ ÷èñëà ðàâíîóäàëåíû äðóã îò äðóãà. Òàêèå ïîñëåäî-
âàòåëüíîñòè íàçûâàþòñÿ àðèôìåòè÷åñêèìè ïðîãðåññèÿìè.
Îíè èãðàþò âàæíåéøóþ ðîëü â ñòðóêòóðå àðèôìåòèêè. Ê íèì
ïðèíàäëåæàò çíàêîìûå íàì èç òàáëèöû óìíîæåíèÿ. Ïðèìåðû
ïîçâîëèëè íàì çàãëÿíóòü ÷óòü ãëóáæå â èõ ñòðóêòóðó. Â 10-ì
êëàññå òåìà àðèôìåòè÷åñêîé ïðîãðåññèè ðàññìàòðèâàåòñÿ
íà èíîì óðîâíå è â áîëåå øèðîêîé ñâÿçè.

Ïðèìåð 5: Ó À â 3 ðàçà áîëüøå îðåõîâ, ÷åì ó Á. Åñëè æå À
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îòäàñò Á 25 îðåõîâ, òî ó íåãî áóäåò òîëüêî ïîëîâèíà îò òîãî
êîëè÷åñòâà îðåõîâ, êîòîðîå îêàæåòñÿ ó Á.

Çàäà÷à äëÿ íàñ âíîâå. Ñïåðâà íåïëîõî ïðîñòî ïîïðîáî-
âàòü. Ïðåäïîëîæèì, ó Á 20 îðåõîâ. Òîãäà ó À — 60. Ïîñëå
îáìåíà ó À îêàæåòñÿ 35 îðåõîâ, ó Á — 45. Ó À ìåíüøå, íî
âñå æå íå ïîëîâèíà. Ìû ìîãëè áû òåïåðü ñäåëàòü íîâóþ
ïîïûòêó.

Âìåñòî ýòîãî îáîçíà÷èì êîëè÷åñòâî îðåõîâ ó Á çà x.

À Á
Âíà÷àëå 3x x
Ïîñëå îáìåíà 3x – 25 x + 25

Ó À è Á ðàçíîå êîëè÷åñòâî îðåõîâ, ïðè÷åì êàê âíà÷àëå,
òàê è â êîíöå. Ó À ñïåðâà â 3 ðàçà áîëüøå, çàòåì — ðîâíî
ïîëîâèíà. Ïîëîâèíà! Èòàê, ïîñëå îáìåíà äîñòîÿíèå À ðàâíî
ïîëîâèíå äîñòîÿíèÿ Á. Óðàâíåíèå:

3x – 25 = 
2
1

 · (x + 25)

Ðàâíî ñïðàâåäëèâî, ÷òî äîñòîÿíèå Á ñòàëî â 2 ðàçà áîëü-
øå, ÷åì äîñòîÿíèå À.

2 · (3x – 25) = x + 25
Âòîðîå óðàâíåíèå ìû àðèôìåòè÷åñêè ïîëó÷àåì èç ïåðâî-

ãî óìíîæåíèåì íà 2. Ðåàëüíîå äîñòèæåíèå â äàííîé çàäà÷å
— ýòî ïðàâèëüíîå ñîñòàâëåíèå óðàâíåíèÿ. Ðåøåíèå æå òðóäà
íå ïðåäñòàâëÿåò.

2 · (3x – 25) = x + 25
        6x – 50 = x + 25   – x + 50
                5x = 75   : 5

     x = 15
Ïðîâåðêà áóäåò â äàííîì ñëó÷àå ñîñòîÿòü íå ïðîñòî â òîì,

÷òîáû ïîäñòàâèòü íàéäåííîå ÷èñëî â óðàâíåíèå, ïîñêîëüêó
äåëî íå òîëüêî â òîì, ïðàâèëüíî ëè ìû óðàâíåíèå ðåøèëè.
Ñîîòâåòñòâóåò ëè íàøå óðàâíåíèå ïîñòàâëåííîé ïðîáëåìå —
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âîò â ÷åì âîïðîñ. È îí ñàìûé âàæíûé. Çíà÷èò, ðåøåíèå íóæ-
íî ñîîòíåñòè ñ òåêñòîì.

À Á
Âíà÷àëå 45 15
Ïîñëå îáìåíà 45 – 25 = 20 15 + 25 = 40

Ìû íàøëè ïðàâèëüíîå ðåøåíèå: À ïîñëå îáìåíà èìååò
ðîâíî ïîëîâèíó îðåõîâ Á.

Ïðèìåð 6: Â ïåðâîé êàññå íà 240 ìàðîê áîëüøå, ÷åì âî
âòîðîé. Åñëè èç âòîðîé ïåðåëîæèòü â ïåðâóþ 335 ìàðîê, òî â
íåé îêàæåòñÿ ðîâíî âäâîå áîëüøå, ÷åì â ïåðâîé.

Çàäà÷à ïîõîæà íà ïðåäûäóùóþ. Îáîçíà÷èì íà÷àëüíîå
ñîñòîÿíèå âòîðîé êàññû çà x.

1-ÿ êàññà 2-ÿ êàññà
Âíà÷àëå x + 240 x
Ïîñëå îáìåíà x + 240 + 335 x – 335

Â ïåðâîé êàññå äåíåã êàê äî, òàê è ïîñëå îáìåíà áîëüøå,
÷åì âî âòîðîé. Ïîñëå îáìåíà âî âòîðîé êàññå îêàçûâàåòñÿ
ïîëîâèíà ñðåäñòâ, ñîñðåäîòî÷åííûõ â ïåðâîé. Ýòî è ìîæíî
ïðèðàâíÿòü:

2
1

 · (x + 575) = x – 335

Èëè óäâîåííîå ñîäåðæèìîå âòîðîé êàññû ðàâíî ñîäåðæè-
ìîìó ïåðâîé:

x + 575 = 2 · (x – 335)

Âòîðîå óðàâíåíèå âîçíèêàåò èç ïåðâîãî óìíîæåíèåì íà 2.
Ðåøèì âòîðîå óðàâíåíèå:

x + 575 = 2 · (x – 335)
x + 575 = 2x – 670   – x + 670
    1245 = x

Ïðîâåðêà: 1-ÿ êàññà 2-ÿ êàññà
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Âíà÷àëå 1485 1245
Ïîñëå îáìåíà 1485 + 335 = 1820 1245 – 335 = 910
Óðàâíåíèå ñîñòàâëåíî âåðíî; ðåøåíèå äàåò äåéñòâèòåëü-

íî ðåøåíèå ïðîáëåìû: ïîñëå ïåðåìåùåíèÿ ñîäåðæèìîå âòî-
ðîé êàññû îêàçûâàåòñÿ ðîâíî âïîëîâèíó ìåíüøå ñîäåðæè-
ìîãî ïåðâîé.

Êàê áóäåò âûãëÿäåòü óðàâíåíèå, åñëè ìû îáîçíà÷èì çà x
ñîäåðæèìîå ïåðâîé êàññû?

Ïðîâåðêà: 1-ÿ êàññà 2-ÿ êàññà
Âíà÷àëå x x – 240
Ïîñëå îáìåíà x + 335 x – 240 – 335

x + 335 = 2 · (x – 575)
x + 335 = 2x – 1150   – x + 1150
     1485 = x

Ïðèìåð 7: Â çàëå íóæíî óñàäèòü íåêîòîðîå êîëè÷åñòâî
÷åëîâåê íà ðÿäû ñêàìååê ðàâíîé äëèíû. Åñëè íà ñêàìüþ
ñàäèòñÿ ïî 12 ÷åëîâåê, òîãäà 17 âûíóæäåíû áóäóò ñòîÿòü.
Åñëè æå óñàæèâàòü ïî 14 ÷åëîâåê, òîãäà âñå ñêàìüè îêàæóòñÿ

12 ÷åëîâåê 14 ÷åëîâåê

1-é ñïîñîá 2-é ñïîñîá
ðàññàäêè ðàññàäêè

12 ÷åëîâåê

12 ÷åëîâåê

12 ÷åëîâåê

12 ÷åëîâåê

...

14 ÷åëîâåê

14 ÷åëîâåê

14 ÷åëîâåê

5 ÷åëîâåê

...

17 ÷åëîâåê ñòîèò

x 
 ñ

êà
ì

åå
ê

x–1  ñêàì
åéêà
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çàïîëíåííûìè, êðîìå ïîñëåäíåé, íà êîòîðîé óñÿäóòñÿ 5
÷åëîâåê. Ñêîëüêî ñêàìååê è ñêîëüêî ÷åëîâåê?

Çäåñü äâà íåèçâåñòíûõ: êîëè÷åñòâî ñêàìååê è êîëè÷åñòâî
÷åëîâåê. Îáîçíà÷èì îäíî çà x (êîëè÷åñòâî ñêàìååê) è ïðåä-
ñòàâèì ñåáå ïîðÿäîê ðàññàäêè:

Ïîñ÷èòàåì êîëè÷åñòâî ÷åëîâåê:

1-é ñïîñîá ðàññàäêè: x · 12 + 17
2-é ñïîñîá ðàññàäêè: (x – 1) · 14 + 5

È òàì è òàì êîëè÷åñòâî ëþäåé îäèíàêîâî. Îòñþäà óðàâ-
íåíèå:

x · 12 + 17 = (x – 1) · 14 + 5
    12x + 17 = 14x – 14 + 5
    12x + 17 = 14x – 9   – 12x + 9

 26 = 2x  : 2
 13 = x

Äëÿ ïðîâåðêè ñîñ÷èòàåì äâóìÿ ñïîñîáàìè êîëè÷åñòâî
ëþäåé:

1-é ñïîñîá ðàññàäêè: 13 · 12 + 17 = 156 + 17 = 173 ÷åëîâå-
êà

2-é ñïîñîá ðàññàäêè: 12 · 14 + 5 = 168 + 5 = 173 ÷åëîâåêà

Åñëè îáîçíà÷èòü çà x êîëè÷åñòâî ÷åëîâåê, òî ÷èñëî ñêà-
ìååê ðàâíî:

1-é ñïîñîá ðàññàäêè:
12

17−x

2-é ñïîñîá ðàññàäêè:
14

9+x

Â îáîèõ ñëó÷àÿõ êîëè÷åñòâî ñêàìååê îäèíàêîâî:

12
17−x

= 
14

9+x
  · 84
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        7(x – 17) = 6(x + 9)
         7õ – 119 = 6x + 54   – 6x + 119

        x = 173

Çàäà÷è ê ãëàâå 10Çàäà÷è ê ãëàâå 10Çàäà÷è ê ãëàâå 10Çàäà÷è ê ãëàâå 10Çàäà÷è ê ãëàâå 10
Ïðèêëàäíûå çàäà÷è ïî òåìåÏðèêëàäíûå çàäà÷è ïî òåìåÏðèêëàäíûå çàäà÷è ïî òåìåÏðèêëàäíûå çàäà÷è ïî òåìåÏðèêëàäíûå çàäà÷è ïî òåìå
“Óðàâíåíèÿ”“Óðàâíåíèÿ”“Óðàâíåíèÿ”“Óðàâíåíèÿ”“Óðàâíåíèÿ”

1. Åñëè óâåëè÷èòü óäâîåííîå (óòðîåííîå) ÷èñëî íà 20 (25),
ïîëó÷èòñÿ óñåìèðåííîå (óâîñüìèðåííîå) èñõîäíîå ÷èñ-
ëî. Êàêîâî îíî?

2. Óäåñÿòèðåííîå (óäåâÿòèðåííîå) ÷èñëî íà 30 (32) áîëü-
øå, ÷åì óñåìèðåííîå (óïÿòèðåííîå). ×òî ýòî çà ÷èñëî?

3. Øåñòàÿ (äåâÿòàÿ) ÷àñòü ÷èñëà íà 10 (16) ìåíüøå, ÷åì
÷åòâåðòàÿ (ïÿòàÿ) ÷àñòü. ×òî ýòî çà ÷èñëî?

4. Åñëè ê óìíîæåííîìó íà 5 (íà 7) ÷èñëó ïðèáàâèòü 40
(14), òî ïîëó÷èòñÿ òî æå ñàìîå, êàê åñëè îò óìíîæåííî-
ãî íà 9 (íà 10) ÷èñëà îòíÿòü 8 (13).

5. Åñëè ê óïÿòèðåííîìó íåèçâåñòíîìó ïðèáàâèòü 3 è
çàòåì óäâîèòü, òî ïîëó÷èòñÿ òî æå ñàìîå, êàê åñëè îò
óìíîæåííîãî íà 15 íåèçâåñòíîãî îòíÿòü 14.

6. ×åòûðå ïîñëåäîâàòåëüíûõ íàòóðàëüíûõ ÷èñëà â ñóì-
ìå äàþò 210 (178).

7. Ïÿòü (ñåìü) ïîñëåäîâàòåëüíûõ íàòóðàëüíûõ ÷èñåë â
ñóììå äàþò 305 (364).

8. ×åòûðå ïîñëåäîâàòåëüíûõ íå÷åòíûõ ÷èñëà â ñóììå
äàþò 264 ( 296).

9. Òðè (ïÿòü) ïîñëåäîâàòåëüíûõ íå÷åòíûõ ÷èñëà â ñóììå
äàþò 333 (405).

10. ×åòûðå (ïÿòü) ïîñëåäîâàòåëüíûõ êðàòíûõ 7 ÷èñëà â
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ñóììå äàþò 350 ( 315).

11. Ó À â òðè ðàçà áîëüøå îðåõîâ, ÷åì ó Á. À îòäàåò Á 35
(50) îðåõîâ, è òåïåðü ó íåãî â äâà ðàçà ìåíüøå îðåõîâ,
÷åì ó Á.

12. Â ïåðâîé êàññå íà 120 (110) ìàðîê áîëüøå, ÷åì âî âòî-
ðîé. Åñëè èç âòîðîé ïåðåëîæèòü â ïåðâóþ 60 (70) ìà-
ðîê, òî åå ñîäåðæèìîå ñòàíåò ðàâíî ïîëîâèíå ñîäåð-
æèìîãî ïåðâîé êàññû.

13. Â çàëå ëþäè ðàññàæèâàþòñÿ íà ðàâíûå ñêàìüè. Åñëè
íà êàæäóþ ëàâêó ñÿäåò ïî 7 (5) ÷åëîâåê, òîãäà 6 (8) îñ-
òàíóòñÿ ñòîÿòü. Åñëè æå íà êàæäóþ ñêàìüþ ñÿäåò 8 (6)
÷åëîâåê, òîãäà íà ïîñëåäíþþ óñÿäåòñÿ òîëüêî 4 (3)
÷åëîâåêà. Ñêîëüêî ÷åëîâåê è ñêîëüêî ñêàìååê?

14. Ðàçäåëèòü 2500 (2800) ìàðîê íà 5 (7) ÷åëîâåê òàê, ÷òî-
áû êàæäûé ñëåäóþùèé ïîëó÷èë íà 50 (30) áîëüøå, ÷åì
ïðåäûäóùèé.

15. Â ÷åòûðåõ êëàññàõ 120 ó÷åíèêîâ. Âî 2-ì íà 5 ó÷åíèêîâ
áîëüøå, ÷åì â 1-ì, â 3-ì íà 8 áîëüøå, ÷åì âî 2-ì, â 4-ì
íà 36 ìåíüøå, ÷åì â òðåõ ïåðâûõ.

16. Ìàëü÷èêó äîñòàëîñü ñêîëüêî-òî êîíôåò. 2/7 îí ïîäàðèë
áðàòó, èç îñòàòêà ïîëîâèíó ïðîèãðàë è åùå òðè ïîòå-
ðÿë. Äâå îí ïðèíåñ äîìîé. Ñêîëüêî åìó äîñòàëîñü?
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Ðåøåíèå çàäà÷Ðåøåíèå çàäà÷Ðåøåíèå çàäà÷Ðåøåíèå çàäà÷Ðåøåíèå çàäà÷

Ðåøåíèå çàäà÷ ê ãëàâå 6Ðåøåíèå çàäà÷ ê ãëàâå 6Ðåøåíèå çàäà÷ ê ãëàâå 6Ðåøåíèå çàäà÷ ê ãëàâå 6Ðåøåíèå çàäà÷ ê ãëàâå 6
Ïåðåõîä îò ÷èñëîâûõÏåðåõîä îò ÷èñëîâûõÏåðåõîä îò ÷èñëîâûõÏåðåõîä îò ÷èñëîâûõÏåðåõîä îò ÷èñëîâûõ
ê àëãåáðàè÷åñêèì âû÷èñëåíèÿìê àëãåáðàè÷åñêèì âû÷èñëåíèÿìê àëãåáðàè÷åñêèì âû÷èñëåíèÿìê àëãåáðàè÷åñêèì âû÷èñëåíèÿìê àëãåáðàè÷åñêèì âû÷èñëåíèÿì

1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà
1. 6,9a + 12,8b = 15,3c 11. 8,3a + 15,0b + 12,2c
2. 10,8a + 4,5b + 6,0c 12. 9,0a + 5,8b + 5,8c
3. 6a + 15b + 16c 13. 31a + 18b + 8c
4. 16a + 47b + 4c 14. 47a + 50b + 60c
5. 67 15. 28
6. 82 16. 155
7. 17/8 17. 2
8. 17/12 18. 12/3

9.
5
2

19.
12
7

10.
42
37

20. 12/5

22222-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
1. a2 + 12a + 35
2. a2 + 26a + 165
3. 6a2 + 26a + 24
4. 40a2 + 101a + 63
5. 2a2 + 26a + 94
6. 13a2 + 43a + 34

7.
5
1

8.
27
10

9. 625,0
8
5 =

10. 025,0
40
1 =

11. a2 + 19a + 90
12. a2 + 29a + 204
13. 15a2 + 38a + 24
14. 24a2 + 102a + 24
15. 2a2 + 27a + 59
16. 19a2 + 58a + 61

17.
225
56

18.
35
44

=19/35

19.
20
21

=1,05

20.
20
3

=0,15
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33333-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
1. 51 7. 2,1 14. 84
2. 63,94 8. 0,63 15. 64

3. 10,01 9. 2a2 + 18a + 61 16.
5

24
=44/5

4. 66 10. 6a2 + 11a – 10 17. 3,2
5. 104 11. 130,9 18. 3,36

6.
3
1

12. 56,95 19. 7a2 + 19a + 33

13. 16,2 20. 27a2 + 67a + 52

44444-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
1. 99 11. 112
2. 159 12. 136
3. 243 13. 256
4. 119 14. 132
5. 161 15. 92
6. 84 16. 56

7.
8
5

3
2

4
3

1 17. 
8
7

1
4
5

2

8.
6

17
2

4
5

3
2

18. 1 2 3 4

9. 33a2 + 111ab + 36b2 19. 15a2 + 52ab + 32b2

10. 18a3 + 54a2 + 28a 20. 54a3 + 93a2 + 35a

5-5-5-5-5-ÿÿÿÿÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
1. 117 2. 729 3. 1029 4. 196 5. 784 6. 392

7. 1
3
2

9
5

2
1

15
7

5
2
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8. 1
5
6

7
11

2
11
27

7
34

9.
3
4

3
8

11
36

9
32

27
100

51
200

10. 1
8

17
11
37

14
65

17
101

32
401

11. 424 12. 1472 13. 968 14. 996 15. 744 16. 1362

17. 2
3
4

9
10

1
15
14

5
4

18. 4
3

10
5

18
4

9
40

19
130

19. 
4
9

5
36

2
27

7
144

8
225

13
900

20. 3 2
3
5

2
3

5
7

5
6

66666-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà

1. 1 6.
32
45

=113/32

2.
3
2

7.
5
2

3.
5
2

8.
5

16
=31/5

4.
25
7

9. 4

5.
3
2

, 
3
2

, 
4
3

, 
7
2

, 
3
2

10. 148
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11. 984 20.
4
5

=11/4

12. 233 21.
10
21

=21/10

13. 4,96 22.
4
3

14. 6,09 23.
4
3

15.
10
17

=17/10 24. 486

16.
5
8

=13/5 25. 585

17.
17
38

=24/17 26. 3825

18.
27
61

=27/27 27. 5,46

19.
14
3

, 
3
4

=11/3, 11
3

, 
13
11

, 
3
4

=11/3 28. 10,92

7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà

1. 15,12 8.
12
23

=111/12

2. 2,52 9. 10

3.
3

38
=122/3 10.

4
9

=21/4

4.
5

28
=53/15 11. 468

5.
4
7

=13/4 12. 369

6.
15
28

=113/15 13. 76

7.
30

133
=413/30 14. 186
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15. 5,4 22.
16. 3,78 23.
17. 7 24.

18.
7

55
=76/7 25. 648

19.
24
43

=119/24 26. 205

20.
35
9

27. 210

21.
8

71
=87/8 28. 216

88888-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà-ÿ ãðóïïà

1.
3

14
=42/3 11.

4
19

=43/4

2.
7
2

12.
9
4

3. 11 13. 16

4. 11 14. 125/11

5.
12
7a

15.
30

11a

6.
15

29
30

58 aa
= 16.

4
3

28
21 aa

=

7.
20

101a
17.

60
151a

8.
315

5 aa
= 18.

17
7a

9.
6

2116 ba +
19.

12
2231 ba +

10.
20

1073 ba +
20.

40
243 ba +
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Ðåøåíèå çàäà÷ íà ïîâòîðåíèå èç ãëàâûÐåøåíèå çàäà÷ íà ïîâòîðåíèå èç ãëàâûÐåøåíèå çàäà÷ íà ïîâòîðåíèå èç ãëàâûÐåøåíèå çàäà÷ íà ïîâòîðåíèå èç ãëàâûÐåøåíèå çàäà÷ íà ïîâòîðåíèå èç ãëàâû
66666

1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà
1. 153
2. 1089
3. 891
4. 25,41

5.
32
15

6. 84a2 + 20ab – 24b2

7.
12
23

=111/12

8.
3

26
=82/3

22222-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà

1. 184 8. 63/5

2. 968 9.
6

229
=381/6

3. 704 10.
12
7a

4. 23,49 11.
30

37a

5.
25
32

=17/25 12.
21

34a

6. 221a2 – 68ab –153b2 13. 1,1

9.
28

129
=417/28

10.
30

11a

11.
12

17a

12.
6

31a

13. 0,9
14. 51/4= 5,25

15.
40
69

=129/40
=1,725

16.
6
1

17.
15

3022 ba +

18.
14

2924 ba −

19. 21,42
20. 10,89
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7.
12
31

=27/12 14. 11,25

15. 2,25 18.
14

4140 ba −

16.
40
7

=0,175 19. 18,92

17.
15

3129 ba +
20. 2,94

Ðåøåíèÿ çàäà÷ ê ãëàâå 7Ðåøåíèÿ çàäà÷ ê ãëàâå 7Ðåøåíèÿ çàäà÷ ê ãëàâå 7Ðåøåíèÿ çàäà÷ ê ãëàâå 7Ðåøåíèÿ çàäà÷ ê ãëàâå 7

Çàäà÷è íà àëãåáðàè÷åñêèåÇàäà÷è íà àëãåáðàè÷åñêèåÇàäà÷è íà àëãåáðàè÷åñêèåÇàäà÷è íà àëãåáðàè÷åñêèåÇàäà÷è íà àëãåáðàè÷åñêèå
ïðåîáðàçîâàíèÿ ñ ïîëîæèòåëüíûìèïðåîáðàçîâàíèÿ ñ ïîëîæèòåëüíûìèïðåîáðàçîâàíèÿ ñ ïîëîæèòåëüíûìèïðåîáðàçîâàíèÿ ñ ïîëîæèòåëüíûìèïðåîáðàçîâàíèÿ ñ ïîëîæèòåëüíûìè
è îòðèöàòåëüíûìè ÷èñëàìèè îòðèöàòåëüíûìè ÷èñëàìèè îòðèöàòåëüíûìè ÷èñëàìèè îòðèöàòåëüíûìè ÷èñëàìèè îòðèöàòåëüíûìè ÷èñëàìè

1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà1-ÿ ãðóïïà
1. 12x – 6 + 30y 7. 10xy + 35x2

2. 39a – 91b + 13 8. 24a2 – 32ab
3. 15 + 30m – 45n 9. 77z2 + 21xz
4. 11·(2x – 1 + 3y) 10. 7x·(3y + 5x)
5. 9·(4a – 3b + 1) 11. 9a·(2a – 5b)
6. 7·(1 + 6m – 5n) 12. 11z·(4z + 5x)

13. 20a + 35a2 – 45a3 19. 15a2b + 12ab2 + 21ab
14. 35x + 21x3 – 7x4 20. 10x2y + 40xy2 + 25xy
15. 54m2 + 63m3 – 162m4 21. 18m2n – 42mn2 –66mn
16. 9a·(5 – 2a + 3a2) 22. 7ab·(2a + 3b + 5)
17. 10x·(2 – 3x + 5x2) 23. 2xy·(3x – 5y + 7)
18. 17m·(1 + 2m – 3m4) 24. 11mn·(5m + 3n – 8)

25. –15x + 10 – 30y 31. –12x2 + 20xy
26. –60a –24b + 12 32. 28a2 – 21ab
27. –13 + 52m –65n 33. 15z2 + 18xz
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28. (–7)·(–3x + 4 + 6y) 34. (–8x)·(3y – 4x)
29. (–5)·(3a + 5b – 6) 35. (–13a)·(2a – 3b)
30. (–9)·(1 – 3m + 4n) 36. (–12z)·(z + 4)
37. –12a + 48a2 + 24a3 40. (–8a)·(–2 + 3a + 5a2)
38. 45x4 + 60x3 – 90x 41. (–10x)·(9x + 5 – 3x2)
39. 77m2 – 33m3 + 44m4 42. (–19m)·(m4 – 2m2 + 3)

22222-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
1. x2 + 11x + 24 9. (x + 2)·(x + 5)
2. x2 + 15x + 44 10. (x + 4)·(x + 3)
3. x2 + 18x + 72 11. (x + 3)·(x + 5)
4. x2 + 23x + 126 12. (x + 6)·(x + 4)
5. x2 + 31x + 240 13. (x+ 8)·(x + 3)
6. x2 + 42x + 440 14. (x + 2)·(x + 12)
7. x2 + 55x + 750 15. (x + 1)·(x + 12)
8. x2 + 75x + 1400 16. (x + 1)·(x + 20)

17. x2 – 13x + 40 25. x2 – 24x + 108
18. x2 – 10x + 9 26. (x – 3)·(x – 7)
19. x2 – 20x + 99 27. (x – 4)·(x – 5)
20. x2 – 19x + 70 28. (x – 9)·(x – 3)
21. x2 – 21x + 90 29. (x – 8)·(x – 5)
22. x2 – 21x + 38 30. (x – 5)·(x – 7)
23. x2 – 35x + 300 31. (x – 3)·(x – 11)
24. x2 – 20x + 51 32. (x – 2)·(x – 13)

33. (x – 3)·(x – 15) 39. x2 – 11xy + 28y2

34. (x – 1)·(x – 17) 40. x2 – 17xy + 72y2

35. x2 + 7xy + 10y2 41. x2 – 16xy + 48y2

36. x2 + 14xy + 33y2 42. x2 – 19xy + 18y2

37. x2 + 15xy + 54y2 43. (x + 3y)·(x + 5y)
38. x2 + 16xy + 15y2 44. (x + 8y)·(x + 7y)

45. (x + 13y)·(x + 4y) 48. (x – 7y)·(x – 4y)
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46. (x + 10y)·(x + y) 49. (x – 14y)·(x – 3y)
47. (x – 3y)·(x – 6y) 50. (x – 20y)·(x – y)

3-ÿ ãðóïïà3-ÿ ãðóïïà3-ÿ ãðóïïà3-ÿ ãðóïïà3-ÿ ãðóïïà
1. x2 + 3x – 40 7. (x + 8)·(x – 3)
2. x2 + 8x – 20 8. (x + 9)·(x – 2)
3. x2 + 9x – 220 9. (x + 10)·(x – 6)
4. x2 + 7x – 120 10. (x + 11)·(x – 5)
5. x2 + x – 132 11. (x + 12)·(x – 7)
6. x2 + 7x – 98 12. (x + 20)·(x – 8)

13. x2 – 7x – 30 19. (x – 10)·(x + 4)
14. x2 – 10x – 24 20. (x – 8)·(x + 2)
15. x2 – 6x – 27 21. (x – 11)·(x + 2)
16. x2 – 7x – 44 22. (x – 13)·(x + 1)
17. x2 – 12x – 45 23. (x – 101)·(x + 1)
18. x2 – 5x – 126 24. (x – 6)·(x + 5)

25. x2 + 14x – 72 31. x2 + 4xy – 12y2

26. x2 – 14x – 51 32. x2 + xy – 30y2

27. x2 + 6x – 72 33. x2 + 2xy – 120y2

28. (x + 12)·(x – 1) 34. x2 + 12xy – 13y2

29. (x – 18)·(x + 2) 35. x2 + 2xy – 35y2

30. (x – 15)·(x + 8) 36. x2 – xy – 56y2

37. x2 – 5xy – 150y2 42. (x + 21y)·(x – y)
38. x2 – 10xy – 11y2 43. (x – 6y)·(x + 2y)
39. (x + 9y)·(x – 2y) 44. (x – 9y)·(x + 8y)
40. (x + 4y)·(x – 3y) 45. (x – 20y)·(x + 10y)
41. (x + 15y)·(x – 5y) 46. (x – 9y)·(x + y)

4-ÿ ãðóïïà4-ÿ ãðóïïà4-ÿ ãðóïïà4-ÿ ãðóïïà4-ÿ ãðóïïà
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Ðàçëîæè Ðàñêðîé
íà ìíîæèòåëè ñêîáêè
1. a2 + 10a + 21 4. (a + 4)·(a + 3)
2. a2 + 13a + 22 5. (a + 5)·(a + 10)
3. x2 + 5x + 4 6.  (x + 8)·(x + 1)
7. x2 – 10x + 24 10. (x – 5)·(x – 3)
8. x2 – 11x + 28 11. (x – 2)·(x – 10)
9. a2 – 12a + 11 12. (x – 9)·(x – 1)

13. a2 + a – 30 16. (a – 2)·(a + 7)
14. a2 + a – 90 17. (a – 6)·(a + 7)
15. a2 + 4a – 45 18. (a – 5)·(a + 9)

19. a2 – 9a – 36 22. (a – 9)·(a + 4)
20. x2 – 6x – 135 23. (x – 15)·(x + 2)
21. x2 – x – 42 24. (x – 11)·(x + 3)

25. x2 – 2xy – 15y2 28. (x – 7y)·(x + 4y)
26. a2 + 19ab + 78b2 29. (a + 5b)·(a + 13b)
27. a2 – 22ab + 85b2 30. (a – 7b)·(a – 13b)

31. x2 + 5x – 36y2 34. (x – 3y)·(x + 17y)
32. a2 + ab – 110b2 35. (a – 15b)·(a + 16b)
33. x2 – 9xy – 36y2 36. (x – 15y)·(x + 2y)

37. a2 – 19ab + 78b2 40. (a – 12b)·(a – 10b)
38. x2 + 7xy – 98y2 41. (x – 6y)·(x + 12y)
39. a2 – 10ab – 11b2 42. (a – 10b)·(a + b)

5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà5-ÿ ãðóïïà
Ðåøåíèÿ ïðèìåðîâ íà áèíîìèíàëüíûå ôîðìóëû
1. 4 + 20b + 25b2 4. (4 + 3b)2

2. 9a2 + 42a + 49 5. (3a + 5)2

3. 25x2 + 110x + 121 6. (7x + 12)2

7. 16 – 72b + 81b2 10. (6 – 7b)2

8. 64a2 – 48a + 9 11. (11a – 3)2
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9. 169x2 – 364x + 169 12. (15x – 16)2

13. 4x2 + 121xy + 9y2 16. (3x + 5y)2

14. 25u2 + 70uv + 49v2 17. (6u + 2v)2

15. 65m2 + 144mn + 81n2 18. (7m + 4n)2

19. 36a2 – 132ab + 121b2 22. (5a – 10b)2

20. a2 – 30ab + 225b2 23. (a – 12b)2

21. 100a2 – 240ab + 144b2 24. (20a – 9b)2

25. 81a2 –1 28. (5a – 1)·(5b – 1)
26. 16a2 – 25b2 29. (7a – 6b)·(7a + 6b)
27. 121x2 – 4y2 30. (13x – 4y)·(13x + 4y)

Áèíîìèíàëüíûå ôîðìóëû (ïðîäîëæåíèå)

1. (2a + 3b)2 = 4a2 + 12ab + 9b2

2. (5x + 8y)2 = 25x2 + 80xy + 64y2

3. (11a – 2b)2 = 121a2 – 44ab + 4b2

4. (5a – 7b)·(5a + 7b) = 25a2 – 49b2

5. (10x – 9y)·(10x + 9y) = 100x2 – 81y2

6. (a + 1)·(a – 1) = a2 – 1
7. (9x – 5y)2 = 81x2 – 90xy + 25y2

8. (x – 12y)2 = x2 – 24xy + 144y2

9. (6a – 11b)2 = 36a2 – 132ab + 121b2

10. (a + b)·(a – b) = a2 – b2

11. (x2 + y)·(x2 – y) = x4 – y2

12. (9a2 + 5b2)·(9a2 – 5b2) = 81a4 – 25b4

6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà6-ÿ ãðóïïà
1. (õ + 4)·(õ + 7) 4. (õ + 5)·(õ + 13)
2. (õ + 3)·(õ + 9) 5. (õ + 6)2

3. (õ + 12)·(õ + 3) 6. (õ + 8)·(õ + 2)

7. (õ + 1)·(õ + 11) 10. (õ + 20)·(õ + 5)
8. (õ + 4)2 11. (õ – 5)·(õ – 6)
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9. (õ + 7)4 12. (õ – 9)2

13. (õ – 2)·(õ – 7) 16. (õ + 9)·(õ – 4)
14. (õ – 12)2 17. (õ + 16)·(õ – 4)
15. (õ – 25)·(õ – 4) 18. (õ + 5)·(õ – 3)
19. (õ + 5)·(õ – 4) 22. (õ + 8)·(õ – 8)
20. (õ + 12)·(õ – 12) 23. (õ – 9)·(õ + 5)
21. (õ + 11)·(õ – 10) 23. (õ – 9)·(õ + 5)

25. (õ – 11)·(õ + 3) 28. (õ – 6)·(õ + 6)
26. (õ – 36)·(õ + 3) 29. (õ – 18)·(õ + 2)
27. (õ – 16)·(õ + 4) 30. (õ – 10)·(õ + 10)

31. (õ + 6ó)·(õ + 3ó) 34. (õ – 6ó)·(õ – 7ó)
32. (õ + 13ó)2 35. (õ – 11ó)2

33. (2õ + 5ó)2 36. (3õ – 4ó)2

37. (õ + 6ó)·(õ – 3ó) 40. (õ + 2ó)·(õ – 11ó)
38. (õ + 15ó)·(õ – 15ó) 41. (3õ + 10ó)·(3õ – 10ó)
39. (2õ + 7ó)·(2õ – 7ó) 42. (õ + 10ó)·(õ – 11ó)

7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà7-ÿ ãðóïïà
Ðàçëîæè íà ìíîæèòåëè Ðàñêðîé ñêîáêè
1. am + an + xm + xn 5. (a + b)·(x + y)
2. bp + bq + yp + yp 6. (m + n)·(p + q)
3. ua – ub + va – vb 7. (r + s)·(a – b)
4. kr – ks – rz + zs 8. (u + v)·(x – y)

9. au + av + 2u + 2v 13. (x + 3)·(a + b)
10. xa – 4x + ya – 4y 14. (a + b)·(x – 5)
11. ab + 2a + b + 2 15. (x + 1)·(y + 2)
12. 6ab + 8a + 3b + 4 16. (2x + 3)·(5y + 7)

17. 24a2 + 48a + 6ab + 12b 21. (2a + 3b)·(4a + 5)
18. 30x2 – 24x – 10xy – 8y 22. (5x – 3y)·(7x – 3)
19. 36a2 – 9ab – 12a + 3b 23. (5a – 4)·(2a – b)
20. 45x + 27xy – 5y – 3y2 24. (7x – y)·(7 + 5y)
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25. 30x3 + 54x2 + 55x + 99 29. (5a2 + 7)·(3a + 4)
26. 33a3 + 21a2 + 22a + 14 30. (9x2 + 5)·(4x + 7)
27. 18b3 – 8b2 + 54b – 24 31. (3b2 + 5)·(3b – 2)
28. 65a3 – 52a2 – 35a + 28 32. (8a2 – 5)·(4a – 7)

8-8-8-8-8-ÿ ãðóïïàÿ ãðóïïàÿ ãðóïïàÿ ãðóïïàÿ ãðóïïà

Ðåøåíèÿ çàäà÷ ïî òåìå “Ñîêðàùåíèå àëãåáðàè÷åñêèõ
äðîáåé”

1.
7
5

11. 3a 20.
3
2

+
+

x
x

2.
3
2

12. 2b2 21.
8
6

+
+

x
x

3.
2

11
13.

3
5

23.
4+x

x

4.
2
3

14.
11
7

22.
11

2 2

+x
x

5. 6 15.
3
1

24.
2

2

+x
x
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Ðåøåíèå òðóäíûõ ïðèìåðîâ íà ñîêðàùåíèå àëãåáðàè÷åñ-
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12-ÿ ãðóïïà12-ÿ ãðóïïà12-ÿ ãðóïïà12-ÿ ãðóïïà12-ÿ ãðóïïà
Ðåøåíèå çàäà÷ íà äåëåíèåÐåøåíèå çàäà÷ íà äåëåíèåÐåøåíèå çàäà÷ íà äåëåíèåÐåøåíèå çàäà÷ íà äåëåíèåÐåøåíèå çàäà÷ íà äåëåíèå

1. 3a 4. 8a 7. –2a 10.–3a
2. 7 5. 17b 8. –5ab 11.3a
3. 2a3 6. 6b 9. –4a3 12.5b
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16. –2a2 20.
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3 2a
− 24.

b7
9

25. 4a2 + 5a + 3 31. 3a + 4b
26. 2a2 – 4a + 7 32. 5a2b2 + 7
27. 5a2 + 4a – 1 33. 6b – 5ab2

28. 7a2 + 4a + 3 34. 5x2y + 11x
29. 3a2 + 5a + 9 35. 2x2 – 5x + 11
30. 7a2 – 5a – 3 36. 3y2 – 5y –9
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1313131313-ÿ-ÿ-ÿ-ÿ-ÿ     ãðóïïàãðóïïàãðóïïàãðóïïàãðóïïà
Äåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììóÄåëåíèå ñóììû íà ñóììó
1. 5a + 4 13. 2a – 7
2. 4a + 3 14. 6a – 7
3. 3a + 8 15. 4a + 5
4. 2a2 + 5a + 7 16. 4a2 – 5a + 6
5. 3a2 + 4a + 6 17. 5a2 – 7a – 6
6. 4a2 + 6a + 718. 18. 3a2 – 4a – 8

7. 3a + 4 R = 3 19. 5a + 8 R = 2
8. 5a + 7 R = 2 20. 3a – 8 R = 3
9. 7a + 8 R = 5 21. 8a – 3 R = 1
10. 5a2 + 2a + 4 R = 3 22. 2a2 – 8a + 7 R = 1
11. 2a2 + 7a + 8 R = 1 23. 3a2 – 5a – 6 R = –2
12. 8a2 + 5a + 4 R = 5 24. 9a2 – 6a – 8 R = –3

Ðåøåíèÿ çàäà÷ ãëàâû 8Ðåøåíèÿ çàäà÷ ãëàâû 8Ðåøåíèÿ çàäà÷ ãëàâû 8Ðåøåíèÿ çàäà÷ ãëàâû 8Ðåøåíèÿ çàäà÷ ãëàâû 8

Ïåðâîå ÷èñëî — ýòî ðåøåíèå óðàâíåíèÿ, âòîðîå — ðå-
çóëüòàò ïðîâåðêè, ÷èñëî, êîòîðîå ïîëó÷àåòñÿ â ðåçóëüòàòå
ïîäñòàíîâêè â îáåèõ ÷àñòÿõ óðàâíåíèÿ.

                                                                                                                                                                                      

1. 4 26 13. 5 13 25. 2 7 37. 4 1
2. 2 25 14. 7 29 26. 4 23 38. 2 1
3. 5 47 15. 8 37 27. 7 76 39. 5 41
4. 9 48 16. 11 64 28. 11 162 40. 1 23
5. 1 24 17. 2 14 29. 3 9 41. 3 38
6. 7 116 18. 5 91 30. 5 30 42. 7 100

7. 5 53 19. 2 21 31. 2 13 43. 2 29
8. 6 65 20. 5 26 32. 5 71 44. 3 79
9. 10 111 21. 11 55 33. 4 6 45. 4 31

10. 6 54 22. 4 63 34. 12 117 46. 10 154
11. 3 38 23. 6 112 35. 3 42 47. 5 60
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12. 4 45 24. 9 220 36. 4 28 48. 2 89

Ðåøåíèÿ çàäà÷ ãëàâû 9Ðåøåíèÿ çàäà÷ ãëàâû 9Ðåøåíèÿ çàäà÷ ãëàâû 9Ðåøåíèÿ çàäà÷ ãëàâû 9Ðåøåíèÿ çàäà÷ ãëàâû 9

1. Óðàâíåíèÿ ñ öåëî÷èñëåííûìè êîýôôèöèåíòàìè,
äàþùèå äðîáíûå ðåøåíèÿ.

Ïåðâîå ÷èñëî — ýòî ðåøåíèå óðàâíåíèÿ, âòîðîå — ðå-
çóëüòàò ïðîâåðêè.
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2. Óðàâíåíèÿ ñ äðîáíûìè êîýôôèöèåíòàìè, äàþùèå
öåëî÷èñëåííûå ðåøåíèÿ.

1. 8 6 11. 4 4 21. 12 10
2. 12 33 12. 5 5 22. 30 20
3. 20 14 13. 7 7 23. 60 74
4. 30 93 14. 11 5 24. 24 56
5. 24 20 15. 5 5 25. 12 20
6. 6 17 16. 5 6 26. 20 22
7. 6 7 17. 7 8 27. 10 27
8. 12 22 18. 5 9 28. 3 5
9. 14 13 19. 2 1 29. 6 8

10. 6 19 20. 3 1 30. 3 6

3. Óðàâíåíèÿ ñ äðîáíûìè êîýôôèöèåíòàìè, äàþùèå
äðîáíûå ðåøåíèÿ.
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8.
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5

Ðåøåíèÿ çàäà÷ ãëàâû 10Ðåøåíèÿ çàäà÷ ãëàâû 10Ðåøåíèÿ çàäà÷ ãëàâû 10Ðåøåíèÿ çàäà÷ ãëàâû 10Ðåøåíèÿ çàäà÷ ãëàâû 10

Â ñêîáêàõ ñòîÿò îòâåòû ê âàðèàíòàì çàäà÷.

1. 4 (5).
2. 10 (8).
3. 120 (180).
4. 12 (9).
5. 4
6. íàèìåíüøåå ÷èñëî 51 (43).
7. 59 (49).
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